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ABSTRACT. In this paper, a class of minimization problems, associated with
the micromagnetics of thin films, is dealt with. Each minimization problem is
distinguished by the thickness of the thin film, denoted by 0 < h < 1, and it
is considered under spatial indefinite and degenerative setting of the material
coefficients. On the basis of the fundamental studies of the governing energy
functionals, the existence of minimizers, for every 0 < h < 1, and the 3D-2D
asymptotic analysis for the observing minimization problems, as h \, 0, will
be demonstrated in the main theorem of this paper.

1. Introduction. Let S C R? be a two-dimensional bounded domain with a
smooth boundary, and let Q C R3 be a three-dimensional cylindrical domain, given
by Q := S x (0,1). Also, let us set Q") := S x (0,h), for any h > 0. Let

a: {2 — [0,00) be a given continuous function, and let Ag := a~1(0) be the set of
zero-points of a on 2.

In this paper, we suppose that 0 < h < 1, and deal with the following minimiza-
tion problem, denoted by (MP)C()'E)

(MP){%) Find a vectorial function m((fg) = (m™,,m™, mM,) e L2QM;R3) of

org 17 org 27 1001 3
three variables, which minimizes the following functional:
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1
S an2d£3+/ m)dL?
L£3(QM) </Q<h>\f|10 | a7

1
h - . 3
£l m) = £ g Vs mac?)

(1)
if m € W2 (QM\ Ag; R?) and v/a Vim € L2(QU)\ Ag; R3*3),

o0, otherwise,
for any m = (mq, ma, m3) € L*(QM;R3);
subject to:
div (= Vmag +0m) =0, in R3, (2)
|m| = ms, L3-a.e. in . (3)

In (1)), the functional Séﬁg) is supposed to be the free energy, per unit volume,
in a ferromagnetic thin film (cf. Brown [9]). In the context, the index 0 < h <1
and Q" denote the thickness and the distribution region of the magnetic thin film,
respectively, and the unknown m = (my (), ma(z), ms(z)) (z = (z1,z2,x3) € QM)
is a vectorial function of three variables, which describes the magnetization in Q).
The given continuous function a = a(z) (z € Q) is the so-called material coefficient,
and here, it is supposed that this coefficient may degenerate somewhere on .
¢ : R¥ — [0,00) is a given continuous and even function, which represents the
magnetization anisotropy.

Equation (2) is a simplified version of the Maxwell equation, and hence its solu-
tion Cmag : R3 — R is supposed to be the potential of the magnetic field. Besides,
the notation “O 7 denotes the zero-extension of functions. Equation (3) is the
constraint for the magnetization strength, and mg is a given positive constant of
the magnetization saturation.

Hereafter, for the sake of simplicity, let us set:

£3(S) =1 (and hence £3(Q2) = 1), and m, = 1;
and let us denote by T™ the diffeomorphism, defined as:
T g = (x1,T2,23) € R® = (21,2, ha3) € R,
Also, let us put
oM = aqoT® ¢ C(9) and Aéh) = (a(h))_l(O).
Then, by fundamental calculations with use of the area formula, it will be seen that

the minimization problem (MP)E)}I%, for any 0 < h < 1, has the following equivalent
form, denoted by (MP)(").

(MP)™ Find a vectorial function m(®) = (m(lh),mgh),mgh)) € L*(Q;R3) of three
variables, which minimizes the following functional:

) (m) + / o(m) d?
Q

1 | ,
EM (m) := +§/Q <VPC -mp + h33Cm3> ace,

if m € L2(Q;S?),

oo, otherwise,
for any m = (my, ma, m3) € L2(;R3);
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subject to:
0 1 1 0 : 3
Vp - (—VPC + mp) + 7 O3 —Eagc +9%ng | =0, in R°; (5)

where the subscript “p” denotes the restriction of the situation onto the
two-dimensional plane R2, e.g.:

yp = (y17y2)7 for Yy = (ylay27y3) € R3’

pp = (p1, p2) € L*(QR?), for pu = (1, pa, p3) € L* (4 R?),

and the distributional gradient

31#1 82#1
Vep:=| Oipg Bopa |, for p= (p1,p2,pus) € L*(Q;R3);
Ops  Oopus

and @ is a convex function on L2 (€2;R?), defined as:

1
/\ " oM <|me|2 + h2|83m|2> dcs,
a\AS

") (1)
o (m) = it m e W@\ A R?), ©)

loc
o0, otherwise,

for any m = (mq,m2, m3) € L?(Q;R3);
Additionally, for any 0 < h < 1, the equality:
m =mM o™ in L?(Q; R3); (7)

org

holds between the minimizers m () and m((fg) of the respective problems (MP)(")

and (MP)E)};). In either case, the minimizers, as in (7)), are supposed to represent
the most probable profile of the magnetization in the observing thin film. However,
under the very thin situation of the thickness h, the problem (MP)(h)/(MP)O}ﬁé is
often reduced to some simpler one.

