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 be the unit ball B3(0; 1) of IR3. Let H1(
; S2) be the set of all u 2H1(
; IR3) with u(x) 2 S2 a.e. where S2 is the unit sphere of IR3. For � � 0 andf 2 L2(
; S2), let(0:1) F�(u; f) = Z
 jruj2 + �Z
 ju� f j2The critical points of F�( : ; f) satisfy the following Euler-Lagrange equation(E�;f ) ��u = u jruj2 + � [f� < u; f > u]Notice that F� is lower semi-continuous on H1(
; S2), so that(0:3) infu2H1(
;S2)F�(u; f)is achieved by some u� which satis�es (E�;f ).In this paper, we are interested in studying the regularity of u�. Recall thatin [BB], Bethuel and Brezis have shown that there exists some regular functionf with values in IR3 such that u�(f) = u� is not smooth on 
. In [HZ], Hadijiand Zhou considered the same problem and they obtained that there is �1 > 0such that for every � � �1, for any function f in H1(
; S2) which is not a stronglimit of smooth maps, every u� is not regular in 
, and they obtained that thereis �0 > 0 such that for every 0 < � � �0, u� is regular in 
 provided that fsatis�ed some conditions. In the �rst part, we prove that these conditions are notnecessary and we give a numerical value of �0.Note that it is well known (see [SU1], [SU2]) that u� is smooth accept at a�nite number of points. 1



The regularity of minimizing maps and some related phenomena are studiedby many authors (see [BB], [B87], [B89], [BBC], [DH], [HKL] and [HL]).In the second part, we propose a numerical study of the problem (0:3). Inorder to minimize the energy, we have followed a strategy due to F. Alouges [A],developed to solve the problem minu2H1n0(
;S2)Z
 jru(x)j2 dx:The principal di�culty is the lack of convexity of the constraint. The iterativealgorithm used allows us to decrease the energy at each step, on the contrary ofalgorithms developed by others authors [CLL],[CHKLL],[DGL].The proof of the convergence will be also given and numerical results will bepresented with 
 = (0; 1)3 and di�erent functions f .1. Regularity of minimizing applications with values in S2Our main result is the following:Theorem 1.1 Let f be any measurable function with values into S2 then we have,for every 0 � � � 35 , every minimizer solution of (0:3) is regular in 
.Proof of the theorem 1.1: We start by quoting two results. The �rst lemmaconcerns the behavior of u� near each singularities and requires some modi�cationsof the result of [BCL].Lemma 1.1 Suppose that y 2 
 is a singularity of u� then, we have u�(x) '�R� x�yjx�yj� as x goes to y where R is a rotation of IR3. In particular, the degreeof u� around each singularity is �1.The second is a variant of the well known monotonicity formula for standardminimizing harmonic map.Lemma 1.2 For any a 2 
 and r < dist(a; @
) we haveddr�1r ZB(a;r) jru�j2 + �r ZB(a;r) ju� � f j2 + 8�3 �r2� � 0In particular 1r RB(a;r) jru�j2 + 32�3 �r2 is nondecreasing in r.The proof of these lemmas are contained in [HZ]. Hence, the two proofs areomitted.Setting v�(x) = u��(1� r)x� then we have(1:1) Z
 jrv�j2 = 11� r ZB(0;1�r) jru�j2;2



and,(1:2) Z
 jv� � f j2 = Z
 jv� � u� + u� � f j2= Z
 jv� � u�j2 + 2Z
(v� � u�) � (u� � f) + Z
 ju� � f j2= 2Z
(u� � v�) � f + Z
 ju� � f j2:Since u� is minimizer, it follows that11� r ZB(0;1�r) jru�j2 + 2�Z
(u� � v�) � f � Z
 jru�j2;thus r1� r ZB(0;1�r) jru�j2 + 2�Z
(u� � v�) � f � Z
nB(0;1�r) jru�j2:writingr1� r � Z
 jru�j2 � Z
nB(0;1�r) jru�j2!+2�Z
(u��v�)�f � Z
nB(0;1�r) jru�j2;we obtainZ
 jru�j2 + 2�: (1 � r)r � Z
(u� � v�) � f � 1r Z
nB(0;1�r) jru�j2:Using Poincar�e inequality1r Z
(u� � v�) � f � 1r �Z
���u�(x) � u��(1� r)x����2� 12 ��Z
 jf j2�12 :We can write for almost everywhere x in 
u�(x) � u��(1 � r)x� = Z 11�r x � ru�(tx) dtand then, for a.e. x 2 
���u�(x) � u��(1 � r)x����2 � �Z 11�r jxj jru�j(tx) dt�2using again Poincar�e inequality���u�(x) � u��(1� r)x����2 � �Z 11�r���ru�(tx)���2dt� ��Z 11�r jxj2dt�3



