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0.1. Introduction

We give a short introduction to Malliavin calculus which finishes with the proof of
Hormandr’s theorem (which was the outstanding result obtained by P. Malliavin
in his initial papers). We will not give all the complete proofs because this turns
out to be rather heavy. In particular we shall skip the proofs of the convergence
theorems which are used in order to check that a functional is smooth in Mal-
lliavin sense We will also skip proofs for the evaluation of the Sobolev norms
on the Wiener space. But we will discuss rather thoroughly the non degeneracy
conditions.

The paper is organized as follows. In the first section we introduce the simple
functionals and the simple processes and we define the Malliaivin derivative and
the Skorohod integral for these finite dimensional objects. Then we derive the
duality formula. This permits to prove that the operators are closable and to
extend them to the infinite dimensional space. Then we prove the integration by
parts formula and the basic calculus rules. We give the application of this formula
to the analysis of the density of the law of a random variable. And we also prove
the Clark Ocone formula. So the line of this presentation si to consider first a finite
dimensional setting and to define there the differential operators coming on in the
Malliavin calculus and then to extend the calculus to functionals on the Wiener
space. In the second section we give the expression of the differential operators
in terms of the Wiener chaos decomposition and we precise the domains of the
operators. In fact we keep to a rather basic level and we give just a minimum of
results in order to understand the connection with the decomposition in Wiener
chaos. But in order to get a real idea about what analysis on the Wiener space
is one has to look in some other texts as Nualart or Shigekawa (see also M. Santz
for a short and simple presentation of the Malliavin calculus in which the Wiener
chaos decomposition represents the starting point). Finally in the third section
we discuss the case of diffusion processes. We present first the elliptic case and
then we give the result under Hormander condition.



0.2. Basic notions

0.2.1. The Malliavin derivative and the Skorohod integral in the finite
dimensional framework

On a probability space (€, F, P) we consider a d dimensional Brownian motion
W = (W1 ...,WW?) and we denote by Fy,t > 0 the filtration associated to W that
is F; = o(Ws, s <t). We work with ¢ € [0, 1]. We will use the following notation.
For each n € N we denote t¥ = k27" k € N and

ARG = WY ZWih), i=1,...d, k=0,..2" 1.
We also denote AF = (AR AFd) and A, = (AY, ..., AZ""1),

Simple Functionals. A simple functional of order n is a random variable of
the form

F = f(An>7 IS O;O(RdQR’R)

where C5°(R®", R) designs the space of the infinitely differentiable functions
which have polynomial growth and all their derivatives have also polynomial
growth. We denote by S,, the space of the simple functionals of order n and
by S = U,en S, the space of the "simple functionals". Notice that S,, C S, 11 and
S is a linear subspace of L?(f2, Fy, P) which is dense in L*(Q, F;, P) (here comes
on the fact that F} = o(Ws, s < 1)).

Simple Processes. A process U : [0,1] x  — R is called a simple process of

order n if
on_1

U= Ul pery(t), Uy € Sp.
k=0

We denote by P, the space of the simple processes of order n and P = U, FP,.
Notice that P, C Pp11..

Let U € P?. For each fixedw € Q,t — U, is an element of L([0, 1], B([0, 1]), dt :
R%) =: H,. The scalar product on this space is given by

1 d
<U,v>:/ D Ul x Vids
0 =1
for U = (U',...,U%),V = (V1 ...,V?). We will also denote

1 d
312
LP(Hy) ={U:Q— Hy: E||U|J;, = E(/O > UL ds)P? < oo}
=1



Notice that for each p € N, P? is a linear subspace of L”(H,) which is dense
in LP(H,) Notice also that a simple process is generally not adapted.
The Malliavin derivatives. D : S, — P Let F = f(A,) € S,. We define

2" —1

. 0
DiF =) WL(AR)%&H)(S), DF = (D'F, ..., D'F).
k=0

A more intuitive notation: we denote

Abs = AR for s € [th i),

Then OF
D!F = —(Ay).
0Ay
The operator D does not depend on n : for F € S, C S, 11 we have
oF oF
0Ay OAL

This permits to define (well) D : S = U,S, — P4 = U,P¢ by

OF
OALS

D'F = (A,) for F €S8,

The Skorohod integral (divergence operator). §; : P4 — S, i=1,....d :
let U =32} ur(An)1y i1y (0) € B, We define

S0) = Y (M)A~ DU a1,

k=0

If U= (U',..,U% € P? then we define

d

S(U)=>_5(U")

i=1

so 0 : P? — S. Finally we check that the definition of §; does not depend on n
and we extend this operator to P. Now § : P? — S.



Remark 1. Suppose that U € P, is adapted. It follows that ux(A,,) does not de-
pend on A and consequently x.iuy, = 0. It follows that 5;,(U) = 32 up(A,) Al =
fol U, dWE. So for adapted processes the Skorohod integral coincides with the It6
integral. For this reason we will use the notation

1
6;(U) = / U, dW?.
0
But we keep in mind that generally fol U, dW? is not an Ité integral but the Sko-
rohod integral (an anticipative integral).
Proposition 1. (The Duality relation) Let F € S and U € P¢. We have
E((DF,U)) = E(Fé(U)).

Proof. We assume (without loss of generality) that F' € S, and U € P? with
the same n. We write

ki 1
B(PRU) =3 Z e [, AL (&, A

where Zﬁz designs all the random variables involved in A,,, except A, In par-
ticular A", AR are independent and AR ~ N(0, k) with k = 27" so we obtain
B0, f(B, A (B, L)
1 —ki i ki
= =K / Oues F(BY ) (B, y)e /)

—k.i a2
= P S O (87 )~ i (B e )
Ak,i

h

— B0 A AR (ul (A AR 20— g (AL AB)).

We come back and we obtain the formula. UJ

0.2.2. Extension to the infinite dimensional framework.

We have

D : ScCIL*R)— P'c L*(Hy),
§ : PYc L*Hy) — ScL*R)



and we want to "extend" these operators. These are unbounded operators.
This means that one may not find a constant C' such that

1 d
IDF 250 = E(/O S |DiFfds) < C||F|)2 = CE|FP, VFeSs.
=1

EX. Give an example of sequence F,, € S,n € N such that sup,, ||F,||, < co and
sup,, [|DEy | 12,y = o©-

Then in order to be able to obtain a "well defined" extension of these operators
we have to check that they are "closable", which means the following. Consider
a sequence F,, € S;n € N such that lim, F,, = 0 in L?(R) and lim, DF,, = G in
L?*(Hy). Then G = 0.

Lemma 2. D and ¢ are closable.

Proof. We consider the sequence F,,n € N as above and we want to prove
that G = 0. We take U € P? and we use the duality relation in order to obtain

E((G,U)) = lim E((DF,, U)) = lim E(F,6(U)) = 0.

Since P? is dense in L?(H,) we conclude that G = 0.0J
EX. Prove the § is closable.

Definition 3. We say that F' € DomD if there exists a sequence F, € S;n € N
such that
limF, = F in L>(R), lim DF, =G in L*(H,)

for some G € L*(H,). In this case we define DF = G = lim,, DF,.

The definition does not depend on the sequence F,,n € N because D is
closable.

Remark 2. Notice that we may just assume that lim,, DF,, = G in L*(H,) weakly
(that is lim,, E((DF,,,U)) = E({(G,U)) for every U € L*(H,). In order to prove it
we use Mazur’s theorem: we pass to a subsequence, and then, for eachn € N there
exist A > 0,k = n, ...k, such that i A} =1 and G, := S1" N'DF}, — G
strongly. Notice that G,, = DF,, with F,, = Zin A, Fy, which is still a simple
functional. And ||F — Fn”? <D AR I = Filly, < supys,, [[F1— Fll, — 0.



Notice that F, F' € L*(R) # F x F’ € L?*(R) and consequently DomD is not
closed to multiplication, and then it is not an algebra. This is unpleasant and so
we define:

Definition 4. Let p € N. We say that F' € Dom,D if there exists a sequence
F, € S;n € N such that

lim £, = F in LP(R), lm DF, = G in L’(H,)
for some G € LP(Hy). In this case we define DF = G = lim,, DF,.

So DomD = DomyD. And since |[ol|, < [[o[|, and [|of| . 4,y < ol 1o, for
p > p', we have Dom,D C Dom,D. It is easy to see that the definition of DF
does not depend on p. We put Dome,D = NypenyDom,D and we then Dome, D is
an algebra.

We would like to see Dom, D as a normed space so we define

1E1 = I, + 1DF o,y -

Then it is clear that e
Dom,D = SH i

Notice that the significance of " F' € 17 en 55 the following: there exist F,, €
S,n € N such that F,, — F in LP(R) and (F),),en is a Cauchy sequence in
[°[l,, - Then the above equality is obvious because LP(H;) is a complete space.
It is also obvious that Dom,D is complete. Indeed consider a Cauchy sequence
(£ )nen with respect to ||°]]; ,. In particular this sequence is Cauchy with respect
to [|°][, and so there exists ' € LP(R) such that F, — F in |°| . Moreover,
since F,, € Dom,D we may find a sequence of simple functionals F such that
|F, — Fyll,, < + so that (F}),cn is Cauchy with respect to [|°[, , and F}, — F
in [[°|[, - So F' € Dom,,D.

In particular, for p = 2 the above norm is given by the scalar product

1 d
(F,G),, = E(FG)+ E(/ > " DLF x DiGds)

0 =1
so that DomsD is a Hilbert space. We denote

D" = Dom,D = 3! HLP, D> = ,enDP.

Sometimes it is unpleasant to compute lim,, DF,, = G. So we give the following
criterion.



Proposition 5. Let F' € L?*(R). Suppose that there exists a sequence F, €
DomD (in particular F,, € S) such that lim,, F,, = F in L*(R) and sup,, || ||, , <
C < oco. Then F € DomD and | F||,, < C. Moreover, if sup,, || F,||,,, < C), then
11, < G

Proof. Any bounded set in a Hilbert space is relatively compact so we may
find F’ € D"? such that F,, — F’ weakly (we pass to a subsequence). We use
now Mazur’s theorem: one may construct convex combinations of the functionals
F,, in order to obtain "strong convergence" instead of week convergence. Let
us be more precise: for each n € N there exist A} > 0,k = n, ..., k, such that
XN =1and F, := >F" A'F, — F’ strongly (with respect to 1°ll,.2)- In

particular F,, — F” in L?(R). Notice that

o
<Y AF = Felly < sup [|F = Fell, — 0.

k>

1F = Fall, =

kn
D N(F - F)
k=n

2 k=n

It follows that F/ = F and so F € D2,
We also have

kn
||F||1,2 = hgn Hﬁnum < “,EHZAZ ”F””M <C.
k=n

Let us now prove the assertion concerning the p norm. Passing to a subse-
DF, — DF |Zd) — (0,0) almost surely.
Since sup,, HFnHI,p < C, we may use unifromly-integrability in order to derive
F, — Fin 1°ll,,, for p" < p. Then ||F]|, , < sup, HF"HLp' < sup,, ||FnH17p < C,.
And finally [|F[|, , < sup,.., HFHl,p’ <(C,.0

Now we define Dom,,0 in a similar way:

quence we may assume that (|Fn — F} ,

Definition 6. Let p € N. We say that U € Dom,0 if there exists a sequence
U, € P* n € N such that

limU, =U in LP(H;), limd(U,) = F in LP(R)

for some F' € LP(R). In this case we define 6(U) = F = lim,, 6(U,,).



