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Abstract. We study the regularity of the minimizer ux for the functional F~(u,f) = Sta IVul 2 + 2 Sta lu - f l  2 
over all maps u ~ Hl(fl, $2). We prove that for some suitable functions f every minimizer ux is smooth in 
fl if 2 ~< 4 o and for the same functions f, ua has singularities when 2 is large enough. 

Rtsemr.  On 6tudie la rrgularit6 des minimiseurs u~ du problrme de minimisation min..a,(o,s~)(~a IVul 2 + 
25n lu - f12). On montre que pour certaines fonctions f, u a est rrgulirre Iorsque ~. ~< ,l o et pour les memes 
f, si 2 est assez grand, aiors ua possrde des singularitrs. 
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0. Introduction 

Let f~ be the unit ball of R 3. Set 

HX(f~, S 2) = {u e H*(f~, R3); U(X)E S 2 a.e.} 

where S 2 is the unit sphere of R 3. For 2 > 0 and feL2( f~ ,S2) ,  let 

Fa(u,f) = /olVul2 + ,~ /, lu- fl2. 

Consider now the following minimization problems 

E~(f) = inf F~(u,f)  
ueiq'l(f~,S2) 

and 

(1) 

(2) 

E;t.,ea(f ) = inf F a(u, f) .  (3) 
ueCO n Ht(Q,S 2) 
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Note that the functional in (1) is lower semi-continuous on HI(D.,S~), so that the 
infimum in (2) is achieved. We recall that if u~ is a minimizer for (2) then u~ is a weak 
solution of the Euler equation associated to (2): 

- A u  = ulVul e + g [ f  - ( u , f ) u ] .  (4) 

It is well known (see [10, 11]) that any minimizer of (2) is smooth except at a finite 
number of points. 

It is very natural to ask whether the minimizer ux is regular. This question is closely 
related to an existence of a gap phenomenon (see [7] or [1]). We recall that Bethuel 
and Brezis have shown that there exists some regular function f with values in R 3 
such that we have the following gap phenomenon 

E~(f) < Ex.,eo(f). 

In this paper, we want to study the regularity of minimizer of (2). Note that the two 
terms of F~(u, f )  have not the same homogeneity. The other difficulty comes from 
the fact that the possible singularities of minimizer u~ may get more and more closer 
to the boundary as A goes to 0. We overcome this difficulty by choosing some suitable 
function fi More precisely, we will assume that f satisfies the following conditions 

a f 0; (5) 

There is some 0 ~< r o < 1 such that the point Snf/I Snfl and the set 
f(f~\ B(0, r o)) are included in the same hemisphere of S z. (6) 

Our main results are the following: 

THEOREM 1. Suppose that f is a measurable function with values into S 2 satisfying 
(5), (6). Then there is some 2 o > 0 such that for every ~ <<. ~o, u~ is regular in ft. In 
particular, we have 

Ex( f )  = E~.,~(f). 

REMARK 1. We do not know whether conditions (5) and (6) are really necessary. 

THEOREM 2. Let f be any function in HI(D~ S 2) which is not a strong limit of  smooth 
maps. Then there exists A 1 > 0 such that for every ~ >t "~1, every u~ is not regular in 
[1. In particular, we have 

E~(f)  < E~,,e~(f). 
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REMARK 2. 1. Let f be any function in HI (~ ,S  2) which is not a strong limit of 
smooth maps. Then there exists a sequence of smooth functions fn which converges 
to f in L2(B3,S2). For n large enough we have 

E~(f,) < Ea.,,~(f~). 

2. The case o f f  with axial symmetry: Consider the case where f is radial symmetric 
with image contained in an hemisphere (without loss of generality S 2 + --- {x ~ SZ; x 3 >_- 0}). 
By radial symmetric we mean f =  sin~(Ixl)(x/Ixl, O)+ cos ~(Ixl)(0, 0,1) for some 
~: [0, I]---* [0, hi. I. Shafrir has informed us that modifying an argument in [3] one 
may infer that for each 2 > 0, ux is unique and symmetric. 

We also consider the following analogous problem with not prescribed constant 
boundary data. Namely, let us denote by H~(B3,S 2) the set of maps u~Hl(f~,S 2) 
such that u is a constant on dB 3, then we study the problem: 

min Fx(u,f) (7) 
u~//~(Ba,S 2) 

and we obtain the following 

THEOREM 3. Let f be any measurable function with values in S 2. Then for all 
2 < 2 -2/3, every minimizer ux of(7) is regular on f~. 