then Z
���u�(x) � u��(1 � r)x����2 dx � Z
 r � jxj2�Z 11�r jru�j2(tx) dt� dx:Using the change of variable y = tx, and Fubini-Tonelli theorem, we obtainZ
���u�(x) � u��(1� r)x����2 dx � r � Z 11�r�ZB(0;t) jyj2 jru�j(y) dyt5 � dt� Z 11�r dtt3 �Z
 jru�j2�� r2 � 1(1� r)2 � 1� � �Z
 jru�j2�This leads to(1:3) 21� rr Z
(u� � v�) � f � p4� 2r ��Z
 jru�j2� 12 ��Z
 jf j2�12 :On the other hand, we have for all P 2 S2F�(u�) � �Z
 jP � f j2;hence Z
 jru�j2 � C�ku� � PkL2 :In particular, u� tends to a constant P0 2 S2 strongly in H1(
; S2).Since u� is aminimizer we have R
 u� � f � 0. Thus we deduce that(1:4) Z
 jru�j2 � �Z
 jP0 � f j2 � � �kP0k22 + kfk22�then using the fact jf j = 1, we haveZ
 jru�j2 � �8�3 :Combining this inequality and (1:3), we obtain21� rr Z
(u� � v�) � f � 2r8��3 p4� 2r � kfk2:Finally, using jf j = 1, we are led to(1:5) 1r Z
nB(0;1�r) jru�j2 � �8�3 �1 +p� p2� r�� � 4� g(r);4



where g(r) = 23�1 +p2� r�, if we assume � � 1.Let x 2 
 such that jxj > 12 . De�ne rx = 1� jxj, sinceB(x; rx) � 
 nB(0; 1 � 2rx)we have 12rx ZB(x;rx) jru�j2 � 12rx Z
nB(0;1�2rx) jru�j2;by (1.5) 1rx ZB(x;rx) jru�j2 � � 8� g(2rx):Using the monotonicity formula (see Lemma 1.2), we obtain for all r < rx(1:6) 1r ZB(x;r) jru�j2 � � 8� g(2rx) + 323 ��(r2x � r2):Then, for all x such that jxj � �0,(1:7) limr!0 1r ZB(x;r) jru�j2 � � 8� �g(2rx) + 43r2x� :Let x 2 B(0; 12 ), we have B(x; 1 ) � B3(0; 1). Using again the monotonicityformula and (1.4), we see for all r < 121r ZB(x;r) jru�j2 � 2 ZB(x;12 ) jru�j2 + 323 ��(14 � r2)� 8� �;then(1:8) limr!0 1r ZB(x;r) jru�j2 � 8�� 8x 2 B(0; 12):Direct computations show that for all � � 35 the right hand sides in (1.7) and(1.8), are strictly less than 8�, so, for all x in 
limr!0 1r ZB(x;r) jru�j2 < 8�:(We note that the right hand side in (1.8) is strictly less than 8� for all � < 1.)Now, applying Lemma 1.1, we obtain the desired conclusion.5