For the detailed description of this matter, let us first set:
a®(x1,22) = a(xy,22,0) for any (z1,22) € S, and AJ := (a®)"(0).

Here, if we consider the nondegenerate case of the material coefficient «, namely
the case that:

Aéh) =Aj=0for0<h <1, and o, :=mina(z) > 0;
zEQ
then the convex part q)&“ of the energy £ satisfies the following coercivity con-
dition:
(b((xh) (m) Z a*|Vm|i2(Q;R3X3), fOI' all m & LQ(Q,R3)7 (8)

and hence we can apply the theories, studied in [3} 6} [7, [8, 14} 17, [I8} 19, 20], to
find a definite association between the limiting profile of (MP)) as h N\ 0, and the
following minimization problem, denoted by (MP)°, for the magnetization on the
two-dimensional domain S.
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(MP)° Find a vectorial function m® = (m$, m3, m3) € L%(S;R3) of two variables,
which minimizes the following functional:

&S, (m) + / p(m)dL?+ 1 / jmaf? L2,
R S 2 S
E (m) = ifme L2(S; SZ), (9)

oo, otherwise,
for any m = (my, ma,m3) € L%(S;R3);

where ®2 is a convex function on L?(S;R?), defined as:

loc

/ o®|Vm|2dL?, it m e Wh2(S\ AS: R?),
B0 (m) 1= ¢ /S\A§ (10)

oo, otherwise,
for any m = (my, ma, m3) € L%(S;R3).

Up to the present date, the proof of the above fact has been performed by relying
on the compactness of the sublevel sets of £/ that has been derived from the
coercivity condition (8).

Now, the main theme of this study is to verify whether some analogous conclusion
can be obtained even under degenerative situations of a, or not. So, as the first
step of the research, we here impose the following two conditions for the material
coefficient a:

(al) £3(Ag) = 0, and hence £3(A(()h)) =0, for 0 <h < 1;
(a2) there exists a constant C,, > 1, such that

a®(zp) < a(r) < Cya’(zp), forall x = (1,29, 73) € Q.

Consequently, some positive conclusions for our theme will be shown in the main
theorem, stated as follows.

Main Theorem. (I) Let us assume the condition|(al). Then, for any0 < h < 1,
the minimization problem (MP)™) admits at least one solution (minimizer)
m™ | and hence the same holds for the problem (MP)E,Q

(II) Under the conditions (al)-(a2), there exist a sequence {h;|i =1,2,3,---} C
(0,1) and a limiting function m® € L?(S;R3) of two variables, such that:
(i) hi O, mP) — m° in L2(Q;R3), £ (mP)) — £°(m®), and
Vemhi) (z1, 29, 23) — Vpm®(z1,29) (= Vm®(x1,22)),
1
ﬁagm(hi)(xl’x271‘3) - 03 (11)
for L?-a.e. (z1,12) € S and L-a.e. x5 € (0,1),
as 1 — 005

(ii) the limit m® solves the problem |(MP)°;

where {m™ |0 < h < 1} is the sequence of minimizers m™, 0 < h < 1,

obtained in (I).

The content of this paper is as follows. In the next Section 2, the mathematical
treatment of the coupled Maxwell equation (5) is described, with the references of
foregoing works [18,20]. In Sections[344} the key-properties of the energy functionals

EM and @&") are shown, including the compactness of sublevel sets, without help
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from (8), and the limiting observation (I'-convergence) for the functionals as h \, 0.
Finally, Section 5/ is devoted to the proof of Main Theorem.

Notation. For any dimension n € N, the n-dimensional Lebesgue measure is de-
noted by L£”, and for any Borel set £ C R™, the characteristic function on F is
denoted by xg.

For any abstract Banach space, the norm of X is denoted by | - |x. However,
when X is an Euclidean space, the norm is simply denoted by | - |. Also, we denote
by distx (£,Y") the distance between any point £ € X and any subset Y C X, that
is defined as distx(§,Y) := inf,cy [£ — n|x. Additionally, for any r > 0 and any
functional F' : X — [—00, 00|, we denote by L(r; F') the sublevel set of F, more
precisely:

LirF)={¢ecX|FE<r}.

For any abstract Hilbert space H, the inner product of H is denoted by (-,) .
However, when H is an Euclidean space, the inner product between two vectors
&,m € H is simply denoted by & - 7. Besides, for arbitrary k,¢ € N and arbitrary
k x f-matrices A = (a;;), B = (b;;) € R¥*¢, the scalar product between these two

matrices is denoted by A : B, more precisely, A: B := Zle Z§:1 a;jbij.

2. Mathematical treatment of the Maxwell equation. In this section, we
focus on the coupled Maxwell equation (5)), to recall its rigorous mathematical
treatment, studied in I8 [20].