It is easy to prove that for any f, Ex(f)  (resp. Ea.,eo(f) ) is a continuous, nondecreasing 
function of 2. If we denote by l ( f )  = {2/> 0; Ea(f) = Ex.,eg(f)} then I ( f )  is dosed set 
of R+. Using Theorem 1 and Theorem 2, we can prove that for some choice of f 
(for example the dipole function see [1] or [4]) I( f)  is a compact subset of R + with 
nonempty interior. We conjecture that in this case, I ( f )  is an interval of R +. 

In order to establish Theorem 1, one uses the well known e-regularity Theorem 
(see [2, 3, 10, 11]) and other techniques introduced by Bethuel-Brezis, and 
Hardt-Kinderlehrer-  Lin in variational problem involving S2-valued maps. Our proof 
is also based on a Theorem of classification of singularities. More precisely, we describe 
the nature of the singularities when they really occur. We prove that all singularity 
has a simple form: ify is a singularity then for a rotation R, ux(x) ~- +R(x  - y/Ix - Yl) 
as x tends to y. This description was first given by [4] for minimizers harmonic maps. 

In the proof of Theorem 3 we use the same argument as above combined with a 
modification of the monotonicity formula (see Lemma 2). 

In the case where f is a constant, it can be proved that (4) is just the elliptic type 
of the Landau-Lifshitz equation independent of time without boundary data (see 
[6]). We know that (see [7]) in this case, for any C ~ S  2 there is a weak smooth 
solution of (4) with boundary value C. 
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This paper is organized as follows: 

I. Classification of energy minimizing maps 
Step I. Any minimizer u~ satisfies a reverse H61der inequality. 
Step 2. A monotonicity formula. 

H. Proof of Theorem 1 
Step I. An e-regularity Theorem. 
Step 2. A regularity criterion on compact set. 
Step 3. Proof of Theorem 1 completed. 

IIL Proof of Theorem 2 
IV. Proof of Theorem 3 

I. Classification of Energy Minimizing Maps 

We start with the following definition. Let fl x be a bounded domain in ~3, we say 
that u is a w-minimizer associated to 2, f and fit  if for every vr S 2) such that 
u = v on Ofi1, we have 

f.t[Vu[2 "~ 2f.fllt[u--f]2 ~ ff, lt]Vv[2 "}" 2ff~, 'v-f'2" 
In order to establish the classification of the singularities Theorem, we need the following 

PROPOSITION 1. Let (fj) be a sequence of maps in L2(fi, $2), (2/) in a sequence of 
positive numbers, and (u~) a sequence of w-minimizer associated to 2j and f j. Suppose 
that ~---, f in L2(D, $2), 2j--* 2 and uj---, u weakly in Ht(fi, $2), then u is a w-minimizer 

associated to 2 and f. 

The proof of this Proposition is given in the appendix. 
For 2 = 0, it is known (see [4]) that the singularities of w-minimizers have the form 

+_R(x - y/lx - Yl) as x tends to y for some rotation R of R 3. In the following we 
establish the same property for 2 > 0. We shall show that 

THEOREM 4. Suppose that y ~ f i  is a sinoularity of u~, then we have u~(x)~- 
+ R (x  - y / lx  - yl) as x tends to y where R is a rotation of R 3. In particular all the 
singularities of u~ are of deoree +_ 1. 

The proof of Theorem 4 relies on several steps. 

1.1. A REVERSE HOLDER INEQUALITY 

We shall follow a technique used in I-8] and I3] to prove a H61der reverse inequality. 
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LEMMA 1. There exist constants q > 2 and C > 0 such that 
1 

(;. 
for every ball B, such that B2, c ~. 