2. Remarks and generalizations2.1 Remark on the domain 
We have a similar result as Theorem 1.1 if we only assume that f is a functionin L2(
; IR3) and if we replace the domain 
 by any unit ball associated to anothernorm in IR3 :Theorem 2.1 Let f be any function in L2(BN ; IR3) not necessary with valuesinto S2 de�ned on BN = fx 2 IR3;N(x) � 1g where N is a norm in IR3, thenthere exists a constant �0 > 0, depending only on kfk2 and N , such that everyminimizer u� 2 H1(BN ; S2) of the functional F�(:; f) for � � �0) is regular inBN . The proof is the same as for B3. Using v�(x) = u�((1 � r)x) we obtaininequalities (1.3) and (1.4) thus we prove that there exists a function G(r) =�kP0k22 + kfk22�+p(kP0k22 + kfk22) � kfk2 � p2� r, such that1r Z
n(1�r)
 jru�j2 � �G(r):Thus for x 2 
 such that N(x) > 12 , if we set rx = 1 �N(x) then we see thatthere exists a constant k which depends only on the norm N such that(2:1) B3(x; krx) � BNnBN (0; 1� 2rx);and we can conclude as in Theorem 1.1 (if N is the uniform norm, then we canchoose k = 1).2.2 Remark on the equationWe have seen that any solution of problem (0:3) satis�es weakly, the equation:(E�;f ) ��u = ujruj2 + �[f� < u; f > u]:Then, if we take the exterior product of (E�;f ) by u we obtain :(E��;f ) (�u+ �f) � u = 0:Conversely, any solution of (E��;f ) shall be collinear to u thus such a map satis�es :�u+ �f = �u;so taking the scalar product of this equation we �nd that � had to be equal to�jruj2+ < u; f >, thus the equations (E��;f ) and (E�;f ) are equivalent.As a consequence, if (un) is a solution of (E�;fn) such thatun * u weakly in H1(B3; S2);6



fn * f weakly in L2(B3; S2);then u is a solution of (E�;f ). With the formulation (E��;f ), we have just to notethat by compact injection of H1 in L2 that un tends strongly to u in L2(B3; S2)then we can pass to the limit in fn � un, it is well known that �un � un tendsalso to ��u� u (see [BBC], [C]).2.3 Remark on the solutionsThe regularity obtained in Theorem 1.1 (and Theorem 2.1) is really a conse-quence of the minimization problem and not of the equation.Indeed, if we consider the following minimization problem on H1(B3; S2):(P�) infu='j@B3 ZB3 jruj2 + �ZB3 ju� f j2;where ' is a given smooth boundary condition. Any solution of problem (P�)satis�es the equation (E�;f ).Then, for ' equal to the identity on the boundary and f constant for example,the solutions u� of (P�) converge to the solution of (P0) when � tends to zero,thus there exists singular solutions of (E�;f ) for � small.3. Numerical minimization of the energy F�In this part, we propose a numerical study of the problem (0.3). The strategyused here is based on the works of F. Alouges [A]. The principal di�culties of�nding numerically the minimizer are:� Non convexity of the constraint ju(x)j = 1 a.e. which avoid us to usestandard algorithms directly.� The minimizer u� may be non regular (non continuous) for some �, f .� Non uniqueness. For some �, f (if f have symmetries for example), u� neednot to be unique.Most of the methods to solve this kind of problems can be split into twosteps:26666641. Let u0 be an initial guess.2. For n = 0 ::: until convergence:3.1 Find vn such that F�(vn) � F�(un)where vn may not belong to H1(
; S2);3.2 Set un+1(x) = vn(x)jvn(x)j.The minimization problem we will solve at the step 3.1 allows us to de-crease the energy at the step 3.2. In other words, for all iterations n, we have7



F�(un+1) � F�(vn) � F�(un). Other methods ([CLL], [CHKLL], [DGL] for exam-ple) do not have this property. In particular, F� � vnjvnj� � F�(vn) is not assuredfor all iterations n.The step 3.1 will be solved by a conjugate gradient method because there is noparameter to optimize (on the contrary of a saddle-point or relaxation techniquefor example). Moreover, the numerical tests of F. Alouges seems to prove that itis the better method.3.1 An energy decreasing algorithmHere, we want to solve the problem: "Find vn such that F�(vn) � F�(un)" inorder to assume that :(3:1) F�(un+1) = F�� vnjvnj� � F�(vn) � F�(un)at each step n. This can be done using the following proposition given by F.Alouges :Proposition 3.1 If v 2 H1(
; IR3) veri�es jv(x)j � 1 a.e., then vjvj belongs toH1(
; S2). Moreover, we have���r� v(x)jv(x)j����2� jrv(x)j2 a:e:and for all function f 2 H1(
; S2)jv(x) � f(x)j2 � ��� v(x)jv(x)j � f(x)���2 a:e:So, if v veri�es jv(x)j � 1 a.e., one easily have the condition (3.1).Proof of Proposition 3.1: This result can be shown by direct computations(See [A]).Now, the following result allows us to minimize F� with a function vn verifyingjv(x)j � 1 a.e.:Proposition 3.2 Let Ku be the set:Ku = fw 2 H1(
; IR3) such that w(x) � u(x) = 0 a:e:gLet v = u� w where w belongs to Ku, then(3:2) jv(x)j2 = ju(x) � w(x)j2 = 1 + jw(x)j2 � 1 a:e:8