On P? we consider the norm

10Ul = U o,y + 16CU)I,,

and we have el
3
Dom,,d = P4 7,

Remark 3. Let p = 2. We may replace the strong convergence lim,, 6(U,) = F'
in L?(R) by week convergence (the same reasoning based on Mazur’s theorem as
for the derivatives).

And a similar argument as above gives

Proposition 7. Let U € L?(H,). Suppose that there exists a sequence U, €

Domsé (in particular U, € P%) such that lim,, U,, = U in L*(H,) and sup,, ||U,||5, <
C < o00. Then U € Domgd and ||U||;, < C. Moreover, if sup,, ||U,|5, < C,p then

1U1l5, < Gy

Proof: EX.
By passage to the limit we readily obtain the extension of the duality relation:

Lemma 8. Let F' € DomD and U € Domsd. Then
E(DF,U)) = E(Fo(U)).
We give now an alternative characterization of the domain of 9.
Proposition 9. Let U € L*(H;). Then U € Domy(d) if and only if
a) |E(DF,U))| <C|Fl|,, VFeD%
In this case
b) No(U)lly= sup [E(DFU))|.

[Fll,=1,FesS

Proof. Suppose that U € Domy(d) and F € D™2. Then using the duality
relation we obtain |E((DF,U))| = |E(F6U))| < |[6(U)|ly || F]|, so we have a)
with C' = ||§(U)]|, . Since S is dense in L?*(R) we obtain

sup  [E((DFU))[ = sup  [E(FSU))| = [[6(U)],-

|F|l,=1,FeS |F|l,=1,FeS



Assume now that a) holds true. Then using Riesz theorem we produce G € L?(R)
such that E((DF,U)) = E(FG). We take now U, € P? such that U, — U in
L?*(Hy) and consequently E((DF,U,)) — E((DF,U)). It follows that E(F§(U,)) —
E(FG). And this is sufficient in order to obtain U € Domsé (see the remark after
the definition of Domy(6)). O

Finally we give the following computational rules:

Proposition 10. (Chain rule) Let F = (Fy, ..., F,,) with F; € D%? and let ¢ €
CH(R™; R). Then ¢(F) € D*? and
D¢(F) =Y 0x¢(F)DF.
k=1

If F; € DY then the conclusion is true for ¢ € C}(R™; R).

Proof. If F, € S,k = 1,...,m then ¢(F) € S and the standard chain rule
gives the formula. And if F, € D'? then we take F]' € S,n € N such that
|F¢ — Fy|l; , — 0. Since ¢ has bounded derivatives we obtain ||¢(F") — ¢(F)||, —
0. Next we write

— 0.

DG(F") =) owd(F)DF

> Okd(F")DE? = 0k p(F)DFy
k=1 k=1

L2(Hy) L2(Hy)

This yields ¢(F') € DomyD and DP(F) = Y,° | 0x¢(F)DFy. In order to prove the
last convergence we have to treat terms of the form a,, = E(|0x¢(F™) — 0p(F) |2 fol | D Fy, |2 ds)
and b, = E(|0x¢(F™)|? fol |D,(F), — F)|* ds). Since 0y¢ is bounded it is clear that
b, — 0. In order to treat a,, we pass to a subsequence such that F™ — F' almost
surely and then we use Lebesgue’s Theorem.
In the above argument the fact that 0y¢ is bounded comes on crucially because
we are not able to use Holder inequalities. But if F; € D%* then we may use
Holder’s inequality in order to get the same conclusion in the case when Jx¢ has
polynomial growth. []

Proposition 11. Let U € Domy6 and F € DY, Then F x U € Dom,6 and

§(FU) = F§(U) — (DF,U).



Proof. EX. You test against G € S and you use the duality relation and the
identity D(F'G) = FDG + GDF..

Finally we introduce the Ornstein Uhlenbeck operator L. We define L : S — §
as L = —0D. For every F,G € S we have the duality relation:

E(FLG) = —E((DF, DG)) = E(GLF).

Then the same arguments as above ensure that L is closable and we may extend
L:

Definition 12. F' € DomlL if there exists a sequence of simple functionals F,,,n €
N such that F,, — F in L*(R) and LF, — G in L*(R) for some G € L*(R). Then
we define LF := G = lim,, LF,. If the above convergence holds in L”(R),p > 2
we say that F' € Dom,L. We put Doms,L = Ny>2Dom,, L.

We may define on S the norm ||F||] = ||[F|| + || LF|} and then Dom,L =

<l°lL
S

And we may relax the convergence assumption on LF,,n € N and replace
it by the assumption that (F,), and (LF,), bounded in L?*(R) (respectively in
LP(R)).

Proposition 13. Let F' = (Fi,..., F,,) with F, € DomyL,k = 1,...,m. Then,
for every ¢ € C2(R™, R) we have $(F) € DomsL and

Lo(F) = Zm: Od(F)LFy + Zm: 0k0,6(F) (DFy, DF,) .

k,p=1

Proof: EX.

0.2.3. Examples

EX 1. F =W}/ with ¢t € (0,1). Then DIW} = 1j4(s)

EX 2. ¢ € L*(0,1). Then W(¢) := [} ¢,dW} € D"? and DiW'(¢) = ¢(s)
and DIW'(¢) = 0 for j # i.

If ¢ is a step function on dyadic intervals then W(¢) is a simple functional
and we compute directly the derivative. If ¢ € L?(0,1) is a general function we
approximate it as follows: we denote by G, the o algebra generated by the dyadic
intervals of order n. And we take ¢, to be the conditional expectation of ¢ with



respect to G, (with respect to the Lebesgue measure on (0,1)). Then ¢,, — ¢ in
L*(0,1) and we pass to the limit in order to obtain the formula.

EX 3. We denote W (¢) = (W(9),..., Wi(¢)). We take ¢y, ...,d,, € L*(0,1)
and F' = ®(W(¢,), ..., W(¢,,)) with ® € C}(R"™, R) . Then F € D" and

DiF = 0 s®(W(0y), oo, W(0,)) 04 (5).

k=1

This is an immediate consequence of EX 2 and of the chain rule. In many text-
books one considers directly F' = (W (¢,), ..., W(¢,,)) to be the simple function-
als and defines the Malliaivn derivative by the above formula. In our case we have
restricted ourselves to ¢ which is an indicator function of a dyadic interval. But
finally we obtain the same thing.

EX 4. Let U be an adapted process such that Efol U,|> dr < oo and I;(U) =

fol U dWii=1,..,dand IH(U) = fol U,dr. We assume that for each r € [0,1] we
have U, € D'? and we assume that

i) sup U], < oo.
r<l

Moreover we denote 7,(r) = k27" for k27" < r < (k+1)27" and U} := U, (5.
We assume that

1 1
i) Anw—Um;szﬁ@w—wm>

Then [;(U) € D?,i =0, ...,d and

1
2+/ DU, — DU, »|" ds)dr — .
0

1
(%) Dg[i(U):(SijUs—i—/ DIUAW!,  j=1,...d

with the convention that dW = dr.

In order to prove this we approximate [;(U) by I;,(U") with U’ = U, ). By
i1) we have I;(U") — L;(U) in L?*(R). We check that (*) holds for I;(U™). And
using i) we obtain sup, [|7;(U")[|,, < co. Then we use our criterion in order to
get I;(U) € D2, If we know ii) we are able to prove that (*) holds for I;(U) by
passing to the limit.

EX 5. We consider the diffusion process

d t t
Xj:wa/o a§(XS)de+/O b(X)ds, i=1,..,m.
j=1



We assume that of,b" € Cy(R™ : R). Then we claim that X; € D'? and the
derivative verifies

d t m
DX} = o)+ Y [ > ol Dixtaw;
j=17s

k=1

t m
+ / > opb'(X,)DLXFdr.
S k=1
This may be proved using two types of approximations: 1. Euler scheme and 2.

Fix point argument. In both cases it is easy to check that sup,, Hth ! H Lo < 00 (here

X/ " designs the n/th approximation - Euler scheme or fix point approximation).
This is an immediate consequence of Burkholder’s inequality and of Gronwall’s
lemma. But this arguments does not guarantee that the continuity hypothesis i)
holds true. So we are not able to derive the equation verified by the derivative
(we may use "formal derivation" but this is not rigorous). So finally we have to
check the convergence of (X", DX™),n € N.

Another important point concerns the "variance of constants method"
which permits to give a nice expression for D, X;. It is convenient to develop
this argument for SDE’s written in Stratonovich form. So we assume that the
coefficients aé, j=1,...,d are twice differentiable. Then the equation of X reads

d t t
XZ:a:i—I—Z/O a§(Xs)ode+/0 b(X,)ds, i=1,...,m
j=1

where odW/ designees the Stratonovich integral and b = b — Z;l:l o; Xx Voj. We

define ,
_ox;
- Qi

Then Y satisfies the following SDFE written in matrix notation

v i,j=1,m.

d t t
Y, =1+ Z/ 90 ;(X,)Y, 0 dW? +/ Ob(X,)Y.ds
=10 0

where Jo; is the m x m matrix with components 6’ka§-, k,o = 1,...,m. We also
consider Z solution of the SDFE

d t t
Zt:I—Z/ Zsaaj(Xs)odWSj—/ Z,0b(X,)ds.
j=1"0 0



Using Itd’s formula one checks that d(Z,Y;) = 0 so that Z, = Y; . It follows that
DoX; = YiZ,o(X,).

In order to prove this one writes
V=Y. + ) / 90;(X,)Y, o dW? + / Ab(X,)Y,dr
]71 S S
and multiplies with Z;0(X) the above equation in order to obtain

d t
YiZo(X,) = YiZo(Xo)+ ) / 00 ;( X, )Y, Zo(X,) 0 dW?
j=17%

t
+ / Ob(X,)Y, Z,o(X,)dr.

Since Y;Zs0(X;) = o(X;) this is the equation of D X; and so, using the uniqueness
of the solutions of SED’s we get the equality.

0.2.4. The integration by parts formula

An important consequence of the duality formula is the following integration by
parts formula. In order to give the statement we have to define the Malliavin
covariance matrix. Let F = (Fy, ..., F},) with F; € DY2. We define

1 d
o'l = (DF;, DF;) = / > DEF; x DfFjds.
0 k=1
This is a symmetric positive definite matrix.
Notice that if F; = 3¢, fol ¢¥(s)dWPF with ¢F € L?([0,1]) then the vector F
is Gaussian and o coincides with the covariance matrix of F. EX.
We introduce now the following non-degeneracy assumption:

(N—D) E((detor)™?)<oo, VpeN.