Proof of Lemma I. First we claim that for any ball B, c f~ we have 

~ lVu, l' <~ ~ lVvl2 + ~ Ar a (9) 

for every vEHt(B,,S 2) such that v = u on OB,. Indeed, let v be as above, we define 
w:f~---* S e by w(x) = u~(x) if x ~fl\ B, and w(x) = v(x) i fx~B, ,  so w~ Hl(fl, se). Using 
the fact that ux is a minimizer we obtain 

f. :: 
hence 

;B lWu~12 ~ f~ lVvl2 + 2'~ L Ku~--v,f> 

16~ .r3 
JB. Ivvl2 + - f - x  , 

which is (9). 
Now, using a result of ([8], Appendix), we have for all ~ E R 3 

I I vvl2 ~< CIIVru~llL2<aju~ -- ~llu~0B,) (10) man 
vEHt(Br,S 2) J Br 
D~g~OglOBr 

where C is a universal constant. 
Combining (9) and (10) we find 

f8 IVux[2 ~< CllVruxlIL2~oB,)llux - ~llL~t0a,)+ C ~ r  3 . 

r 

We now follow the argument of [8] or [3] to deduce that for every e > 0 and r < p < 2r 

f. ,Vu: <<. fo IVTu 12 + Cter)-l fo [u~--~]2+C2p a. (II) 
p Bp Bp 

Integrating (11) between r and 2r we obtain 

f. 'f, x f, 'UA--'I2"~-C~r 3. 
v 2 r  2 r  
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Choosing ~ = t~ = l/[B2, I J'B2 u~ and applying the H61der inequality, we find 

IVuxl 2 ~ 2~ iVruxl 2 + C iVux I + C~.r 3 
2, ~r3 4 B2, / 

where 6 = e/r. Thus 

1 fn lVu 12<166f  )z IB, I ~. ~ IVual2 + IVul + C2. 
2 r  2 r  

Fixing 6 < ~ ,  we may now apply a result of Giaquinta (15], chap. V, Prop. 1.1] to 
conclude the existence of some q > 2 such that (8) is satisfied. This proves Lemma 1. 

1.2. A MONOTONICITY FORMULA 

In this step, we establish a monotonicity formula as a variant of the well known 
monotonicity formula for a standard minimizing harmonic map u 

Here we have the following 

LEMMA 2. For any a E D and r < dist(a, ~D) we have 

r + - lux - f 1 2  + Y Ar2 ~> 0 (12) 
r ,.(a) 

In particular 1/r Sn,to~[Vu~l 2 +-~-nAr 2 is nondecreasing in r. 
Proof of Lemma 2. We can assume without loss of generality that a = 0 and we 

write B, = B,(a), and S, = ~B,. Set u'~(x) = u~(x) for x e D\ B, and u~(r(x/lxl)) for x ~ B,. 
Since u~ e HI(D., $2), we have 

f IVux ,2+2fn]ux - f l z< . f s r ]Vru~12+2fnr]u '~ - f ]2 .  (13) 

On the other hand, let 

_ 2 fn ~8n 2 E(r) = IVuzl 2 + tu~ - f l  2 + -~- ;tr . 
r r 

We have 



SOME GAP PHENOMENON 391 

dr = -~ ,IVTU'~I2 + Js,[ Or [ + ,lr flux - f l  2 - .IVuxl 2 

Combining the last equality with (13) we obtain 

dE(r) -~ . Or ~s ~B. ~16~ ) -- r + 2r lua - f l  2 - 2 lu~ - f l  2 + -v -2ra  
r 

lflou   
>t7j~,10rl >i0. 

This proves (12). Moreover, we have 

/> 16~2r. 

It follows that 

Therefore 1/r SB.~o~ IVua [ e + ~ n 2 r  2 is monotonically nondecreasing in r. 

COROLLARY 1. Let a be any point of fl, then there exists a constant C depending 
only on a Such that for every r < dist(a, 0s we have 

1 f [Vua[2 ~< C (14) 
r ,~B. 

and so the limit in (I4) exists as r tends to zero. 

Proof of  Theorem 4 completed. We write again Bo = B~(y) and S o = 0B~ for 
0 < a < dist(y,O~)). Let us define for x e f l  

= u~(ax + y), u~ 

and 

f o  = f ( a x  + y). 

Then u~ e H I(~, S 2) and u~tan = U als.. Using Corollary 1, we obtain 

IVu~12 = o lull2 ~< C (15) 
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for some constant C > 0 and for all 0 < a < dist(y, Off). 
On the other hand, since ux is a minimizer, we claim that u~ is a w-minimizer 

associated to 0"22 and F .  In fact, let w be in Hl(f~, S 2) such that w = u~ on Off. We set 

we(x)= w ( ~ ~ )  xEB~.  