Hereafter, let us fix any (three-dimensional) open ball Bg, which contains the
cylindrical domain 2. Then, the phase space for the Maxwell equation (5)) is settled
as the following functional space, denoted by V:

V.= { v e HL (R?)

Vv € L?(R3;R?) and vdL? =0 } .

Ba
As it is easily checked (cf. [5, Theorem 5.4.3]), this functional space is a Hilbert
space, endowed with the inner product:

1
(z,0)y = / (sz -Vpv + h233z331)) ac3, for all z,v e V;
]R3

where 0 < h < 1 is the same constant as in (5)). Additionally, the Hilbert space V
is compactly embedded into the space L?(Bg).

On the basis of the above notation, the solution of the Maxwell equation (5) is
prescribed as follows.

Definition 2.1. Let us fix any constant 0 < h < 1, and any function m =
(m1,ma,mg) € L*(Q;R3). Then, the solution of the equation (5) is defined as
a function ¢ € V, which solves the following variational identity:

1 )
((v)y = / <mP -Vpv + hm333v> dc3, for any v € V. (12)
Q
The above definition method was proposed by James-Kinderlehrer [20], and in the
cited paper, the authors also demonstrated the well-posedness for (5), summarized
in the following proposition.

Proposition 1. (Summary of [20, Lemma 3.1]) Let us fiz any 0 < h < 1. Then, for
any m € L?(S;R?), the Mazwell equation (5) admits a unique solution (. Hence,
the solution operator S™ : L2(Q;R3) — V, that maps any m € L*(Q;R3) to the
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solution ¢ € V' of (5), is well-defined as a single-valued mapping. Moreover, the
solution operator S is a bounded linear operator, such that:

ISMm|y < |m|p2me). for any m € L2(Q;R?). (13)

Next, let us look toward the limiting observation for (5)), as h \, 0. As a ground-
breaking work for this theme, we can refer to [18, Proposition 4.1], stated as follows.

Proposition 2. (Summary of [18, Proposition 4.1]) Let {m™ |0 < h < 1} C
L*(Q;R?) be a fized sequence, such that m™ — m in L>(;R3) as b \, 0, for
some m = (m1,mg,m3) € L>(Q;R3). For any 0 < h < 1, let ¢ be the solution
of the Mazwell equation (5) when m = m M. Let Er(na)g and E
L2(S;R3), which are respectively defined as:

mag € functionals on

m

Er(rila)g(m) = 1/ (VPC M mp + 33C ) ac®,

Poragm) 1= 5 [ mafdc?. )
for any m = (my, ma, m3) € L*(Q;R3).
Then,
M S 0inV, and %agg“ﬂ — g in L2(Q), as h \,0, (15)
and hence

EW (mM) — B, (M), ash\,0.

mag

Remark 1. For any 0 < h < 1, the functional Er(fa)g, given in (14), links to the
part of the free energy £, given in (4), that is involved in the coupled Maxwell
equation (5). Moreover, in the light of Definition 2.1, we have:

1
EM (mh) = §|C(h)\%/ >0, forany 0<h<1; (16)

mag

under the same notations as in Proposition 2.

3. Key-properties of energy functionals. We start with the description of the
discussion points, that are planning in Sections 3-4. In these sections, four theorems
will be demonstrated with some corollaries.

The first theorem is concerned with a Hilbert space, associated with the effective
domains of convex parts of energy functionals.

Theorem 3.1. Let us set:
Al = A3 % (0,1),
me WA (Q\ Al R3 17
Xl]; — m € LQ(Q,R3) loc( \ 0 ) ( )
Va® Vim e L2(Q\ Al; R3*3)

Then, X1 is a Hilbert space, endowed with the inner product:

(&m) xt ::/§~nd£3+/ a® V¢ VndL?, forall&,ne X1, (18)
“ Q o\Af
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Hence, the functional ®],, defined as:

/ Q®|Vm|?dL?, ifm e X[,
®f (m) := { Ja\a]

00, otherwise,

for any m = (my,ma, m3) € L?(Q;R3);

is proper l.s.c. and convexr on L*(Q;R3).

Just as in the above theorem, we can prove the following corollary.

Corollary 1. (1) Let us fir any 0 < h < 1, and let us denote by X&h) the effective

domain of the convex function @&h), given in (6). Then, Xéh) is a Hilbert

space, endowed with the inner product:

1
(€l = [ €nde® [ o (Vn: Ton ggouc o) ac
Q €

nAM
forall&,m e X((Xh).

Hence, the convex function @gh) turns out to be proper and l.s.c. on L?(2;R3).
(IT) Let us denote by X2 the effective domain of the convex function ®2, given in
(10). Then, X3 is a Hilbert space, endowed with the inner product:

(€.m)xs 1=/§-nd£2+/ a° V& VndL?, for all €, € X2,
S

s\A8
Hence, the convex function ®°, turns out to be proper and l.s.c. on L?(S;R3).