In the Gaussian case o is deterministic so this just means that det o # 0. This is
equivalent with the fact that o is invertible and this is a necessary and sufficient
condition in order that the law of F' is absolutely continuous with respect to the
Lebesgue measure on R™ - so F'is "non degenerated".

If (N — D) holds true then o is almost surely invertible. We denote v, = 05"



Theorem 14. Let F = (F}, ..., F,,,) with F; € D" and G € D"*. Suppose also
that o/ € D and DF; € NyenDom,d,j = 1,...,d and that (N — D) holds for
F. Then for every ¢ € C}(R™, R) we have

with

H;(F, Z(s GyY DF}) = ZGVZFJLF (D(GHY), DF}) .

Proof. Using the chain rule

D¢(F) = Vo(F)DF
We multiply with D,F and we integrate with respect to s € [0, 1] and we obtain
(D(F),DF) ya = opVo(F)
which yields
Vo(F) = (Do(F),vpDF).
Then we use the duality formula in order to obtain
E(NV¢(F)G) = E(DJ(F), GypDF)) = E(¢(F)é(GypDF)).
O

We also have the following easy generalisation. Consider &; = (&1, ...,¢7) €

(Domeo(6))™, i =1,...,m and denote

o, =(DF,¢;) = /ZDfF;xgg?(s)ds
=1

Proposition 15. Let F' = (F}, ,Fm) with F; € DY and let &; = (£, ...,6%) €

(Domeo(9))™,i = 1,...,m such that 6, € D"®,ij,=1,....,m and E((|det o0 pe| ") <
o0, Vp € N. Then for every G € DV and ¢ € Cl(Rm R) we have

E(0;¢(F)G) = E(6(F)H (F,G), i=1,...,m
with

H;(F,G) =Y §(Gy{DF;) = Z Gy LF; — (D(G7,), DF}) .

Jj=1

Proof: Exactly the same but we multlply with &; instead of DF}.[]



0.2.5. The Clark Ocone formula

We recall the martingale representation formula: if F' is a square integrable ran-
dom variable which is /] = o(W,, s < 1) measurable then there exists a previsible
process ¢ = (¢, ..., ¢,) such that Efol 1p,|” ds < co and

d 1
F—EF+Z/ ¢;(s)dW?.
j=1"0

In the case when F' is differentiable in Malliavin sense we may give a precise
expression for ¢;. This is done by the Clark Ocone formula:

Theorem 16. Let F € D2, Then
d 1
F=EF+ Z/ E(DIF | F,)dW?.
— Jo

Proof. We assume that EF = 0 (if not we work with F' — E'F'). We take
U = (Uy, ...,Uy) asimple process which is adapted and we use the duality relation:

:E(/Olzi;DngU )ds) / JE(DIF | Fy))ds

Moreover, as U; are adapted, the Skorohod integral coincides with the It6 inte-

gral so that §(U) = Zj 1 05(U) = 325 fo ;(s)dW?. Using the representation
theorem we have F' = E i1 fo (s s)dW? so we obtain

d 1 d 1

BFSW) = B [ o,0awd) x (X [ viaw2))
j=1 j=1"0
1 d
= B[ S U)o,
j=1

It follows that

B[ SO UNBDLF | )= 6,()ds) =0

Jj=1



Since the adapted simple processes are dense (in L? sense) in the adapted square
integrable processes we conclude that E(D]F | F,) = ¢,(s) almost surely (with
respect to P x ds).[]

Consequences:

1. Let F' € D"2. Then DF =0 <= F = C (constant).

2. Let A € Fy. Then 14 € D'? <= P(A) =1 or P(A) = 0. In particular D2
is strictly included in L2.

In order to prove 2. we use the chain rule and we get D14 = D14 = 2D1,x 14.
If D14 # 0 then we may simplify and we get 1 = 2 x 14 which is not possible. So
D14 = 0 and we conclude that 14 is a constant - so zero or one.

0.2.6. Bismut-Elworthy formula and sensitivity computations

Let us first present the problem of sensitivity computations - which is central in
mathematical finance and is known as "greeks computation". Assume that you
have a financial asset S; with the dynamics given by the Black Scholes model:

dSt = O'Stth, SO =T

where W is an one dimensional Brownian motion. For simplicity we take the
interest rate r = 0. The price of an option of maturity 7" and payoff ¢ on the asset
S is given by

Il = E(¢(57)).

For some special payoffs (as for example for call’s and put’s) one has an explicit
expression for 7 (a closed form) but generally such a formula is not available and
one has to compute II using a Monte Carlo method. This is a first stage. But in
the second stage one needs to compute the sensitivity of the price with respect to
certain parameters as the initial value of S, that is Sq = x (this derivative is called
"delta" of the option) or the second derivative with respect to x, or the derivative
with respect to o... Each of these derivatives is denoted by a greek letter and this
is why we speak about computation of Greeks. Anyway what we want to compute
is 0,I1. And there are several ways to do it - the simpler and the most common one
is using finite differences. But it turns out that if the payoff function is singular
such methods do not work very well (because they have a big variance) and then
Malliavin calculus is an efficient instrument in order to avoid the difficulty. Let
us be more precise. We write

011 = 0, E(¢(Sr)) = E(¢(S1)0:5T).



If ¢ is smooth then ¢’ makes sense and we may compute the above quantity using
the Monte Carlo method. This is for example the case when ¢(z) = (z — K)4
which is the payoff of a call option. But if ¢(z) = lix ) (z) (a digital option)
then ¢’ = 0 is a Dirac function and we are no more able to compute the above
quantity. Then we have to use integration by parts in order to "regularize" ¢'.
But if we go straight away we obtain F(¢'(S7)0,57) = E(é(Sr)d(U)) where U
is some stochastic process which is not adapted. So we have to deal with an
anticipative integral and this is hard to simulate. We would like to get the same
type of formula but with a process U which is adapted so that 6(U) becomes
an Ito integral - which is simple to simulate. And this is what Bismut Elworthy
formula produces.

Now the motivation is given and we go on to the result itself. We consider an
one dimensional diffusion process

We assume that o and b are smooth so that X; € D'2. We denote Y; = 0,X;, Z;, =
1/Y; and by the variance of constants method we obtain Dy X; = Y, Z,0(X}).

Proposition 17. Suppose that o,b € C? and E(|o(X;)| ") < oc. Then for every
G € DY and ¢ € C*

B¢ (Xr)YrG) = %E(d)(XT)(G /0 . (};S(S)dWS— /O %ds))

where Y; = 0, X,.
Proof. We write
D¢(Xr) = ¢'(Xp) D Xp = ¢'(Xp)YrZso(X,)

which gives
Y,

¢ (Xr)Yp = Ds¢(XT)r)§S)-

Since the equality holds true for each s € [0, 7] we may integrate and obtain

Y,
o(Xs)

T
¢ (Xr)Yr = %/ Dsp(Xr) ds.
0



We use now the duality formula in order to obtain

plotama) = ‘E/ D) ??2 d5) = 2B 55)
D,G x Y,
= —E (X7) G/ dW / —s)ds))'
0

Finally we give some exercises concerning sensitivity computations.
EX 1. Assume that S follows the Black Scholes dynamics

dSt = O'Stth, SO =T

and let IT = E(¢(Sr)). Compute 9,11 and 0,11 for ¢ = 1k o).
EX 2. (Stochastic volatility model) Assume that S follows the Black Scholes
dynamics

dSt = ntStthl, SQ =T,
dn, = w(0 —n,)dt + AW}

where W and W? are two correlated Brownian motions with d (W' W?), =
pdt, p € [=1,1]. Compute 0,11 and J,II for ¢ = 1k ).
EX 3. (Change option). Let S! and S? be two financial assets with dynamics

ds} = oStaw}, Sj =z,

dS; = 09SFAW?, Sp =%
where W' and W? are two correlated Brownian motions with d (W?! W?) =
pdt, p € [—1,1]. We consider an option which pays one dollar if S+ > S2%. Compute

the sensitivity of the price with respect to o; and to z?.
Solution of EX 2. The first step is to decorate the Brownain motions: We

write

W} = /1= p*B; +pB}, W} =D;
where B!, B? are two independent Brownian motions. Then clearly W*! and /2
are Brownian motions with correlation p so the SDE’s become

ds; = nSi(v/1— pQBt1 + pr), So =,
dn, = w(0 —n,)dt + $dB]



We want to compute
6pH - 6pE(1[K700) (ST)) - E(ll[K’oo)(ST))apST)

This problem do not enter directly in the framework of the Bismut Elworthy
formula but we will use the same strategy as there in order to solve it. First of
all we solve the first equation:

T T T
1
STzsvexp(\/l—pQ/ th“rp/ me——/ i dt).
0 0 0

2
Then

T
8PST = ST X (/ 7]th — = ST x G with
0

T
P 1
—_— B
\/1_7p2\/0' 77t t)
T p T
G :/ B2——/ Bl
0 nt t \/1—7[)2 0 nt t

We compute now

1 — 2
DSy = Sy x \/1— p2 x n, = 9,57 x %.
It follows that (with ¢ = 1k o))

/ / s 1—p?
Dé(Sr) = ¢'(Sr)DySr = ¢'(Sr)0,Sr x %

Then

G 1 r G
"(50)0,5r = ———_DI$(S :—/ D6(Sy) x —ds.
¢(T)PT nsﬂ ¢< T) T 1—[)2 ) ¢( T) 7758

We use now the duality formula with respect to B! and we obtain

E(¢'(S1)0,57) T
1 G
1 1 1 1
= T WE(¢(ST) X (G(Sl(;> - <D G, 77>))

1 T G
B[ Do) x s



Since 7 is adapted we have d;(; fo J1dB! and we also have

DG = —

N —
S ]_—p28

We conclude that, up to an error, we have

1

T\/1— p?

oI
i

B(¢'(S1)9,5r) = —

T

B(¢(Sr) x (G / n, 'dB; +
0

O

0.2.7. Higher order derivatives

The higher order derivatives are defined in the same way as the first order deriv-
atives: to begin one defines them on the simple functionals and then pass to the
limit in order to obtain an extension. For F' € S, we define

O*F
DA F =D DI F=——
OALTTOAL™
The definition does not depend on n. Moreover we have the following duality
relation. For Uy, Us € P, we have

1 1
//DgJSQFxUl (51)xUs(s2)dsydsy) = E(F/O(/O Ui(s1)x Us(s2)dW. )dW?)).

In the above formula dW? and dWW’ designees Skorohod integrals. We do not give
a more explicit expression of the above double integral. But recall that U; and
U, are simple processes; then it is clear that the above random variable is in any
LP. And using the above formula permits to check that D7) is closable. Then
one defines the domain of the second order derivative and the extension of this
operator as usual. The notation is rather heavy so we prefer to give directly the
from of the space of second order differentiable functionals in terms of Sobolev
norms. We define on S the norm

||F||§,p=E|F|”+E((/ Z\D’Fl ds)P’?)+ E(( /01 Z\D;gSQFPdsldsz)p/?).
i,7=1

And we put
P _ §” ||2,p’ D2,oo — mpENDQ’p~



In order to define higher order derivatives we proceed in the same way. We
consider a multi -index o = (ay, ..., ) € {1, ..., d}* and we denote || = k. Then,
for F' € S,, we define

o' F
DAGT AT

We use a duality argument in order to check that D® is closable and we define
the extension of the operator. Finally we define on S the norm

De F=DX.DYF =

.....

k
IFIZ, = BIFP + 3 B / S D2 F dsy ds,)?)
r=1 (0,1)T

|a|=r

and i
Dk,p _ §H Ik, Dk,oo _ Dk,p D>® = Dk,p
= ; = Mpen ) = MkeN Mpen .