Thus wo ~ Ht(Be,  S 2) satisfying 

w,,is" = wire = u~l m = Uxls. 

then we obtain 

) 
It is easy to see that 

hence 

and our assertion is proved. 
By (15), there exists some vx~Hl( f l ,  S2) such that (for a subsequence if necessary) 

u~---)v~ weakly in HI(f) . ,S 2) as ~---)0. 

We claim that 

v~(x) = w~ for s o m e  wA6HI(S2,S2). 

Indeed, by Lemma 2, we have 

D(r)=dE(r)>_ l fs Ouz 2 r O r  >10. 

Since lim,_.o+ E(r) exists, we have S~ D(r)dr = E(a) - lim,_.o+ E(r) exists and tends to 
zero as 6--* 0, but 

i ou . ;o,fOu . ;: . r  Or = r . Or <" D(r) dr. 
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It follows that SB, 1/rl~ux/&[ 2 ~ 0 as ~ - - 0 .  Since Sn 1/rl~uz/&l 2 = ~s. 1/r[~u~/&l 2 thus 
our claim follows. 

Following the strategy of [3] or [ 10], we can prove that u~--. v~ strongly in H*(fl, S2). 
We use the fact that 

and 

= uxlVual + (Tz2[f ~ - (ua , f f )u#x]  

atVu~lZ <, C. 

We deduce from standard elliptic estimates that Vu~ is relatively compact in L~oc(f~ ) 

and therefore we may assume that Vu~"--*Vvx a.e. on fl (for an appropriate 
subsequence). On the other hand, using Lemma 1, we know that 

Thus 

fnl Vu~l ~ <~ C for some q > 2. 

Vu~"--+Vv x in L2(~)., R3). 

Finally, applying Proposition 1 we deduce that vx is a w-minimizer associated to 
lira(a22) = 0. By Theorem 7.3 and Theorem 7.4 of [4], we conclude that wx = ___R 
where R is a rotation of R 3 and in particular deo(ux, y) = _+ 1. This completes the 
proof of Theorem 4. 

II. Proof of Theorem 1 

ILl ~-REGULARITY 

For the proof of Theorem 1 we need some preliminary regularity results. The first is 
the following e-regularity Theorem of [10]. 

T H E O R E M  5 [10]. There exists some % independent o f  2 such that f f  2 < eo and 

1 
IVu~l 2 < eo r .]Br 

for  some ball B,,  then ux is Hiffder continuous on B,/2 and lua(x) - u~(y)l <~ Clx - y[~ 
for  all x,  y in B,/z where ~t and C are absolute constants independent o f  2. 

For the proof of this Theorem we refer to ([10], Th. 3.1.) or ([111 regularity estimate 1.5.). 
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II.2. A REGULARITY CRITERION ON COMPACT SUBSET 

The next result asserts that the possible singularities of u~ are close to the boundary 
as 2 goes to zero. This phenomenon is due to the fact that the boundary value of u~ 
is not prescribed. More precisely we have 

PROPOSITION 2. Given an arbitrary function f in L2(~'~,$2). For every compact 
K c f~, there is some 4 o(K) = dist(K, ~f~) such that for every 2 < 40 (K), u~ is smooth on K. 

Proof of  Proposition 2. First, we see that 

for all P e S 2, hence 

f n l V u x l 2 + A f n l u x - f [ 2  ~.< 2 fa  IP - f [ 2  

nlVu~[2 ~< CAllu~ - PIIL2~a,s~). (16) 

In particular, u:--,Po strongly on HI(~S 2) where PoeS 2. For the proof of 
Proposition 2, we argue by contradiction. Let K c ~ be a compact set. We can 

assume that there exist a sequence (a.) of singularities such that a.----, a e K as n----, oo 
and 2.----,0 as n---,oo. Applying the monotonicity formula (II) we obtain (for 

2. < dist(K, Of~)) 

l f ~  iVux.12< 1 fB ,Vux.12+~2.~(22_r2) .  
r .(a.) ~ .~,,(a.) 

By (16) we have 

1 

r ,~o.) 

Using Theorem 3 we obtain 

1 [ 32 3 
77t ~< - J8 IVuj2 ~< 211u,. - eollL~r + -~-~2., 

r .(a,,) 

which is a contradiction for n large enough. 