and the (convex) problem:(3:3) Minimize F�(u� w) for w 2 Kupossesses an unique solution, called w(u).Proof of Proposition 3.2: The proof of (3.2) is obvious because w(x) �u(x) = 0a.e. For the point (3.3), we haveI(w) = F�(u� w) = Z
 jr(u� w)j2 + �ju� w � f j2 dx:Expanding this expression givesI(w) = Z
 jrwj2+�jwj2 dx�2Z
ru�rw+�(u�f)�w dx+Z
 jruj2+�ju�f j2 dx:So, minimize I(w) is equivalent to minimize J(w) de�ned byJ(w) = 12 Z
 jrwj2 + �jwj2 dx � Z
ru � rw+ �(u� f) � w dx:Let a(w; ) = Z
rw �r +�w � dx and L( ) = Z
ru �r +�(u�f) � dxfor all  2 Ku. Then a is clearly continuous, coercive on Ku (because � > 0), andL is continuous on Ku. Moreover Ku is a linear subspace of H1(
; IR3), so we canuse the Lax-Milgram theorem to prove the uniqueness of w. Furthermore, w isalso the solution of the variational problem:(3:4) a(w; ) = L( ) for all  2 Ku:3.2 Convergence of the algorithmNow, the algorithm can be wrote as follow:(3:5) 2666641. Let u0 be an initial guess.2. For n = 0 ::: until convergence:3.1 Find wn, solution of the problem (3.3) with u = un;3.2 Set un+1(x) = un(x) �wn(x)jun(x) �wn(x)j .and we will prove the convergence of the algorithm by the following result:Theorem 3.1 The algorithm (3.5) converges in the sense that (un) (up to asubsequence) weakly converges in H1(
; IR3) to a map u1 2 H1(
; S2) verifying9



the equation (E�;f ). Moreover, the full sequence (wn)n�0 strongly converges to 0in H1(
; IR3).Proof: The proof is similar to these of F. Alouges (see [A]). We �rst need thelemma:Lemma 3.1 We have, for all n � 0F�(un) = F�(un �wn) + Z
 jrwnj2 + �jwnj2 dxProof: Expanding F�(un �wn) givesF�(un�wn) = F�(un)+Z
 jrwnj2+�jwnj2 dx�2Z
run�rwn+�wn �(un�f) dx;and using the variational formulation (3.4), we haveZ
run � rwn + �wn � (un � f) dx = Z
 jrwnj2 + �jwnj2 dx:So, because F�(un+1) � F�(un � wn),Z
 jrwnj2 + �jwnj2 dx � F�(un)� F�(un+1):Summing this relation, we obtainn=NXn=0 Z
 jrwnj2 + �jwnj2 dx � F�(u0)and this serie converges.Since � > 0, Z
 jrwnj2 + �jwnj2 dx is equivalent to the usual norm onH1(
; IR3) and wn �! 0 strongly in H1(
; IR3).The proof of the weakly convergence of (un) in H1(
; S2) is given in [A]. Itis based on the fact that (un) is bounded in H1(
; S2).Finally we have to prove that the limit u1 is a critical point of F�. Usingthe variational formulation (3.4), and taking  = � � un where � 2 C10 (
; IR3),we have:Z
rwn �r(��un)+�wn ���un dx = Z
run �r(��un)+�(un�f) ���un dx:10