The space D> is the "good" space in order to work because we will be able
to iterate the integration by parts formula. It represents the analogues of C'*° in
the standard analysis. But notice that in Malliavin calculus (and in particular in
the expression of the weight coming on in the integration by parts formula) we
have two basic operators: the Malliavin derivative D and the Ornstein Uhlenbeck
operator L. And for F' € D* we are sure that we may use D as many times as
we want - but not L! It will be proved in the following section that for I’ € D>
we may also compute LFF for any & € N. And moreover, D™ is an algebra. So a
recurrence procedure based on the previous integration by parts formula gives:

Theorem 18. Let F' = ([}, ..., F,,) with F; € D® F € DomL and LF € D* and
let G € D*. Suppose that (N —D) holds true for F. Then for every ¢ € C;°(R™, R)
and every multi-index o = (ay, ..., ) € {1,..., m}? we have

E(0.¢(F)G) = E(¢(F)Ha(F; G))

with H;(F,G),i = 1,...,m given in the basic integration by parts formula and
with H,(F; G) constructed by

ap)<F; G) - Hap(F7 H(Oq ap71)<F; G))

77777777

Proof. We have to check that for each o, H,(F;G) € D*. Once we know
this we apply recursively the basic integration by parts formula. So we have to
check that G € D*® = H,;(F;G) € D*>. And this is true because D> is an algebra
and F; € D® = F; € DomL and LF; € D* (the last two assertions have to be
proved - they follow from Mayer’s inequalities). [J



Remark 4. We have the following useful estimates. For every multi-index o and
every p, k € N there exists some constants C, q,q,p' (depending on « and on p, k)
such that

1Ha(F; Gl < ClGIigay (L4 I1Fllpoy + ILF ) (E(det o) 7).

0.2.8. Link between the integration by parts formula and the density of
the law of a random variable

We discuss this problem in an abstract framework. On a probability space (€2, F, P)
we consider some random variables F' = ([}, ..., F},) and G and a multi-index
a = (aq,...,a1). We say that we have an integration by parts formula if there
exists some random variable H,(F,G) € L' such that

IP(F,G)  E(0.¢(F)G) = E((F)Ho(F,G)) ¢ € CF(R™, R).

Notice that H,(F,G) is not unique. The Malliavin calculus produces such a
weight, but maybe other methods produce other weights. Notice also that F' and
G play not a symmetric part in this formula.

We will discuss the link between such integration by parts formulas and the
density of the random variable F. For simplicity we consider first the one dimen-
sional case m = 1. Now [ Py(F,G) means

IP,(F.G) E(¢™(F)G) = E(¢(F)Hy(F.G)) ¢ € C°(R,R).

Suppose first that we have I P, (F,1). Then we write down the following formal
computation. If pr is the density of the law of F' then

pr(x) = E(0o(F — x)) = E(ljg o) (F — 2)) = E(Lpec)(F — 2) H1(F, 1)).

So we obtain an integral representation for pr. We prove now that this computa-
tion may be done rigorously.

Proposition 19. Suppose that we have I P;(F, 1) Then the law of F' is absolutely
continuous with respect to the Lebesgue measure and the density verifies

(@) = E(ljgc0)(F — 2) Hy(F, 1)).

In particular x — pp(zx) is contiguous.



Moreover suppose that [P(F,G) with G = H;(F,1) holds true also and
H,(F,H,(F,1)) € L'* for some § > 0. Then x — pp(x) is continuously dif-
ferentiable and we have

() = E(Ljpcc)(F' — @) Hi (F, Hy(F} 1))).

Proof. We take ¢ € C*°(R, R,) which is symmetric, non negative and null
outside (—1,1). We also assume that [ ¢ = 1. Then we define ¢, () = e 1p(xe™)
which converge weakly to the Dirac function. Moreover we denote ®.(z) =
J* #.(y)dy which converge t0 1(0.00)() = 1(0,00)(2) + 300(2). Take now f € Cj,.
Since fE = f* ¢, — f we have E(f(F)) = lim. E(f.(F')). We use the integration
by parts formula in order to obtain

E(f.(F) = / F)b.(F — y)dy) = / F () E(BLF — y))dy
- /f S(F —y)H(F,1) dy—>/f (L0,00) (F = y) H1(F, 1)) dy

This proves that the law of F' is absolutely continuos. But then we may change
T(O,oo) with 1(,.) because the Lebesgue measure does not charge points. So we
have the integral representation. And the continuity follows from the Lebesgue
convergence theorem.

Now we use one more integration by parts and we obtain

pr(x) = E(ljp o) (F — 2)Hy(F, 1)) = E((F — 2) Hi(F, Hy(F, 1))).

And if we now that H,(F, H,(F,1)) € L'*° then we may differentiate under the
integral. So p is differentiable and pp(z) = E(1j o0\ (F — x)H (F, H1(F, 1))).0
Let us now give a proposition which is somehow the converse of the above one.

Proposition 20. Suppose that the law of F' is absolutely continuous with respect
tot the Lebegue measure and that x — pp(z) is continuous and E |pp(F)| < oo..
Then for every g € C} and G = g(F) we have the following integration by parts
formula

E(¢(F)G) = E(¢(F)H\(F. G))
with Hy(F,G) = —(¢' + g0lnpr).



Proof. We use standard integration by parts on R in order to get
B(¢(F)C) = /¢umg@> = [ @6/ @pele) + o) (@)da

- L/¢ (2) + 9()0(n pr (z) )pr(w)da
- (F)(g + g0 pr)(F)).
]

The multi-dimensional statement is the following.

Proposition 21. Let F' = (F},..., F,,) be a random variable such that for each
multi-index o = (ay, ..., ap) € {1,...,m}* the integration by parts formula I,,(F, 1)
given in the beginning of this section, holds true. Then P o F~1(z) = pr(x)dz
and one has

= E(H Lo,00) (F5 — i) Hi1,..my (F, 1)).
i=1

Moreover © — pp(z) is of class C* and

m

aapF(x) - E(H ]-[O,oo) (E - xz)H(l ..... m,a ..., ak)(Fa 1))

=1

The proof follows the same idea as above so we skip it.

0.3. Wiener chaos decomposition

For notational convenience we will work with an one dimensional Brownian motion
in this section. We denote by Lg}k the space of the functions fj, : [0, 1]* — R which
are symmetric ( we mean that f(t1,...,t;) = f(ts, ..., tr,) for any permutation )
and such that f[o,l]k | ful® dsy...ds, =: || fill; < oo. For such a function we define
the iterated integral

/ / / (b1, o )Wy W,

and the "multiple stochastic integral"

fk - k'/ / / tl, 7tk:)thdet1



If we take fr to be constant on rectangles we may see that the iterated integral
is the integral on a simplex - and since the function is symmetric, we have to
multiply with &! (the number of simplexes) in order to obtain the integral on the
whole cube [0, 1]*. EX: k = 2....

We have the following basic relations:

i) EL(f) % L(f) = 0 if k#p,
i) EL(fOIa) = K (fegde so B = K IGE.

The second relation is obtained using the isometry property k times (after replac-
ing the multiple integral by iterated integrals). In order to obtain the first relation
suppose that £ < p. We use the isometry property k£ times and the stochastic in-
tegrals in Ix(fy) disappear - we get a deterministic quantity. But we have still
p — k > 1 stochastic integrals from I,(f,). And they are of expectation zero.

We define the "chaos of order £” as

Hy, = {I(fx) : fx € L7} C L*(Q, Fy, P).

This is a linear closed subspace of L?(Q, Fy, P). In order to see that Hy is closed
one employes the isometry property ii) : so if F,, = I(f}'),n € N is a Cauchy
sequence in L?(2, F, P) then f',n € N is a Cauchy sequence in Li,s and we get
a limit f.

Moreover, using i) we see that Hy and H, are orthogonal for k& # p. And we
have (with the convention Hy = R = constants)

L*(Q, Fy, P) = ®°  Hy.

This is the chaos decomposition theorem (which I do not prove). So for every F' €
L*(Q, F1, P) there exist some kernels f;, € Lj ,,k € N such that y~° k! el <
oo and

F

YL, IFIE =Dk
k=0

k=0
We denote Pry(F) = Ii(fx)-
Proposition 22. A. For every k € N one has H, C D*? and

Ds[k<fk> =k X [kfl(fk(sa O))



Moreover Hy C NyenDP? and for p < k

.....

B. Let f, € L?,,. Then (Iy_1(f(s,0)))scio,) € Domyd and

/0 T (fi(, 0)) AW, = 6T (fuls,0)) = Le(fe).

C. H, C DomL and
LIk (fx) = kIx(fx)-

Proof. A. We denote

Te(f)(T) :/OT/: .../Otk_l Folty, ooy )W, ...dW,

and we prove that Ji(fx)(T) € D' and that D Jp(fi)(T) = Jp_1(fe(s,0))(T).
Since I (fx) = Jr(fi)(1) A follows. We proceed by recurrence on k. Suppose that
the assertion is true for £ — 1 and let us prove it for k. We will use the rule of
derivation of stochastic integrals given in Ex 4. In order to do it we need to check
some continuity properties but we postpone this for the end of the proof. For the
moment we assume that we are allowed to use that rule. We have

Jolf)(T) = / Jeor (fultr, o)) (t2)dVVs,

so we take derivatives and we obtain

Dy Ji(fe)(T) = Jkl(fk(s,O))(8)+/ Dy Je-1(fr(ty, 0))(t2)dWr,

We use the recurrence hypothesis and we develop Ji_1(fx(s,0))(s) in order to get

DL Jy(fi)(T) = / Tialfuls, b, o)) (1)WY, + / Jia(feltr. 5. 0))(t2) AW,

Now we use symmetry and get fi(t1,$,0) = fx(s,t1,0) so that

DsJk(fk)(T)Z/o Ji-a(fr(s, 11, 0))(t)dWy, = Jp-1(fa(s, ©)).



So the formula is proved. We will now check that we have the needed continuity
properties for Uy = Ji_1(fr(t,0))(t) :

T 9 T T 9
E/ Uy — Us, ] dt+E/ / |D,U, — DU, | dtds — 0.
0 0 0

It is easy to check that this is true if f; is continuos. So we have the result for
continuous kernels.

Take now some general f € Li  and approximate it by a sequence of continuos
kernels f7 (because the continuous functions are dense in L?[0,1]%. But these
functions may be not symmetric. Then we take the symmetrization:

Tty oty mek ris s try)

where the sum is over all the permutation 7. Denote fjrom(ty, ..., tx) =: fi(trys -os try)-
Since f; is symmetric we have f, = f; o 7 so that

HTZ - kak < %Z I om— fuomll, = Ilfi = fill, — 0.