Remark 2. As it is easily checked, the two convex functions ®f and ®°, as in

Theorem 3.1/ and Corollary [1, coincide with as functionals on L?(S;R?), namely:
®f (m) = ®°(m), if m € L*(S;R3).

The discussion point of the second theorem is in the compactness of the embed-
ding, relative to the Hilbert spaces Xéh), 0<h<1,and X;.

Theorem 3.2. (Compactness) Let us assume the condition|(al), as in introduction,
and let us take any 2 < p < oo. Then, for any 0 < h < 1, any bounded sequence in
X((Xh) N LP(Q;R3) is relatively compact in L?(Q;R3). As well as, if we assume that:
(al)° L%(AZ) =0;

then any bounded sequence in XS N LP(S;R3) is relatively compact in L*(S;R?).

Here is a corollary that is derived from the second theorem.

Corollary 2. (1) Let us assume the condition (al), as in introduction, and let
us take any 1 < p < 2. Then, for any 0 < h < 1, the Hilbert space X((Xh)
is compactly embedded into the Banach space LP(Q;R3). As well as, if we
assume the condition (al)?|, as in Theorem 3.2, then the Hilbert space X3 is
compactly embedded into the Banach space LP(S;R3).

(II) Let us assume the condition|(al), as in introduction, then for any 0 < h <1
and any r > 0, the sublevel set:

L(T;E(h)) = { m € L?(Q;R?) ‘ E(h)(m) <r };
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is compact in L?(Q;R3). As well as, if we assume the condition|(al)°, as in
Theorem 3.2, then for any r > 0, the sublevel set:

L(r;€°) :={ m e L*({;R?) ‘ E(m)<r };
is compact in L*(S;R3).

In the third theorem, we focus on the limiting observation of the sequence
{q)((xh) |0 < h < 1} of convex functions, as h N\ 0.

Theorem 3.3. (Mosco convergence as h \, 0) Let us assume the conditions|(al)-

(a2), as in introduction. Then, the sequence {<I>((Xh) |0 < h <1} of convex functions
converges to (the infinity-extension of) the convex function ®°, on L?(;R3), in
the sense of Mosco (cf. [23]), as h \, 0. More precisely:

(m1) liin\iglfégh)(u(h)) > @0 (), if {uM]0 < h < 1} € L2(Q;R?) is a bounded
sequence, in the topology of L*(;R3), having a weak limit p € L?(Q;R3);

(m2) for any v € X2 (C L?(S;R3)), there erists a sequence {,ul(,h) |0 < h<1}C
L?(S;R3), such that ,ul(,h) — v in L?(Q;R3) and @gh)(u,(,h)) — ®°(v), as
h ™\, 0.

Additionally, checking the above Mosco convergence from the theory of I'- con-
vergence (cf. [, [11]), we conclude the following corollary.

Corollary 3. (T'-convergence as h \, 0) Under the same assumption as in Theorem
3.3, the sequence {EM |0 < h < 1} of energy functionals converges to (the infinity-
extension of) the functional £°, on L?(2;R?), in the sense of I'-convergence, as

A\, 0.

Remark 3. According to [I, Lemma 2.3], the I'-convergence, asserted in Corollary

3, can be concluded, if and only if:

(1) lizn\iglfg(h)(u(h)) > £°(p), if {u™ |0 < h < 1} € L*(Q;R3) is a convergent
sequence, in the topology of L?(Q;R3), having a (strong) limit pu € L?(Q;R3);

(72) for any v € X2 (C L?(S;R?)), there exists a sequence {u(uh) |0 <h <1} C
L2(9;R3), such that ) — v in L2(QR?) and E® (1) — £°(v), as h \, 0.

Here, with helps from Proposition 2 and the constraint onto L?(£2;S?) as in (4),

we can derive the conditions |(71)+(72) from the conditions |(m1){(m2) of Mosco
convergence, mentioned in Theorem 13.3.

The final fourth theorem is concerned with a sort of uniform compactness of
sublevel sets, with respect to 0 < h < 1.

Theorem 3.4. (Uniform compactness) Let us assume the conditions |(al){(a2).
Then, for arbitrary 2 < p < oo and arbitrary r, R > 0,

U L(r;{)&h))m{ me XM ‘ Im|zrms) < R } c X1, (20)
0<h<1
and the above union is compact in L*(Q;R3). As well as,
U L(rie™) c xinr?(9;8?), (21)
0<h<1

and the above union is compact in L?(Q;R3).
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4. Proofs of Theorems [3.143.4. This section is devoted to the proofs of Theo-
rems 3.143.4L The proofs of all theorems will be based on the following lemma.