II.3. PROOF OF THEOREM 1 COMPLETED 

First we prove the following 

LEMMA 3. Let (2,) be any sequence of  positive numbers going to zero, then 
ua ---, S f / lS f l  strongly in Hl(f~, S z) as n--, oo. 
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Proof of Lemma 3. Since J'alVu~, 12 r 2~. ~a (u~  - P, f )  for all P E S 2 we have for all n 

a IVuj2 ~ 41t~l~, ~ C, (17) 

so we may as well assume that ua. tends to a constant map P~  S 2 strongly in HI(I), 82). 
Assuming that P # Sf/ISfl, then there is a rotation R of R 3 such that R # ld, 
R(P) = [.f/l[.fl, and R(ux,)--. R(P) strongly in Hi(Do S2). On the other hand, since ux, 
is a minimizer, we have 

fo,vuj + .fo,u  -f,e  f fo,R(uj_:,.. 
hence 

nlu~ _ f[2 <~ fn[R(u J _ f]2. 

Passing to the limit, we obtain 

f ]P - f,2 <~ fn]R(P) - f,2. 

Thus 

This is impossible unless P = Sf/JSf[ which proves the Lemma. 
Secondly, we claim that there is some 21 such that 

u;,(x)~SZnB(P,�89 u and V~. ~< ;t r (18) 

We postpone the proof of the claim and complete the proof of Theorem 1. We can 
assume without loss of generality, that P is the north pole and f ( ~ \  B(0, ro)) c $2+. 
Set for ;t ~< ~.1 

f ~ 1 2 w~ (u~,u~,u~) on B(0, ro), 
1 2 lull) ~ \ B ( 0 , r o ) .  (1/,1., l/,1., on  

By (18), wa e H I ( ~  S 2) and Sn (ua - wa, f )  1> 0. Since f satisfies (6), we deduce that 
u~ = lull on f~kB(0,ro), so u a = wx. By Theorem 4, we cannot have singularities on 
f~\B(0, ro). On the other hand, by Proposition 2, u~ has no singularities on B(0, ro) 
ff ;t ~< 1 - r o. Thus we have shown Theorem 1. 

Proof of claim. Let 0 < r 1 < 1 -  r o there exists a finite number of points 
x i, i =  1 . . . .  ,n of dB,o such that  OB,o = uB(xi,rl/2). Thus if we choose 
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2 o ~< min(1 - ro - rl, rl%/41t21), we have for all 4 ~< 2o 

! f IVual 2 ~< 4!~12 ~< Co. 
~'1 dB(x~,rt) r l  

This implies, by the e-regularity (see Theorem 5), that ua is H61der continuous on 
B(xi, rl/2) for all 2 ~< 4o and for all i = 1 . . . . .  n. Moreover, we have Vx, y~B(xi , r t /2)  

lug(x) - u~(y)l ~< CIx - YI'. 

Suppose, by contradiction, that (18) is false. We could find a sequence of positive 
numbers (2.) going to zero and a sequence of points (xD of 8B,o such that 

i (19) lux.(x.) - PI ~> ~. 

By the compactness of 8B,o, we can assume that x.---* x as n ~ cr and x ~ tgB, o n B(x~, r~/2). 
By (17), we have also (for a subsequence if necessary) u~.(x)---* P as n---* oo for almost 
everywhere x. Then for some y~  B ( x . r t / 2  ), we have ux~(y)---*P. But 

lux.(x,) - PI ~< lux.(x.) - ux.(y)l + lua.(Y) - PI 

<<. Clx, - yl ~ + lu~.(y) - PI 
1 

for n large enough. This contradicts (19). 
In what follows u~ denote a minimizer for (2) and C is a genetic constant. 

HI. Proof of  Theorem 2 

First we see that 

Ea(f )  ~< fn  Ivfl2 < + oo V4 ~ 0. (20) 

Let (2.), (8.) be two sequences of positive numbers such that 2.---, co and e.---*0 as 
n--- ,~.  For  every n a n  there is a map (u.) in CI(~,S 2) such that 
Far(u, , f )  <~ Ea~,,eg(f)+ e.. Note that we can assume that E~..,eo(f) is bounded 
(otherwise by (20), our conclusion is satisfied). Thus we have (for a subsequence still 
denoted by (u,)) 

and 

u,'--*Uo weakly in HI(D.,S 2) as n--,oo 

2. f l u . - f l 2 ~ O .  
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We deduce that Uo -- f. Since f is not a strong limit of smooth maps, we obtain 

fa 'vf ,2 < ~ = liminf ~alVu,'2. 