Now we have I,(f,.) — In(fe) and DI, (f) = kI(fy(s,0)) — Ii(fu(s,0)) so
we conclude that Ii(fi) € DY? and D, I.(fx) = I1(f(s,0)).

In order to obtain the formula for higher order derivatives we iterate the pro-
cedure.

B. Suppose for a moment that we know that Ij_1(fx(s,0)) € Domsd and let
us prove the formula . We will taste against multiple integrals. Using the duality
relation we obtain

E(L(g)6(Ta(fi(5.0)) = E / DuL,(f,) % Toa(fi(s, 0))ds)
— / ELyr(f,(5.0)) X Tos(fuls,0))ds

fx) if k = p. Moreover we have E(1,(9,)0(1x(fx)) =
k (gx, fr) if E = p. So the two coincides and
(f

k)

and this is zero if k # p and is k (gy,

0if £ # p and E(L,(g,)0(Ix(fx)) =
this proves that §(Ix_1(fx(s,0)) = Ix



Let us now prove that I_1(fx(s,0)) € Domayd. Suppose first that f is a step
functuion. Then I;_1(fx(s,0)) is a simple process so it belongs to the domain of 4.
Then by approximation we get the result for f;, continuos and then for a general
fr (the fact that we know that §(Ip_1(fx(s,0)) = Ix(fr) is useful in order to prove
convergence).

C. Just composition L = —D.[]

We are now able to characterize the domains of the operators.

Proposition 23. We have D' = {F : 32 k x k! x || fi|l; < oo} and

DF =3 kxLia(fi(s.0). IFI2,= B(F) + 3 kx b x [/l

k=1 k=1
Moreover DP? = {F : Y 2 =& G p), x k! x || full2 < oo} and
N
Dgl ..... spF = kz W X [k’—p(fk(sla "'7Sp7o))a
=p
1Flls = E(F?)+ Z Z X kx| fill; -

’1kp

Proof. Let A:= {F: Y% k x k! x || fill? < co}. If F € A then we approxi-
mate it by £, = > ;_, Ix(fx) and we obtain that F' € D'?. So A C D"? and it is
easy to check that it is a closed linear subspace. In order to see that A = D'? we
will check that every F' € D'? which is orthogonal (with respect to (o,0),,) on
all the multiple integrals, is null. Indeed

0 = (L(fi), F)1p = E(e(fo) F) + EQDIx(fr), DF)) = E((Ie(fr) + 6(DIx(fr)) F)

And this implies F' = 0. [J

Corollary 24. (Strook’s formula) If F' € DP? then



Proof. We take expectation in the formula of the derivative operator and we
get

_ Ui—'pw % E(Ly(fi(51, s 5,,0))).

For k > p we the expectation is null. And for k = p we get k! f(s1, ..., s).00
EX. Write down the chaos decomposition of F' = W3 using two methods: 1.
Strook formula. 2. Clark Ocone formula.

k=p

Proposition 25. Domy(L) = {F : 5% k* x k! x || fe]|? < oo}. And we have
LF =3k x Ii(fy).and E|LF)? =35 k2 x k|| fl|} -

The proof is the same as for the derivatives, but we work with the norm
IFIE = | FIE + ILF|2.0

An easy computation shows that [|F||, = [|F||,, so Domy(L) = D*?,

One may define other norms in the following way. We have (I — L)(F) =
oo [ (T—Fk) x I (fx) so we may define (I —L)*(F) = > 27, (1 —k)* X I1(fi),s > 0.
Then one defines

E W, = 1T = D)), = (BT = D)2 (F)[)?.
Notice that for ¢ = 2 we have
IIFIl;, = E(I—L)(F))® = E(F?) = 2E(FLF) + E(LF)?
— ||, + 2B (DF, DF) = |F|}3, + 2E (DF, DF)

S0 we obtain
2 2 2
[ EN5s < [1Fl52 < 3 F5,-

This inequalities may be generalized (completely non trivial) for every p > 1 and
q € N.

Theorem 26. (Meyer’s inequalities [7]) For every p > 1 and q € N there exists
some cqp, Cyp such that

C‘va ||FHq,p S |||F|Hq,p S CQ:P ||F||q7p .



We will now discuss the domain of §. Let u € L2(, L?([0,1]). Then for
almost every t € [0,1] we have u(t,o) € L2*() and consequently u(t,0) =
> v o Iu(fx(t, 0)) and the sum converges in L*(€2, L?([0, 1]). Having in mind a re-
sult given previously we believe that I (fx(t,0)) € Domsd and that 6 (I (fx(t,0))) =
I+ 1(fx). But the trouble is that now f; is a function of k + 1 variables which is
not symmetric with respect to the first variable. So we have to come back and
extend the previous result in this case. We define the symmetrization of fj:

1
fk(th ....,tk+1> = U{}Tl)' ka(th ""7t7Tk+1>‘

Notice that if g1 is any symmetric function then we have

/ Jet1fe = / gk—i—l?k’
[0’1]k+1 [071]k+1

Then we have the following result: the process (I (fx(t,©))icpo,1) is in the domain
of § (this is obtained by approximation and we do not insist on it) and we have

O(Ix(fr(t,0)) = (fol I (fr(t, o)&l\Wt = I;11(f,). In order to prove the last equality
we test against 1,(g,) :

Bk (fi(t,0))1p(9p)) = PE/O Ly(fi(t; 0) Ip1(gp(t; 0)))dl.

This quantity is zero if p # k+ 1 and if p =k + 1 we get
1
(k1) [ B0 il (2.0
0

1 —_—
— | o o = !
e [ f RO = 1 [ T
= E((fi) Ik (gr1))

and we are done.
The general result is now the following.

Proposition 27. Let u € L*(Q, L*([0,1]) such that u(t,0) = > ;= Ie(fx(t, o).
Then u € Domy(6) if and only if ), (k + 1)! kaHiH < oo (which is equivalent
with the fact that >, Ij.1(f,) converges in L?). In this case §(u) = Y, Iri1(fy)-



Proof. Suppose that » _; Ix11 (fs) converges. Then u,(t,0) = > o Ii(fx(t,0) —
u(t, o) and d(un) = 3 Iera(fi) — D24 Inta(fy) so we have the result. Assume
now that u € Domsy(9) and let us prove that the above sum is convergent. Since

6(u) € L* we have §(u) = Y, Ii(fx) for some kernels . and the above sum is
convergent in L?. We write now

~

EQ(F)L(0) = E(6(wl(g) = pE / Wt Ty (gy(t, )t
_ B / L (£t 0) Ly (gt )t

and the same calculus as above gives E(I,(f,)1,(gp)). So we conclude that f, = ]/“;,
and we are done. [J

0.4. Diffusion processes

We consider the diffusion process
X! =o'+ Z/ ot (X,)dW! +/ b(X,)ds, i=1,..,m.

We assume that o7, b € Cp°(R™ : R). A first result concerns the regularity of X,
in Malliavin sense.

Proposition 28. Suppose that 0%, 0" € C°(R™ : R). Then X} € Dom,L,¥p € N
and X}, LX] € D> and one has
1

+ || LX< Crp(l+]z|) Vk,peN.

Hk,p Hk,p -

where C}, , depends on the bounds of o, b and of their derivatives up to order k+2.

The proof is strightforward but rather long so we skip it.
Consider now the Malliavin covariance matrix ox,. We have seen in a previous
section that we have
DX, = }/;ZSO-(XS>



where

d t t
Y, = I+Z/ aaj(Xs)YsodeJr/ Ob(X,)Y.ds and
=170 0

d t t
7y = I—Z/ Zsaaj(Xs)ode—/ Z,0b(X,)ds.
j=1"0 0

Here b = b — Z;l:l o; x Vo, and odW? designs the Stratonovich integral.

Now the integration by parts formula from Malliavin calculus reads:

Theorem 29. Suppose that ', b" € Cp°(R™ : R) and moreover

1
—_ N.
Getoxy) <o P€
Then for every G € D> and every ¢ € C°(R™, R) we have
E(0.0(X1)G) = E(¢(Xe) Ho (X1, G)) (1)

where a = (ay,...,a1) € {1,...,m}* is a multi-index, 9, is the derivative corre-
sponding to o and the weights H,(X,,G) are defined by recurrecne:
Hi(X,,G) = Y (-Gv¥,LX] — (D(G~Y,, DX])),
Ho(Xy,G) = Ha (X4, Hea,
with vy, = 0)}1.
We also have the following useful estimation:

Lemma 30. Let k,p € N. There exists some constants C = Clp,q = Qp, ¢ =
Gep (depending on the bounds of o,b and their derivatives up to order k + 2) such
that for every multi-index o with || < k one has

/

E|Hy(X:, Q)" < C(1+ [a]) |G, * (E((det ox,) ™))" (2)



This is another strightforward but long computation which we will skip. In
fact, in a first step one proves the general inequality
E|Ho(Xy, G)" < C(L+ [[Fllyq + ILF )" 1Glq x E((detox,)™))*
and then employs the estimation of || F|, ., [|LF][, , given above.
So the problem we have now is to estimate E((detox,) ?). A first step is to
use the variance of constants method in order to obtain

E((detox,)™) < C,B((det U,)~2) (3)

where the matrix U, is given by
t
Uy = / (Zsoo*(X,)Z5) " ds.
0

This follows in the following way: we have ox, = Y; x U; X Y;* and then det oy, =
(det Y;)? x det Uy. One has Y;Z; = I so that (det Y;)™! = det Z;. And since Z; has
finite moments of any order we obtain F(detY;) ™7 = E(det Z;)? < C' Then we
use Schwartz inequality and we obtain E((detox,)™?) < C,E((det U;)~29).

So now on we will focus on U. We will first discuss the elliptic case - which is
much simpler then the general case given by Hormander’s theorem. We fix the
starting point x € R™ and we assume that for some ¢, > 0 we have

oo*(x) > c,l. (4)
Then we have the following estimate:

Proposition 31. Suppose that oo*(x) > c¢,I. Then

_ 4 m C
B((det U) ™) < 1+ (5o + 1) + oty (5)
where C, is a constant which depends on ¢, m and on the bounds of ¢ and b and
of their derivatives of order one and two.

Proof. Step 1. We compute first

(U = /0 (Zooo™(X,) 276, €) ds = /0 (0" (X,) 22, 0" (X,) Z1€) ds
d t
= o*(X) 27, €) ds.
> / (04(X.) 20, €Y ds

j=



Then the smallest eigenvalue \; of U, is

A = inf (U,&,€) = inf Z/ )72, €) ds.