Lemma 4.1. (Approzimating open sets)

(I) For any 0 < h < 1, there exists a sequence {Q&h) |0 =1,2,3,---} C R3 of
three-dimensional open sets, having Lipschitz boundaries, such that:

0#£0" ccol ccaf) ccaccof cccca\ Al = o (22
=0

(II) There exists a sequence {S;|{ = 1,2,3,---} C R? of two-dimensional open
sets, having Lipschitz boundaries, such that:

0#S1cCSycCSycc - cc S cc---cc S\Aj=[] S
£=0

Proof of Lemma|4.1. In the proof of the assertion (I), the elements of the required
sequence will be selected from a class of open sets A, 5, 0 < ¢€,d,7 < 1, prescribed
as follows.

Acsri={ 2€Q| (p-*xps)(x)>7 }, forall 0 <e, 6,7 <1;

where the functions p., 0 < € < 1, are the usual mollifiers, the notation “*” denotes
the convolution between functions, and

Dyi={ weQ\ AP | dists(y, AY? UOQ) > 6 }, forany 0<5 <1,

Then, Sard’s theorem enables to take appropriate sequences {eg, dp, 70 | = 1,2,3,--- } C
(0, 1), such that the open sets Qéh) = Agy5,m, £ =1,2,3,- -, satisfy the condition
(22) with the smoothness of their boundaries.

On the other hand, the proof of the assertion (IT) will be just a modified version
of the above one, arranged for the two-dimensional situation. O

Remark 4. As a consequence of Lemma 4.1, we infer that:

ay) := min a(h)(m) >0, £=1,2,3,---,
zeqi™ forany 0 < h < 1.
a§h) N0, asf — oo,

As well as, we may say that:

ay := min a®(z) >0, £=1,2,3,---, and aj \, 0 as { — oo.
zeSy

Remark 5. If we additionally assume the condition |(a2) in Lemma 4.1, then the

sequences {Qéh)}, 0 < h < 1, can be taken independently of h. In fact, since the
condition |(a2) implies that:

) A(()h) = Ag, for any 0 < h < 1;
it is easily checked that all of open sets, given as:

Qf =S, x (0,1), £=1,2,3,---;

have Lipschitz boundaries, and the (h-independent) sequence {QZ [¢=1,2,3,---}
fulfills (22)), for any 0 < h < 1.
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Proof of Theorem[3.1. We can easily check that the set X is a linear space. Also,
by the definition formula (18]),

(&8 xt > [l 2(qups), for any £ € X[, (23)

It implies that the left hand side of (23)) is always nonnegative, and it is equal to
zero if and only if £ = 0, £3-a.e. in . After this, the bi-linearity, inherent in (18],
guarantees that the pairing (-, -) xi defines a certain inner product in X .

Now, all we have to do is to verify the completeness of the topology, provided
by the inner product (-,-)yt. To this end, we take any Cauchy sequence {0 )4 =
1,2,3,---} € X, namely for any ¢ > 0, we suppose the existence of the index
number n. € N, such that:

€0 €D, = [ |60 - DR+ [ a®vet - )P ac <,
« Q Q\A}
for all 7,5 > ne..
Then, in the light of Remark 4,
e {¢®} is a Cauchy sequence of L?(Q;R?);
o {¢™} is a Cauchy sequence of W'2(Q); R3), for any ¢ € N;
e {V/a° VEWY is a Cauchy sequence in L2(Q\ AJ(S;R?’X?’).
So, by the completeness in the Hilbert spaces, listed the above, we find a function
€€ L2(Q;R3) N WL (Q\ A R3), such that:
€0 — & in L2(RY),
€0 — €in Wl’z(Q};R?’), for any £ € N, as 7 — oo.
Vae VED — \/aP Ve in L2(Q\ Al R33),

From these convergences, it is deduced that:
€0 ey = dim ([0t [ v — e act
“ J=oo \Ja o\Af

sup @) — f(j)@(f <eg, foralli>n;
j2ne «
and hence £ = £(7) 4 (¢ — ¢(<)) € XI. Thus, X[ is a Hilbert space.

Next, with regard to the functional @] , its convexity is immediately seen from the
quadratic form, as in (19). Also, noting that X[ > W12(€;R?), we infer that the
convex function @], is proper on L?(2; R3). Furthermore, the lower semi-continuity
of ®! can be verified by checking the closedness of the sublevel sets:

L(r; @) ={ meX] ‘ ®f(m)<r }, forr>0.

IN

In fact, assuming that:
e r>0, {n?]i=1,23-}C L"), ne (LR,
e ) — pnin L2(Q;R3) as i — oo;

we immediately have:

n(%) — n weakly in X1 as k — oo, and hence 7 € X;
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for some subsequence {n™) |k =1,2,3,---} C {n}. So, by the weak lower semi-
continuity of the convex function m € X[ |m|§<i, it is deduced that:

oM () = W?(L — InlZ2ursy < hkn_lgf |77(ik)|§<; - khjgo \n(ik)|2L2(Q;R3)
= timinf (jn™) 3 — n™ gz < sup @l () <.
k—o0 o ’ iEN

Hence, n € L(r; @&h)). O

Proof of Theorem 3.2. We prove only the assertion for the space X2 N LP(S;R3)
with 2 < p < oo, since the demonstration method for the other one is essentially
the same.