Expanding this expression, we obtainZ
r� � (un �r(wn � un)) + � � (run �rwn + �un � (wn � f)) dx = 0;so un, vn satisfy the following Euler-Lagrange equationdiv(un �r(un � wn)) = rwn �run + �(wn � f) � unin the sense of distributions. Using the facts thatun * u1 weakly in H1,un ! u1 strongly in L2,wn ! 0 strongly in H1,u1 satis�es the Euler-Lagrange equation:div(u1 �ru1) + �f � u1 = 0in the sense of distributions, which is equivalent to the fact that u1 veri�es therelation (E�;f ) (see section 2).3.3 DiscretizationWe use �nite elements method because we absolutely need to have a symmetricmatrix. Indeed, because of the lack of Dirichlet conditions on @
, �nite di�erencesmethod produces a non-symmetric matrix preventing us using a conjugate gradienttechnique.The �nite elements used are linear on cubes (8 nodes) with a constant space-step in each direction.If we call f'igi=1:::N the set of interpolation functions, and Vh = spanf'i; i =1:::Ng, a function u is approximated by :u(x) ' uh(x) = NXi=1 uhi 'i(x):We can also de�ne the set:Khuh = fwh 2 Vh : wh(x) � uh(x) for all x 2 
g:With all these notations, the discretized algorithm can be wrote as follow:(3:6) 2666666641. Let uh0 be an initial guess.2. For n = 0 ::: until convergence:2.1 Find whn such that F�(whn) = minwh2Khuhn F�(uhn � wh);2.2 Set uhn+1(x) = uhn(x) � whn(x)juhn(x) � whn(x)j .11



The discrete version of the Lax-Milgram theorem allows us to say that thesolution whn of (3.1) is unique and satis�es the problema(whn; �h) = L( h) for all  h 2 Khuhn :Remark: When a uh0 is given, at each step n, the solution whn is unique, so thelimit uh1 is also unique. But, with an another initial guess uh0 , we can obtaina di�erent limit uh1 since the solution of the problem (0.3) may be not unique.Furthermore, the present algorithm may converges to a critical point (but notnecessary a global minimizer) of F�. Examples of this phenomena will be given inthe numerical results.3.4 Resolution of the convex problem : a conjugate gradient techniqueHere, we follow the algorithm given by F. Alouges [A], based on the remarkbellow:Suppose we want to minimize F (X) = 12(AX;X) � (b;X) where (:; :) is theinner product on IRN , A is a positive de�nite N �N matrix, b is a vector in IRN ,and X 2 IRN , subject to the constraint BX = 0.The solution X may be obtained by applying a conjugate gradient methodprocedure to the functional~F (X) = 12(�A�X;X) � (�b;X);where � stands for the orthogonal projector onto the linear spaceK = fX 2 IRN such that BX = 0gprovided the algorithm is started with X0 2 K.In our case, since uh(x) = NXi=1 uhi 'i(x), wh(x) = NXi=1 whi 'i(x), the projector�h onto the linear space Khuh can be wrote�hwh(x) = wh(x)��wh(x)�uh(x)�uh(x) = wh(x)� NXi;j=1 uhi whj �'i(x)�'j(x)�uh(x):4. Numerical resultsIn this section, numerical results are given with 
 = (0; 1)3 and di�erentfunctions f . That allows us to have an idea of the behavior of the energy F� andthe solution u� as a function of � and f . Three cases will be studied :12