§1=1 l§l=1
Since det U; > A" we have E((detU)™7) < E(A, ™) so we estimate this last

quantity.
Step 2. Using the elementary inequality (a + b)* > % — b% we obtain

Z_:<U§(XS)Z§,§>2 > %Z@’;( Z<U )2 — 0 (a), &)

1
> —Cy —
- 2

2

ol (X)) Z7: — O';(l‘)‘ :

J=1

The second inequality hods true if || = 1. In order to dominate the first term we

have used the ellipticity assumption: ijl <a ), € > (2)€,€) > ¢, €]
Step 3 We take now ¢ > 0 and a > 0 and we write

PN < < P(inf Z/ <0 :,f>2d8§€)

|§| 1
ae 1 d
< P(/ (56* — oi(Xs) 27 — (f;(x)|2)ds <e¢)
0 j—l
< ac* s)Zr — 0 (a:)|2a6§5).
s<a€ -

We take a = 4/c, such that %* = 2 and we conclude that

PN < g) < P( supZ!a s)2r— 0 (a:)’2a525)

s<aa -

= supZ|a s) 2 — 0o (:c)

s<ae =1 s<ae

IN

zz (sup |0(X,) 25 = o5(2)] ")



where C), is a constant which depends on p and on the bounds of ¢ and b and of
their derivatives of order one and two.
Step 4. We estimate now E(A\; ™). We write

EN™) = B 1pe1y) + Y B L kers1/ke1))
P

< 14 (k+1)™MP() <
k=1

).

| =

We will now use (6). Notice that this inequality holds true only if ac < ¢ (because
we have used the inequality fot > Oas). So, if e = %, we need C;ik < t which gives

k > 4*. So we come back and write

tex

EO™) < 14 ) (k+1)™+ i (k+1)™P(\ < %)

kg% k>%
4 C, < 1
- mg+1l 4 =P mq o
< 14+ +c3p2<k+1> X -
k>

tex
In order to get a convergent sum we take p = mq + 2 and the above inequality
gives

—m 4 " Crngaa
BOC™) S 1+ (o + )"+ s,

O
We turn no to the application of the above result to the study of the density
of the law of X,.

Theorem 32. Suppose that ¢ b° € C°(R™, R) and oo*(x) > c.I. Then the
law of X;(x) is absolutely continuous with respect to the Lebesgue measure and
the density p;(z,y) is of class C* with respect to y € R™. Moreover

1 C' |z —yf*
1 = I
o ) exp( ;

)

pe(z,y) < O(

where C,C’, p are constants which depend on m and on the bounds of o,b and
of their derivatives . The same inequality holds true for the derivatives of the
density with respect to y.



Proof. We have the integration by parts formula

BO.6(X) = E(G(X)Ha(X,,1)) with
IHu(X0 DI, < G+ (- + 1), Vpe N,

Let us first study the differentiability of p;(x,y). We will use a formal calculus
but it is clear that one may get a rigorous presentation using a regularization
procedure. We take

B() = [T Lo ) % (5°)-

and o = (1,2,...,m — 1,m, m) so that 9,® = dp. Then using integration by parts
one obtains

pe(z,y) = E(6o(X: —y)) = E(Q®(X: —y))
= E(®(X; —y)Hu(Xy, 1))

Then it is easy to check that we may differentiate the term in the right hand side
and we obtain

m

Oympi(,y) = Oym E(D(X; — y)Ha(X,1)) = B(] | 1o.00) (X} = ¥') Ha(X0, 1)).

=1

For higher order derivatives one proceeds in a similar way.

Let us now prove the estimates for the tails of the density. If we work with
X, directly there will be some (1 + |z|) coming on in our estimate (because this
quantity appears in the estimate of ||[H,(Xj, 1)[|,). This is why it is more clever
to look to F' := X; — x. Notice that we have ||Ho(X; — z,1)[[, < Cp(1 + cit) ™%
without 1 + [z]. This is because [|X; —z|[, < C). Let us denote g,(z,y) the
density of ' = X; — x. We have p(z,y) = q(z,y — ). So if we prove that
q(z,y) < Cexp(—%y‘z) then we get p(z,y) < Cexp(—cl‘yfw).

We take y such that y* > 2',i = 1,...,m and we write

qe(,y) = E(H Looo) (F" =y Ha(F, 1)) < (P(NZ{F" > y'})Y? x [ Ha(Xe — 2, 1),

< (min P(F" > y")% x Cy(1 + (c,t)7%2).

i=1m



We use now Bernstein inequality in order to prove that
t .
P(F' >y Z/ AW + / b (X,)ds > ') < Ce C"W/t,
0

Then
min P(F' > y') < Cexp(—C'max(y')%/t) < Cexp(—C"|y|* /t).

i=1m

O
We present now the Hérmander condition. For two differentiable functions
f,g : R™ — R™ we define the Lie bracket [f,g] := fdg — g0f which reads on

components [f, g]’ : Z] L [70;9" — ¢70; f*. Then we denote o; = (01,. . ]) j=

1,...,d and oy = (Z_)l, e bm) so that the equation of our diffusion process reads

(with Stratonovich integrals and with the convention W? = ¢) :

d
dX; =Y oj(X,) 0 dWi.

=0
We define now recursively
S():{O'l,...,O'd}, Sk+1:{[¢;0'j]7j207~--;d}, Soo:UkENSk-

Then, given x € R™, the Hormander condition in x is

(H,) Span{p(x): ¢ € S} = R™.

Notice that the ellipticity condition oo*(z) > c.I is equivalent with SpanSy(z) =
R™.

We explain now how this condition appears. Recall that we deal with the
matrix f(f Z*o*o(X)Zsds with Z solution of the equation

d
dZ, = = Zi00;(X,) o dWY.

=0

Using Ito’s formula we obtain for every f € C%(R™, R™) :

A(Zuf (X)) = 3 Zilors, FI(X) 0 AW



Then we use this formula in order to develop Z;0;(X;) in "stochastic series". We
take k =1, ...,d and we write

d t
Ziop(Xy) = ok(z)+ Z/o Zsoj, o5](Xs) o dW!

If we continue to develop Zj[o;,04](Xs) — [0}, 0%(z) then we obtain, for every
NeN:

Ziop(Xy) = owp(z)+ D T(ow)(x)W e

1<[o|<N

T Z Xd:/ot /Otl ---/OtN_l(T“(ak)(XtN) — T%(op)(z)) 0 AWEN ..o dW N

la|l=N 7=0

where T%(o,) and W, are defined recursively in the following way. If o =
(a1, ..., ) € {0, ...,d}? is a multi-index, we denote ‘@ = (ay,...,q, 1) and @ =
a,. Then we define

Ti(f) = I,
™) = [T

and

Notice that Sy = {T%(01), ..., T*(04), || = N}. So the vectors which appear in
Hormander’s conditions are exactly the coefficients of the development of Z,0(X;), k =
1,...,d in stochastic series. Notice that Sy contains only o4, ..., 04 and not oy be-
cause in the covariance matrix og does not appear. In the following section we
will discuss the non degeneracy of a matrix of the form fot Vsds where V' is a
matrix valued process which may be developed in Taylor sums. As an immediate
consequence of Theorem 32 given there we obtain the following.

Theorem 33. Suppose that o,b € C;° and that (H,) holds true. Then the law of
X[ is absolutely continuous with respect to the Lebesgue measure andy — py(z, )
is of class C'°.



Remark 5. One may also prove that pi(x,y) is of class C*° with respect to x €
R™ and t > 0. And one may obtain very precise exponential bounds for pi(x,y)
and its derivatives with respect to t, x,y. This is a rather heavy computation - see
Kusuoka-Strook.

0.5. Stochastic series

We are on a probability space and W = (W1, ..,W%) is a standard Brownian
motion. We introduce some notation. For notational convenience we denote
W? = t. We work with multi-indexes o = (ay,...,ax) € {0,1,...,d}* and we
denote

la] =k, pla)=-card{i:a; € {1,...,d}} + 2card{i : a; = 0}.

Given an adapted and square integrable process X we define the iterated stochastic
integral

t te—1
[?(X) — / e / ththakk...thCf:L, and
0 0

t tp—1
wy = I'1) = / / AWk .. dW
0 0
An important point concerns the scaling property
(Scaling — k) W2 ~e2We  with k= p(a).

The specific property of W is that it behaves as t"(®)/2 as t — 0. In order to give
a precise definition of this fact we introduce some notation.

A function f: R — R will be called flat if lim. o7 |f(¢)| = 0,Vp € N. The
nice thing about this definition is the following simple remark. Let F' be a non
negative random variable. Then EF~P < oo,Vp € N if and only if the function
e — P(F < ¢) is flat.

Moreover we say that a process X has order larger then N and we write
O(X) > N if ¢ — P(X? > &™/27%) is flat. Here we use the standard notation
X :=sup,.. |X;|. And we say that O(X) < N if e — P(X} < eV?¥9) V5 > 0 is
flat. We say that O(X) = N if O(X) < N and O(X) > N. Notice that we do not
assume that we may define O(X) for any process X. We need just inequalities.
But when we say that "O(X) = k" this means that we are able to prove both
inequalityes.

Let us list some basic properties.



Lemma 34. i) If a process X has the Scailing — k property then O(X) < N
(respectively O(X) > N) is equivalent to the fact that ¢ — P(sup,-, | X| < ¢) is
flat (respectively e — P(sup,; |WS| > ¢™') is flat). -

i) Let b be a standard one dimensional Brownian motion. Then O(b) = 1

iii) For each X,Y we have

O(X)+0(Y) < O(X x Y)

in the sense that O(X) > k,O(Y) >p= O(X xY) > k+p.

iv) If || X2, < Cpe* for every p € N and every e > 0 then O(X) > k.

v) IfO(X) < O(Y) then O(X+Y') = O(X) (in the sense: if O(X) <k < O(Y)
then O(X +Y) < k).

Proof. The only non -trivial property is i7). And this property is crucial
because it permits to handle all the other processes coming on in the calculus.
The fact that O(b) > 1 is trivial - one employs the scaling property and iv). Let
us prove that O(b) < 1. So we have to check that e — P(sup,- |b] < ¢) is flat.
We write -

Py < e) < P(bip <e,
< CeP(bi), <e).

b1 — bija| < 22) = P(b; )5 < €)P(|by — byya| < 2¢)

And if we continue like this we obtain P (b} < ¢) < C,eP.0]
We introduce now a class of stochastic processes which may be developed in
stochastic series; We denote

Co = {X : continuous and adapted process such that E(X7})? < oco,Vp € N, T > 0}.

Then we define by recurrence C}, to be the class of the stochastic processes of the
form

d t
(*) Xi=Xo+ Z/ Xidw;
i=0 Y0

with X € Cj_;. It is easy to check by recurrence that C), C C;_;. We denote
Coo = NiCr.

Moreover if X has the representation (x) we define Pr;(X) = X and we
iterate this definition: for a multi-index oo = (v, ..., ax) and X € Cy we define
Pro(X) = Pro, (Pra,,..ap1)(X)). Finally we put pro(X) = Pro(X)(0). In order
to get unitary notation we put pry(X) = Xo.