Let us assume the condition [(al)°, let us fix any 2 < ¢ < p, and let us set

r = limg ~,(p/(p — q)). Besides, let us take any sequence {5@ [i=1,2,3,---} C
X2 N LP(S;R3), such that:
sup |f»(j)|xg < Ry and Sup|§»(«i)|LP(S;R3) < Ro; (24)
‘€N ieN
for some constant Ry, independent of i € N. Then, noting that £2(S) = 1, and:

)2 _ (1) )2 < ()2 < p2.
flelg“f* | |Lq/2(5;]R3) S;lelg &+ |Lq(S;R3) 7§1€1£|§* ‘LP(S;RS) < Rg;

we find a sequence {n;O) |k =1,2,3,---} C N, and functions & € X2 and 7, €
L%/2(8), such that:
n©®
) /oo, ") ¢, weakly in X,
(0 as k — oo. (25)
and |§£nk )|2 — Ve weakly in Lq/2(5)7

The above convergence implies that:

(0) (0)
L1empac = [ 1€ ppac — [ wact = [ yac
E S S E

as k — oo, for any Borel subset £ C S.

So, applying the assumption |(al)°| and Vitali-Hahn-Saks’s theorem [2, Theorem
1.30], we infer that:

0
I = sup/ €, )|2 dL? — 0, as/{ — oo. (26)
jeN Js\s,
Next, due to Lemma 4.1 and Remark 4, the subsequence {fin‘(ﬂm) |k=1,2,3,---}
C {fii)} turns out to be bounded in the space W12(S,; R3), for any ¢ € N. Hence,
Sobolev’s embedding theorem enables to construct a decreasing family of subse-
quences:
"y 2o Yo (o {7y oo (im0
to fulfill that:

n(®
e the subsequence {fi k )} admits a limit
Y € W2(8,;R?), in the (strong) topology
of L2(Sy; R3), as k — oo, for any ¢ € N. (27)

n® ¢ 1
o 1677 <0 s < G B =123,
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Now, let us set a function 7, € VVl(l)f(S \ A5; R3), by putting:

ne(z) == ' (z), if z € Sy, for L%-ae. z € S.

Then, by virtue of (24) and the monotone convergence theorem,

/|n*|2d£2:llim /Xsl|n*\2d£2<sup/ |n(€)|2d£2
s - /g

£)
= sup < lim / el )|2d£2) <sup €%, < RZ; (28)
. ieN ¢

¢eN \k— Jg,
therefore n. € L%(S;R3).
Subsequently, let us set a subsequence {f**) |k=1,2,3,---} C {&(f)}, by putting:

0 e i L2(S:R3), for k=1,2,3,---
Then, taking into account of the assumption (al)°, and (26))-(28), we obtain that:

k
e — el 72 (5:79)

(k) k
< fem) - Nel72(s, me) + 2(|§i*)|%2(5\sk;1&3) + 7412257 5m9))
1
< 421 +2/ n.|2dL% — 0, as k — oo.
k S\ Sk

Thus, the subsequence {5**)} is a convergent sequence in the topology of L?(S;R?),
and the limit 7, must coincide with the weak limit &, as in (25). O

Proof of Theorem[3.3. First, let us take into account of the assumptions (al)-(a2),
Theorem 13.1] and Remark 5, to check that:
1) £3(AYy = £3Al) = £2(43) = 0, & > &f on L2(Q;R?), and hence
Xéh) C X;ﬂ, for any 0 < h < 1.

Now, the proof is divided into two steps, which are concerned with the respective
verifications of items |(m1)| and |(m2).

(Step 1) verification of (m1). Let us take any sequence {u™ |0 < h < 1} C
L*(Q;R3) and any p € L?(€;R3), such that:
™ — 4 weakly in L2(;R?), as h \, 0. (29)

Then, it is enough to consider only the finite case of lim infy\ o (IJ((Xh) (M), since the

other case is obvious. In this case, we find a sequence {h; |i = 1,2,3,---} C (0,1)
and a constant Ry, independent of the index i € N, such that:

v o 1
hiyi1 < h; < =

217 .
y fori=1,2,3, -, 30
i/ a9 P02 48 < o) () < Ry, (30)
h? Jo\af
and
lim <I>(h um (R i) = h}ln\%lf M (M) (< ). (31)
By virtue of (29) (31) and Remark 4,
|33,u gy < hf_ —_h? =0, asi— oo,
LQ(Q R3) (1/2) for any ¢ € N.

Oz =0 in LZ(Q;;RB),
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Therefore, for any ¢ € N, we find a function of two-variables qu) € L%(S;;R3), such
that:

w(zy, xe,x3) = ,Af) (r1,22), for L2-a.e. (z1,22) € Sp and Ll-a.e. x3 € (0,1).