Then, for every e > 0, there is some N such that for all n >1 N we have 

<<. fnlVfl2 < e <<. fnlVu.'2 

<. fnlVu.12 § 2. fnlu.-f'e 
<<. Ex..,eg(f) + en. 

Thus the conclusion holds for n large enough. This completes the proof of Theorem 2. 
We deduce the following: 

COROLLARY 2. There exists some R o > 0 such that for every R >. Ro, we have 

.~H,~iona).s~)(fs, o.a)lVulZ+f.(o.a, l u - f a l z )  

< inf ( f n  '~u[2 § ~B lU--fR'2)" 
CI(B(0,R),S 2) (0,R) (0,R) 

where fR(x) = f(x/R) Vx ~ B(O, R). 

IV. Proof of Theorem 3 

For the proof, we use essentially the same method as above with the following modification: 

L E M M A  4. Let u~ be any minimizer of (7) and let a be in ~ then we have 

r - , -  IVu~l 2 + n~r 2 
r o~r~ fi 

is nondecreasino in r. 

The proof of this Lemma uses the same ingredients as in Lemma 2, we only have 
to replace the comparison function in (13) by the following: 

If r < dist(a, all) we set 

= rlx _a I + a on 8(a, ro) 

ux(x) on f~\B(a, ro). 
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If r /> dist(a, Off) we take 

x - - a  + ~ 
u~(x) 
P 

x - a  

ifxeB(a, ro) and r ~ - - - ~  + a e f  

on f \  B(a, r o) 
otherwise 

where P is the trace of ua on Of. 
Returning to the proof of Theorem 3, let a ~ D, 0 < r < 2; by Lemma 4 we have 

1 f iVuxl2 ~< 
r ,JB(a)r~fl 

~< 

2 

1 ~n2(22 fn(o)~o IVuxl2 + - r2 )  

1 
~ f.,o)~ IVuz'2 + ~ n'z3 

Using (17), we find that if 2 < 2-~ 

fn 16n 32n 3 lim 1 IVual 2 ~< ~ + --~-2 < 8n. 
r " * 0  r (a) ~ f~ 

We deduce again fromTheorem 4, that a is a regular point of u~. This completes the 
proof of Theorem 3. 

Appendix: P r o o f  of  Proposi t ion 1 

For simplicity, we may assume that f = Bn+I; p > 0. Let (uj) be a sequence of 
minimizers on H i ( f ,  $2), so that u~eHI(B3,S 2) and u~ln3 are w-minimizers. Let 
weHX(B3,S z) with w = u on aB s. Given 6 > 0, choose ~/eHX'~~ 3) such that 

As in [8] let us set 

We have 

~ /=1  onB~_a 

t /=  0 on ~B a 

1 
IV,fl ~< ~ on B3\B~_a. 

v i = ( 1 - r / ) u ~ + t / w  o n B  3. 

Ioal = Iwl = 1 on OB~_ a 

IvjI = lujl : 1 on 0B 3. 
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Applying the extension Lemma A. 1. in [3] we may find a function % E HI(B3\ B 3_ a, S 2) 
such that 

fa,\a~_ lV%12 <~ c fs,\s~_, Nv~12 
w j  = v i = w on O B ~ _ ,  

and 

Wj = Uj = Uj o n  B 3. 

Extending w~ to all the ball B 3 by letting wj = w on B 1-6. We have then, 

;B3[V~'~jJ2"[-'~J;B3[uj--fj'2~f.3'V'~j[2"~'jfB3"~jmfj[2~ 
Using the assumption on (u j), we see that given e > O, for j large enough 

;. f. f. aIVu[2+~, 3 l u - f l 2 - ~ <  IVwjl2+~.j 3lwj-ffl2 

~< f .  IVwl 2 + ,Zjlw-fil 2 

+ 42jlB3\B~_a[ + C ~ IVy,! 2 (21) 
3 3 d B \Bz_6 

It suffices now to estimate the last term in the right-hand side of (21). Using Poincar6's 
inequality and Theorem 2, we see that 

l~nsup f, ,Vvj12<~ClB3\B31_alX-2/'+2f. IVw[ 2 
j-* ~ 3\B3_~ }\BI3 , 

f .  IV(w - + C 3\a3-, 
u)[ 2. 

Choosing 6 small enough to make the last two terms of the right-hand side less than 
e/2, we obtain the conclusion of Proposition 1. 
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