1. f(x) = x�x0jx�x0j where x0 2 
. f has a singularity of degree 1 inside 
.2. f is the stereographic projection onto (0; 0; 1) shifted to the point (0.5, 0.5,1). Here, f have a singularity of degree 1 on @
.3. f is the dipole. f has two singularities into 
, one of degree +1, one ofdegree -1 such that f has a global degree 0 (see [B87]).In that three cases, u� is regular for a � small enough and singular for a largeenough one. The singularities are always inside 
 (never on @
), of degree �1,and locally equivalent to �R( x�yjx�yj ) where R is a rotation and y the point wherethe singularity appears.Remark: We have also used a simulated annealing method to solve the problem(0.3). It gives exactly the same results but with a CPU times much more costly.That is why we have chosen to not present this algorithm here.4.1 The function f has one singularity inside 
In this �rst example, we have f(x) = x�x0jx�x0j where x0 = (0:6; 0:8 ; 0:5) 2 
.Remark: In order to have an idea of the properties of the solution u�, we havedecided to draw only a section of two components of the solution. Here, the sectionis �u1�(x1; x2; 0:5)u2�(x1; x2; 0:5) , (x1; x2) 2 (0; 1)2, because the point x0 where the singularitymay appear is inside this section.Figure 2 shows that the solution u� tends to a limit P0(x) = P0 = R
 f(x) dxjR
 f(x) dxjas � goes to 0.When � increases, the solution u� becomes more variable but still regular(�gure 3) while � is smaller than a certain �`. Then, when � > �`, the solutionu� has a singularity at x0 = (0:6; 0:8 ; 0:5), and u�(x) ' x�x0jx�x0j as x goes to x0.Notice that the singularities of u� and f are at the same point x0.Figure 1 shows the energy of the minimizing function u� for di�erent valuesof �, obtained with two di�erent initializations. The �rst initialization (init 1) isun=0(x) = (0;�1; 0) (un=0 is regular), and the second (init 2) is un=0 = f (un=0is singular).When � is far from �`, the two di�erent sequences (un) converge to the samelimit u�, and we obtain the same energy.On the contrary, when � is near from �`, with the �rst initialization thesequence (un) converges to a regular function u1� and with the second initialization,(un) converges to a singular function u2�.If � < �`, we have E�(u1�) < E�(u2�) so the global minimizer is u1� whereas if� > �`, we have E�(u1�) > E�(u2�) so the global minimizer is u2�.13



4.2 The function f has one singularity on @
This example, where f has a singularity of degree +1 on the boundary @
 atthe point x0 = (0:5; 0:5; 1) (see �gure 5) allows us to numerically verify that for� large enough, u� have a singularity localized inside 
 and not on the boundary@
. Figure 6 shows that, as above, around a certain �`, we obtain two di�erentminima according to the initialization, and only one of the two is the global min-imum (except of course for � = �` where the two are global minima. In this case,the problem (P ) have not an unique solution).In order to represent u�, we have chosen to plot a section of two componentsof u�: �u1�(x1; 0:5; x3)u3�(x1; 0:5; x3) , (x1; x3) 2 (0; 1)2.In �gure 7, we can see that u� tends to R
 f(x) dxjR
 f(x) dxj as � goes to 0 and in �gure8 that when � is small enough, u� is regular. For � large enough, u� becomessingular (�gure 9). The singularity of u� is at a x0 inside 
, and of degree +1.When � increases, the singularity x�0 draw near to @
 but it never reach @
.4.3 The function f has two singularities inside 
Here, the function f is the dipole. Figure 10 represents the section of f de�nedby �f1(x1; 0:5; x3)f3(x1; 0:5; x3) , (x1; x3) 2 (0; 1)2. f has two singularities, one of degree +1,one the degree -1. Figure 12 (the section of u� represented is the same as in �gure10) shows that u� is regular if � < �`. In this example, � is much larger than inthe previous ones, because the energy increases slowly.Figure 13 shows that the two singularities appears at the same times, suchthat the solution u� has always a global degree equal to 0.Around the �` where the behavior of the solution u� changes, we obtaindi�erent limit according to the initialization. The �rst initialization is u0 = f (u0is singular), the second is u0 = (0; 0;�1) and the third is u0 = (0; 0; 1).ConclusionThe algorithm developed here is very e�cient and well suited to solve theminimization problem (0.3). The non-linear initial problem has been solved usinga sequence of linear problem, much easier to treat (but each iteration requiresthe resolution of a linear system), and the rate of convergence is very good. Thenumerical results con�rm the result of part 1, and the conjecture that the closeset I(f) of � where u� is regular is an interval of IR+.References[A] Alouges, F. A new algorithm for computing liquid crystal stable con�gurations:the harmonic mapping case, SIAM J. Numer. Anal, Vol. 34,No. 5, pp. 1708-1726,1997. 14
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