Here, let us set:

ug)(a:l,xg), if e N and (x1,22) € Sy,
M*(x17x2) =

0, otherwise,
for £2-a.e. (x1,22) € S.

Then, with helps from |(al)-(a2), Fubini’s theorem and the monotone convergence
theorem, it is inferred that:

1 1
/ a2 dL2 = / / a2dC2dL! = Tim / / X, e [2AL2ALE
5 0 Js\43 t—=o0 Jo Js\Ag

1
_ lim/ 2Lt = lim/ 2 dL% < [l oz < 00,
0 S, {—00 QZ 3

L—o00

and

1
/Iu—u*l2dﬁ3 = lim//xSelu—u*IQdﬁzdﬁl
Q t=oo Jo Js

1
= lim/ | — ps|? dC?dLt = 0.
0 Se

L—o00

Hence, the limit x can be regarded as the function u. € L?(S;R3) of two-variables.
Now, taking into account of (1), Theorem [3.1 and Remark 2, we conclude that:

iminf M (M) > liminf & (M) > & (1) = &° (1),
liminf o (4) = liminf & (1) = @q (1) = o (p)

(Step 2) verification of (m2). Let us take any v € XJ. Then, under (al)-(a2), we

can construct the required sequence {ul(,h) |0 < h < 1}, by putting:
p =y e X1 (= xM), forany 0<h < 1. (32)
In fact, since:
a® = a° in C(Q), as h\,0,
{ la®| (=aM) <Cha® onQ, forany 0 <h<1;

we obtain that:

B = [ vuPac?

Q\A}
— a®|Vv2dL? = / Q®|Vu2dL? = 2(v), as h\,0; (33)
o\Af S\AQ
by applying Lebesgue’s dominated convergence theorem. O

Proof of Theorem|[3.4. Let us assume the conditions (al){(a2), and let us take any
2 < p < 0. Then, the inclusions (20) and (21) will be direct consequences of |(1)-().
In view of this, either compactness, asserted in Theorem [3.4} is reduced to that of
the embedding X! N LP(;R3) into L2(Q;R3).

However, the above compact embedding will be obtained, immediately, by ap-
plying Theorem [3.2! for the special situation that C, = 1 in the assumption |(a2).
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Eventually, under the assumption |(al)-(a2), it can be said that Theorem 3.4l is
a corollary of Theorem 3.2l O

5. Proof of Main Theorem. This section is largely divided into two subsections,
concerned with the proofs of the respective assertions (I) and (II) of [Main Theoreml.

5.1. Proof of (I) of Main Theorem. Let us assume the condition |(al), and let

us fix any 0 < h < 1. Then, the assertion (I) can be shown by applying standard

technique, with the help from the compactness, as in Theorem 3.2/ and Corollary 2.
Let us put e := [1,0,0] € S%. Then, by virtue of (4), (14) and (16),

0<EM = inf  EM(m)<E(eh).
meL2(R3)
Since the above inequality implies the finiteness of the infimum EM of €M ip

L?(Q;R?), we naturally find a sequence {n(¥) |i=1,2,3,---} C XM, such that:

EM (D) N\ EM asi— oo. (34)

Subsequently, by (II) of Corollary 2/ and the constraint onto L?(£2;S?) as in (4), we

further find a subsequence {m(*) |k =1,2,3,.--} C {m)} with a limiting function
m € L*(£;S?), such that:

{ M) —an in L2(Q;R3),

_ as k — oo. (35)
p(m™) — p(m) in L'(Q),

Besides, for any k£ € N, let us denote by CV (%) the solution of the coupled Maxwell
equation (5), when m = (%) and also, let us denote by ¢ the solution of (5), when
m = m. Then, in the light of Proposition [1,

(W = ¢ inV, as k — oo. (36)
Now, taking into account of (16)), (34)-(36) and Theorem 3.1, we obtain that:
EM = Tim £M (v

k—oo

. . 1.
— likminftbgh)(m(’k))jL lim <|<p(771(”“))|L1(Q) +|C(k)|%/)
— 00 k—oo 2

o o 1. N h
> @) + () 1y + 214 = £0 ) > B

Therefore, the limit 77 is the minimizer, that is denoted by m( in the assertion (I)
of Main Theoreml O

5.2. Proof of (II) of Main Theorem. Let us assume the conditions |(al)-(a2),
and let us take a sequence {m) |0 < h < 1} of minimizers m" of £ for every
0 < h < 1. Namely, we may say that:

EM (MY < €M (m), for all m € L2(Q;R3) and all 0 < h < 1. (37)

For any 0 < h < 1, let Cgb) be the solution of the coupled Maxwell equation (),
when m = ef, £3-a.e. in Q. Then, by (12) and (16),

h h h
2B (1) < ICV12 < Jef| o ms) IC v < /2B ().