Let us now take X € C, and develop it in stochastic series. We write

d ¢ d d t t
X, = XO+Z/O X;dW;:XO—Iern(X)WZ—kZ/O(X;—pri(X))dWS’—ir/O X2aw?
=0 =1 =1

= 3 OV Y LX) () + Y T (PH(X)).
(@)<1

p(a)=1 p(a)=1-1=0

We wrote the last expression in order to understand what we will obtain in the
general case. And we obtain

X, = Z pro (X)W + Ry(X)(t) with Ry(X)(t) = Ry(X)(t) + R%(X)(¢),
p(a)<N
Ry(X)(t) : = L(Pr(X) = pra(X)),  Ry(X)(t):= )Y Lag(Pr(X)).
p(a)=N p(a)=N-1

The interest of this decomposition is that it permits us to compute O(X). We
have:

Proposition 35.
O(X) = min{p(a) : pro(X) # 0}

Proof. Suppose that pro(X) = 0 if p(a) < N and there exists a with
pro(X) # 0 and p(a) = N. Then we have X = >° _ypra(X)W® + Ry (X).
It is easy to check that [|Ry(X)(e)]|, < Cpoe™™/2 for every p € N so that
O(Rn(X)) = N + 1. So it suffice to prove that O(3_,,_y Pra(X)W®) = N. And
by the scaling property this amounts to check that e — P((3_, )=y Pra(X)W®)(1) <
e) is flat. And this is a consequence of (7) in the appendix. [

The followning lemma which we prove in the appendix, is crucial.

Lemma 36. Let

D,(c)(s,t) = Z CasWEWP  and

(a)+p(B)=q
t
v = [P

with ¢, g € R. If there exists at least one ¢, p # 0 then O(Y) = 2q + 2.



As a consequence we obtain

Proposition 37. Let U,V € C and Y, := fot (U, V)2 ds. Then O(Y) = 2q + 2
where q = min{p(a) + p(B) : (pra(U), pra(V)) # 0}.

Proof. Take N = ¢ + 1 and write

U = Sy(U)+Ry(U), Sn(U)= D> pra(U)W"

p(a)<N

Vo= Sy(V)+Ry(V), Sy(V)= > pra(V)W®

p(a)<N
Then
(U, Vi) = (Sn(U)(5), Sn(V)(t)) + Rn(s,t) with
Ry(s,t) = (Sn(U)(s), Rn(V)(1)) + (RN (U)(s), Sn(V)(1)) + (Bn(U)(s), Bn(V)(1)) -

It is easy to see that O( [ R%/(s,t)ds) > 2(N + 1) +2 > 2¢ + 2 so we may ignore
this term. Moreover we write

(Sn(U)(s), Sn(V)(¢))
= 3 S raU)prs(V) WEWY

p(a)<N p(B)<N
= > (o), prs(V)WEWE + Y {pra(U), pra(V)) WeW/
p(e)+p(B)=q p(0)+p(B8)>q

= : Dy(s,t) + Dj(s,1).

We have O(f(; {D;(s, 75)}2 ds) > 2(q+ 1) + 2 > 2¢ + 2 so we ignore this term also.

And by the previous lemma O(fot |D,(s,t)]> ds) = 2q + 2 so we are done. []
We consider now a matrix valued process U € M, (Cs) and we denote by
Uj,j = 1,...,m the columns of U, that is U; = (U}, ...,U}") € C%. We define

Ey = Span{pro(U;) : 5 =1,...,m,p(a) < k} C R".

And we consider the matrix

t
Ap(t) = / U U ds.
0



Lemma 38. The following are equivalent:
i) B, = R"

-----

Proof. Suppose that £, = R". Take X € C and let p = min,—;__, O(X;).
Then there exists some  with p(/5) = p such that prg(X) # 0. And then there exist
some j € {1,...,m} and some « with p(a) < g such that (pro(U;), pra(X)) # 0.
We have

(Ap(t) x X;, X)) = Z/O (Ui(s), X,)? ds

so that, by the previous lemma

O((Au(t) x Xi, X)) < 0(/: (Uj(s), Xi)* ds) < 2(p(a) +p(B)) +2 < 2(q + p) +2

so ii) is proved.
Suppose now that £, C R". Then we take z € R" with = # 0. We have
777777 n O(z;) = 0 so that, if i) is true, then O((Ay x z,z)) < 2¢+2. But if we
look to the coefficients of the development in stochastic series we see that all the
coefficients with p(a) < g are null. Then O((Ay X z,z)) > 2(¢+1)+2 > 2¢+2.00
We need also the following algebra lemma.

Lemma 39. Let I be a comutative ring and let O : [ — R U{oco} be a function
such that O(0) = o0, O0(z) = O(—x) and

(a) Ox) +O() < Ofay). Vr.y € I
Consider a matrix a € M, y,,(I) which verifies

(b) (aw,r) <k+2 min O(z;), Voel"

i=1,...,

Then O(deta) < nk.

Proof. We procced by recurrence on n. Suppose first that n = 1. Then a € 1
and by (a) first and then by (b)

O(a) +20(z) < O(azzx) = O({azx,z)) < k + 20(x).



So O(a) < k.

We suppose now that the assertion is true for n — 1 and we prove it for n. We
denote A} = (a})rjpri and I'y = (=1)"*7 det A}. We also denote @ = (I'%); j=1,n-
And we have a x @ = deta x Id.

We prove now that A7 € M,_;,_, satisfies (b). We take x = (x1,...,2,-1) €
"1 and we denote T = (21, ...,7,_1,0) € I". Then (A"x,z) = (aZ,Z) so that

Oz ) = O(ad.3) < k+ i O
the last inequality being a consequence of (b) for a and of the fact that O(0) = occ.

So be the recurrence hypothesis we get O(det A7) < k(n — 1).
We take now x = (0, ...,0,1) € I" and we denote y = az = (T'L,...,T"). Then

(ay,y) = (a(az),ax) = (det(a)z,ax) = det(a)T].
Using (a)
O(det(a) + O(T) < O(det(@)I}) = O({ay,y)) < k+2 min O(y,)
< k+4+20(y,) = k+ O(T7).

And then O(det(a)) < k+OI") =k+ O(A?) <k+k(n—1)=kn.Od

Proposition 40. Let h(U) = min{k : Ex, = R"} and h(U) = oo is the set is void.
Then
O(det Ay) < (2h(U) 4+ D)n.

Proof. Suppose that h(U) = ¢ < co. Then E, = R™ and then by the previous
lemma O((Ap X, X)) < 2¢+2+2min;—; _, O(X;). Now, using the algebra lemma
we get O(det Ay) < (2¢ + 1)n.O

-----

Corollary 41. If h(U) < oo then
E(|det Ay(T)|™") < 00, VpeN.

Proof. Let A\y(t) be the smallest eigenvalue of Ay (t). Since det(Ay(t)) =
Au(t) x Vi for some process V € Cy we have O(\y) < O(det(Ay)) < oo. It
follows that there exists ¢ such that ¢ — P(\[(e) < €9) is flat. It follows that
e — P(A\[(T) <€) is also flat and since ¢t — Ay () is non decreasing we get that
e — P(A\y(T) < ¢9) is flat. And this implies E(|\y(T)| ") < o0, ¥p € N. Since
det Ay (T) > A/\(T) the proof is compleated. [J



0.5.1. Appendix.

We give now a several of lemmas which precise the asymptotic behavior of linear
combinations of iterated stochastic integrals. In order to do it we need some more
notation concerning multi-indexes. Let a = (ay, ...., ) € {0, ....,d}*. We denote

o = (ag,.,a1) and A = .

Moreover we denote
a= (ag, W_1,....,a1,0,0, ....).

On the set of the multi-indexes we consider the following order relation. Let
a = (ay,....,op) and § = (fy,....,3,). We say that a = 3 if the following is true.
Case 1. We have p(«) < p(5). Case 2. We have p(a) = p(/3) but @ is larger than
B in the lexicographic order. This means that there exists some ¢ € N such that
aj = B for 1 < j <i—1anda; > 3. It is easy to see that this relation is
complete, that is: for each o and $ we have @ =  or § = «. And if the two
inequalities hold true then o = 3. The idea of this definition is the following: we
prefer multi-indexes with small order. And if we have the same order we prefer
the one which has larger components. But we begin to compare them starting
from the last component.

Moreover we denote by A the set of all the multi-indexes and we consider a
set of numbers ¢ = (Cq)aca. We denote |c| = (3,4 [cal?)/2. Clearly |c| < oo if
and only if ¢ has a finite number of non null components. For ¢ with |¢| < oo we
define ¢y in the following way. We define apax(c) = max{a : @ € A, ¢, # 0}.
The maximum is taken with respect to the order defined above and since this order
relation is complete and the set is finite, there exists a unique element which is
strictly larger then all the other ones. So amax(c) is well defined. Finally we put

Cmax — |Camax(c)’ .

Lemma 42. A. Let Sn(c,t) =3 )<y CaWy". For every p € N, there exists some
universal constants C' = C,, y,q = q, N such that

i) (B(Sx(c, 1)[")?
i) (E( sup |Sn(c,t) — Sn(e,7)|P)HP

T<t<t+¢

C x| (7)

12 vr stopping time.

B. Let Qn(c,t) = 3 (a)=n CaW". For every p € N, there exist some universal



constants C' = C,, y,q = q, v such that
iii) P(Qn(c,1) < &) <C(le"+ei 7)) xe” and  (8)

1
iv) p(/ Qwles)Pds < &) <Ol + a7 x e
0
Proof. The properties i), i:) are standard. Let us prove iii) and iv) by recur-
rence. If N =1 then Q;(c,t) = 3.*, ¢;W/ has the same law as |¢| b, where b is a

standard Brownian motion. So P(Qj(c,1) < ¢) = P(bj < ¢/|c|]) < Cple/|c|)P <

Cp(€/Cmax)?. We treat now the second term. We take u = g and we define

T. = inf{t: |Qi(c,s)| > 2¢"} and T.=inf{t >T.:|Q:i(c,s)| <e"}.

Then we take v = % and we write

! 1 1
P([ I@ues)ds < &) < P(T> )+ P < 5T~ T < &)
0

1 ! °L
+P(T. < §,T£' —T. > 5”,/ 1Qn(c, ) ds <€) = ZI;
0 i=1

We take p’ = 8p and we write

1 1 ,
P(T. > 5) = P(Qi(c, 5) <e")=P(Qi(c1) < 5\/5) < Cp’(gu/cmaX)p
= c%; x eP.

Since |Q1(c, T:)| — |Q1(c, TL)| = 2e* — e* = &* we have

1
P(Te S _7T5/ - TE S 5U> S P( sup |Q1<C, t) - Ql(a T€)| 2 5u)

2 T.<t<T.+ev

1 / 1 ;o
< —fE( sup |Qi(c,t) —Qi(c,T)") < v X |c|P P2 = |c]8p5p.

et L <i<Tqev

For T. <t <T.+¢e" <T!, we have |Qn(c,s)| > " so that

1 Te+e?
/ Qnle,s)Pds > / Qnle,s)Pds > e > ¢
0 e



so that I? = 0.