Since the above inequality implies that:

1
E(h).(eT) < 3 <1, forall0<h<1;
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it is further seen that:
P (M) < EW(m) < €M (el) = B (eh) + ol 1r ey + B

mag

< e +1, forall0<h < 1. (38)
By virtue of (38), Theorem 3.4 and the constraint onto L2(£2;S?) as in (4), we find
a sequence {h;|i = 1,2,3,---} C (0,1) with a limiting function m® € L?({;S?),
such that: . R
hi \, 0, m") — m° in L2(Q;R3),
. as i — o0o. (39)
p(m")) — o(m?) in L'(Q),
Also, taking into account of (38)) and Corollary i3l and Remark 3, it will be observed
that:
P2 (m°) < £°(m°) < liminf £ (m")) < p(ef) + 1; (40)
and hence m® € X2 N L?(S;S?). Furthermore, by (32)-(33),
£°(m°) < limsup M) (m™)) < 1im £5)(m) = £°(m),

i— 00 i—00

for any m € X2 N L?(S;S?),

we obtain that:

and
£°(m®°) < liminf £49) (M) < limsup £M) (m M)y < £°(m°).

Now, all we have to do is to show that the pointwise convergence, asserted in
(11), is certainly realized by some subsequence {h;|i=1,2,3, -} of {h;}.
By |(a2), (38)) and (40),

/ OéO|VP(m(h) — m0)|2 d£3 S 2/ a® <|me(h)|2 + \me°|2) dﬁg
24 o\A]

< 2 (cpgm(m(h)) + @;(mO)) < 4(p(ef) + 1), forall0<h<1. (41)
So, putting:
B = Var Vp(m™ —m°) e L2(Q\ A};R>*?), for any 0 < h < 1;
we infer from (41)) the existence of a subsequence {fzgo) li=1,2,3,---} C {h;} with
a limiting function 3° € L2(Q\ A}; R3*2), such that:
B - 3° weakly in L2(Q\ Al R3%2), as i — oo. (42)

Besides, in the light of Remark 4, (39) and (41), we can construct a decreasing
family of subsequences:

(A o P} o (BPy o WP o o (R o

so that:

me(ﬂy)) — Vpm® weakly in L?(2; R3%2), as i — oo, for any £ € N.
Here, for a subsequence {h; := ﬁgl) |i=1,2,3,---} C {ﬁi}, we deduce that:

me(i”) — Vpm®,
{ p) — 0,
As a consequence of (42) and (43), it can be said that:
B° =0 in L3(Q\ A}); (44)

in the distribution sense on € \ Ag, asi—oo. (43)
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since the distributional limits should be unique.
In the meantime, from (a2) and (37), it is derived that:

(@89 (me) = @3 (m?) ) + p(m") = o(m) 12 )
h; o o hi o o
+|Er(nag)( ) Emag( )| + |E1(naé( ( ) Emag( )l

o) (m)) — 8, (m°) > ®f, (m")) — &2, (m°)
_ / Va? Veme + §0) : [Va? Veme + 50 ag?
O\Af

Y

1 -
++ a®|9gm ") |2 dL3 — ®° (m°)
h2 \AT

T 0

= 2 (vam°,ﬁ<hi>)
2
+{ ‘ , (45)
L2(Q\A];R3)
fori=1,2,3,---

In view of (32)-(33)), (39), (42), (44) and Proposition 2| letting ¢ — oo in (45)
yields that:

lim sup <|
11— 00

L2(Q\A};R3x2)

1 -
+ ]:T vV al 83m(h

i)]2
L2 (Q\Af;R3%2)

2

<0.
L2(Q\A];R3)

B = a2 Vp(m®*) —m°) — 0 in L2(Q\ Af; R?*?),

L2(Q\Af; R3><2)

1 -
\/0470 83m(h1)

Thus,

1 . as ¢ — oo. 46
i\/a" dsm ") — 0 in L2(Q\ Af;R?), (46)

On account of |(al){(a2), the above convergence (46) implies the existence of a

subsequence {h; |i =1,2,3,---} C {h;} (C {h;}), satisfying (11). O

Remark 6. (Further conclusion) From (32))-(33) and (46), the convergence:
\/a(Ti)me(;”) —Va° Vpm® in L2(Q\ Al;R3*2), as i — oc;

is derived, as a result of the following calculation:

[V ahi) Vpm (i) — (/oo Vpm?°|?

L2(Q\A];R3%2)
< 20&‘ var VP (m(hl) - mo) iz(Q\AT R3%2)

42 /Q » (F Var ) IVpm® |2 dL3 (47)

— 0, as i — oo.

Incidentally, the zero-convergence of the integral part of (47)) is easily checked by
applying Lebesgue’s dominated convergence theorem, for the situation that:

<\/Oz(T ) [Veme|* — 0
(\/oz(T ) [Vpm°|? < Chal|Vme|?,

L3-ae. in Q\ Al
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