Suppose now that the property holds true for N — 1. Let ¢',i = 0,...,d be
the vector of the coefficients corresponding to multi-indexes o = (ay, ..., ag) with
oy =1, that is: ¢!, = c, is @ =i and ¢!, = 0is @ # i. Then we have

Qn-1(c’,s) = Z CQWSE, for =1, ..4d,
p(a)=N,a' =i

QN—l(CO,S) = Z can.
p(a)=N,a=0

Then
d t A A t
On(c,t) = Z/ Qn-1(c', s)dW; +/ Qn_o(c°, s)ds =: my + d;.
= Jo 0

Case 1. Suppose that there exists a with @ =4 € {1,...,d} such that ¢, # 0.
We take i* = max{@ :cq # 0, @ € {1,...,d}}. Notice that we have apax(c) =
max (¢'7) and consequently cpay = ¢, . We take u = % and we define

T. =inf{t: |Qn_1(c",s)| > 2¢"} and T!=inf{t >T.:|Qn_1(c",s)| <e"}.

We take p’ = 8p and we use the recurrence hypothesis in order to obtain

1 .1 "
P(T. > 5) = P(Qyn_4(c ,5) <eg") < C’(|cl ‘q +

— e
(e

q
S C’<|C| + (Cmax)gN—lp)gp'

and p’ = % and we use the same reasoning as above

Moreover, we take v = %

and obtain
1 . ”
i’TE/ —T. <)< P( sup |QN—1<Cl 1) — Qn-a(c ,TE)‘ >e")

T.<t<T-+ev

P(T. <

1 - % - % ! C
< ——E( sup  |Qn-a(c" ) = Quna(d TL)|7) <
ep T.<t<T.+e® €

p// 8p/I,U/Z — O |C|p// gp‘

Finally we take r = % and p”" = 2p we write

P(Qys( 1) > ) < C |0 e < C e ev.



We conclude that

P(Qy(c,1) < e) <CO(|e|* + e’ + I, with

(cmax)8N71p )

1
IE = P<T€ S _7Tgl - TE > 81}7@7\772(007 1) < 871“7@7\7(67 1) < 8)'
We take T, <t <T. + ¥ and we write

[Qn(c, 1) Qn(e,t) = @n(e, To)| = [@n (e T2

>
> |my—mr| —|d —dr.| — |@n(c, 1Y)

which gives

sup |y —ma.| <2Qx(e 1)+ sup  |d—dr|.
Te<t<Tc+ev Te<t<T:+ev

If we are on the set Q% _,(c®,1) < 7" then SUPT, <ycppev [dy — dr| < €777 = e,
And if we also have Q7 (c, 1) < € the above inequality becomes sup;, <7, v [m: — mr.| <
3e. So

1
L<PIT.<=T.—T.>¢", sup |my—mr|<3e).

5 €
T <t<T.+e?

We write now m(t) = b({(m),) where b is a standard Brownian motion. Notice
that

T-+ev¥

T.4ev d ) .
<m>Tg+ev - <7n>TE = / ZQ?\/—I(Cza S)dS Z / Cl??\/—l(cZ 78)d8 Z 5U+2u
€ =1

5

the last inequality being true because Q% _,(c"',s) > e for T, < s < T.+¢&* < T".
This gives

L <P( sup [b(t)] <e)= P (1) <=2y = P(bh*(1) < /%) < O,e?

0<t<evt2u

the last inequality being a consequence of the basic property of the Brownian
motion. So the proof of 7i7) is completed in this case.
Case 2. We have ¢, = 0 for any a with @ # 0. Then

QN(C,t)Z/O Qn_2(c®, 5)ds.



0

max*

T. = inf{t : [Qn_2(c",s)| > 2"} and T.=inf{t > T.:|Qn_2(",s)| <£"}.

Notice that cpax = ¢ We take u = % and we define

We follow now the same strategy as above. Using the recurrence hypothesis iii)
with p’ = 8p we obtain
1

P(T. > %) < C<|00’q + s )5up, < C(}Co|q -

L
SN —2 :
max C?nax

We take v = % and p” = 8p. Then, the same argument as above gives

/

T —T. <) <Ce|?e?" G = C|c|? P

)’ e

P(T. <

N | —

It follows that
P(Qy(c1) < g <O("+ PR
1
+P(T. < §’T€ —T.>¢e", Q1) <e).
Notice that for 7. < t < T. + &” < T/, the function t — Qy_2(c’,t) keeps the
same sign and |Qn_2(c°, s)| > *. It follows that

Te+e? Te+e?
/ QNz(CO»t)dt’ = / |Qn—2(c, )| dt > et =¥/,

£

)e”

But we also have

T+
/ Qn_o(c, t)dt' <

T

Te+e¥
/ QN_Q(CO,t)dt‘ +
0

QN_Q(co,t)dt‘ < 2e.
0

Since 2¢ < £%/* this is impossible so the proof finishes.

Let us now prove iv). The proof is identical with the one in the case N =1 so

we skip it. [
We consider now the double sum
Dy(c,s,t) = Z CagWeW), 0<s<t<1.
p(a)+p(B)=Fk
We define

Omax(¢) = max{a : 30 such that ¢,z # 0}, Bmax(c) = max{f : Canu(),8 7# 0},

CmaX - Camax (C) 7Emax (C) ’



Lemma 43. For every p,k € N, there exists some universal constants C' = Cy,
and q = g, such that

max
t<1

sup/ D2(c,s,t)ds <€) < C(|e|” + ¢ 7%") x eP. 9)

Proof. For every [,r € {1, ..., k} we define
Qur(c,s,t) = Z Z caﬁWf‘Wf
p()=lp(B)=r

with the convention ¢, = 0 if p(a) + p(B8) # k. We take N = p(amax(c)) and
we notice that for p(a) < N we have ¢, 3 = 0,V3. So Qi = 0 for [ < N. So
D, = Z;‘;N Q1 x—1- We also denote M =k — N.

We take 6 = €” with v > 0 (to be chosen latter on) and for 5 = (34, ..., 3;) we
define

5 t tk—l ﬁ ﬂ —,85 t tk—l B ,8
V[/tﬂ’ :/ / 1{tk>6}thkk~'dVthl7 Wt7 :/ /0 1{tk§5}thkk"‘th11

so that W/ = W/ + W Moreover for a with p(a)) = N we denote (recall that
M=Fk—N)

-5 — 8.5
D)= D W, dyt)= Y capW,

p(B)=M p(B)=M
so that Quar(c,s.t) = Q% (e, s,t) + @fVM(c, s,t) with

QNM(cst Z e W and QNMcst Z

p(a)=N )=N

Then, for ¢t > § we write (we use the elementary inequalities (a + b)* >
and (a + b)? < 2a? + 2b?)

t 5
/ Di(c,s,t)ds > / Di(c,s,t)ds
0 0

L[ 2 "
_/ |QN,M(Casvt)‘ dS—C/ ‘QN,M(C,S,t)

—CZ/‘QlleSt‘dS

I=N+1

N |

2
ds

v




where C' is an universal constant. We obtain

¢ k
P(sup / Di(c,s,t)ds <) < Ls+Tos+ » . Jt
0

t<1 I=N+1

with

]6,5 = SU.p / ‘QNM c, s, t } d8<C€ 7575: SUP / )QNM 0737t) d8>€)
§<t<1 0<t<1.Jo

1)
Jé = P( Sup/ |lek_l(c,s,t)|2d325).
0

0<t<1

Let us estimate I. 5. Notice that d’(t) is measurable with respect to Fj; :=
o{W, — W;s,0 < s < 1}. So it is independent of W, s < §. So

Narle, s t) = Z B (W = Qu(d(t), )

is a quantity which is similar to the one in the previous lemma but which has
random coefficients which are independent of W2. Let a* := Gpax(c). We take
u > 0 and we define

T? =inf{t > 6 : |d2.(t)| > &"}.

This random time is Fs; measurable so it is independent of Wy, s < §. We write
s 1 5 < 1 3 (T "
Ioe <P(T2 > 5) + P(T2 < \QN (d°( \ ds < Ce) = I+ 1},

We treat first

[&75 = P( sup }d‘;*(tﬂ <e")y=P( sup |Qu(ct)] <e")
§<t<1/2 0<t<1/2—6

with ¢* = (ca» g)p(s)=m- The equality is true because W/ has the same law as

W7 . By definition we have amay(c*) = By (€) 50 that ¢4, = Cmax. We take now
p' = p/u and we use the point 7ii) of the previous lemma and we obtain

8M1

Tpe < O] + ()™ ) X &% < O(le]" + e ™) x &7



We estimate now I)j_. We write

)
I = By P |Quldo) ds < Co | (1) = d).
0

Notice that a* is the largest multi-index for which there exists 8 with c,- g # 0.
So for a = o we have c,5 = 0,V3 and consequently d°(7°) = 0. So a* =
Omax (d°(T7?)). By the definition of T we have |d2,. (t)l = ¢" > (0 so we conclude that
O* = Qmax (°(T?)). And consequently if d = d°(T?) then dpayx = d’.(T°) = &*.

&€

We take some p” € N and we use the scaling property and the point iv) from the
previous lemma and we obtain

P(/5 Qn(d, )" ds < Ce|d(T7) = d) = P(8""! /1 Qn(d, )" ds < Ce | &(T?) = d)
0 < O(|d)? + 3y (s~ Ny, 0
Since E(|d°(T?)|") < ¢’ lc|” we obtain
1. < Cle|* + 1) x 787 x (eg NIy,
We estimate now 1. ;. We write

’

‘ 2

—3 2 2 2 —B,0
c,s,t’ ds < Clc|? x § x sup W2 x su ‘W
Qaecs ] ds < I x o 3 30 supl W sup 7

p(a)=N p(8)=M s<o

so that

— 4 —5 2

I.s = P( sup/ )QNvM(c,s,t)‘ ds > ¢)

6<t<1.Jo
5512
< max max P(sup|W2|* x sup Wf’(s‘ > 52 ).
p@)=Np)=M  s<5 t<1 Cle|§

We have

11

—_ 4 /11
Wy < o

(B(sup [T )12 < €8, (E(sup

5<0 t<1

so, using Chebyshev inequality first and Schwarz inequality then we obtain

2
6 111
es < (—C |Z| x GNP

~l|



Let us now estimate J*. We have

s<9

/‘QlleSt‘dS<C’C’ X 0 X Z Z sup [We?
p(e)=lp(B)=k—l

lp
Notice that for p(a) =1 > N + 1 we have

(E(sup [W2 ")/ < o™+ (E(sup

5<8 t<1

4 /11
wy| e

so the same estimation as above gives
Clef*s
Jk < (—| | x gV
€
We choose now our parameters. We take now § = ¥ with

1, 1 1 2N +3

:§(N+1+N+2):2(N+1)(N+2)'

Then v(N +2) —1=1/2(N + 1) so we take p” = 2(N + 1)p and we obtain

k
Lo+ > JE<Cef? PO = OV 5 er
I=N+1

We take now v = 1 and p” = 2(p+ 8"V)(N +2). Since 1 —v(N +1) = 1/2(N +2)
we obtain
—8Mu+p"(1 —v(N + 1)) = p.

This gives
Iy < O(le]* + 1) x 787 x (6~ = O(|e]! + 1) x &P
and finally

I(’La < O(|e|? 48 p/“) e? = C(le|* + e, 8 Py x &P,

max max

We put all this together and we obtain (9). [J
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