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Abstract. We study the regularity of the minimizer u, for the fonctional F,(u, /) = o [Vul® + 4[|k — f?
over all maps ue H'(f}, 52). We prove that for some suitable functions f every minimizer u, is smooth in
Q il 2 < A, and for the same functions f, u, has singularities when 4 is large enough.

Résumé. On étudie la régularité des minimiseurs 1, du probléme de minimisation min,_ g, su( fo|Vui? +
Afqalu — f1%). On montre que pour certaines fonctions f; u, est réguliére lorsque 4 < A, et pour les mémes
£, si A est assez grand, alors u, posséde des singularités,
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0. Introduction
Let Q be the unit ball of R3. Set

HYQ,8%) = {ue H'(Q, R} u(x)e S* ae.}

where S2 is the unit sphere of R®. For A > 0 and feL3(Q, §2), let

Fa(u,f)=J IVuI2+iI lu — 112 (1)
o Q
Consider now the following minimization problems
Ex(f)= iof FiuJf) 2
we H(Q,52)
and
E.l.,reg(f) = lllf F).(us f) (3)

ueC%n HL(01,52)
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Note that the functional in (1) is lower semi-continuous on H'(Q, §%), so that the
infimum in (2) is achieved. We recall that if «, is a minimizer for (2) then u, is a weak
solution of the Euler equation associated to (2):

—Au = ulVul]® + ALf — <u, fHu). @

It is well known (see [10,11]) that any minimizer of (2) is smooth except at a finite
number of points.

It is very natural to ask whether the minimizer u, is regular. This question is closely
related to an existence of a gap phenomenon (see [7] or [1]). We recall that Bethuel
and Brezis have shown that there exists some regular function f with values in R?
such that we have the following gap phenomenon

E\(f) < E(,(f)

In this paper, we want to study the regularity of minimizer of (2). Note that the two
terms of F,(u, f) have not the same homogeneity. The other difficulty comes from
the fact that the possible singularities of minimizer u, may get more and more closer
1o the boundary as A goes to 0. We overcome this difficulty by choosing some suitable
function f. More precisely, we will assume that f satisfies the following conditions

f f#0 ()
0

There is some 0 < 7, < 1 such that the point [ f/| [of] and the set
f\ B(0,7,)) are included in the same hemisphere of S. (6)
Our main results are the following:
THEOREM 1. Suppose that f is a measurable function with values into §* satisfving

(5), (6). Then there is some A, > 0 such that for every A < i, u; is regular in Q. In
particular, we have

Ej.(f) = E;l.ug(f)‘

REMARK 1. We do not know whether conditions (5) and (6) are really necessary.

THEOREM 2. Let f be any function in H'(Q, §%) which is not a strong limit of smooth
maps. Then there exists A, > O such that for every A 2 A,, every u, is not regular in
Q. In particular, we have

E).(f] < E}.,rq(f)'
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REMARK 2. 1. Let f be any function in H'(Q,$2) which is not a strong limit of
smooth maps. Then there exists a sequence of smooth functions f, which converges
to f in L*(B3, §?). For n large enough we have

El(f;.) < Eﬁ.,reg(j;l)'

2. The case of f with axial symmetry: Consider the case where f is radial symmetric
with image contained in an hemisphere (without loss of generality §?* = {xeS$%;x, > 0}).
By radial symmetric we mean f = sin (| x[)(x/|xl,0) + cos o(|x|}0,0,1} for some
@:[0,1]— [0, #]. L. Shafrir has informed us that modifying an argument in [3] one
may infer that for each A > 0, «, is unique and symmetric.

We also consider the following analogous problem with not prescribed constant
boundary data. Namely, let us denote by H!(B? §%) the set of maps ue H'(Q, §%)
such that u is a constant on B3, then we study the problem:

min  F;(u f) Y

ue H1(B%,5?)

and we obtain the following

THEOREM 3. Let f be any measurable function with values in §*. Then for all
A <2723 epery minimizer u, of (7) is regular on Q1.

It is easy to prove that for any £, E,(f) (resp. E, ,,,(/)) is a continuous, nondecreasing
function of A. If we denote by I{f) = {A = 0,E,(f) = E, ()} then I(f) is closed set
of R*. Using Theorem 1 and Theorem 2, we can prove that for some choice of f
(for example the dipole function see [1] or [4]) I(f) is a compact subset of R* with
nonempty interior, We conjecture that in this case, I(f) is an interval of R*.

In order to establish Theorem 1, one uses the well known e-regularity Theorem
(see [2, 3, 10, 11]) and other techniques introduced by Bethuel-Brezis, and
Hardt—Kinderlehrer-Lin in variational problem involving $2-valued maps. Our proof
is also based on a Theorem of classilication of singularities. More precisely, we describe
the nature of the singularities when they really occur. We prove that all singularity
has a simple form: if y is a singularity then for a rotation R, u,(x) =~ + R(x — y/|x — y|)
as x tends to y. This description was first given by [4] for minimizers harmonic maps.

In the proof of Theorem 3 we use the same argument as above combined with a
modification of the monotonicity formula (see Lemma 2).

In the case where f is a constant, it can be proved that (4) is just the elliptic type
of the Landau—Lifshitz equation independent of time without boundary data (see
[6]). We know that (see [7]) in this case, for any CeS? there is a weak smooth
solution of (4) with boundary value C.
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This paper is organized as follows:

L Classification of energy minimizing maps
Step 1. Any minimizer u, satisfies a reverse Holder inequality.
Step 2. A monotonicity formula.
II. Proof of Theorem 1
Step 1. An g-regularity Theorem.
Step 2. A regularity criterion on compact set.
Step 3. Proof of Theorem 1 completed.
ITI. Proof of Theorem 2
IV. Proof of Theorem 3

L Classification of Energy Minimizing Maps

We start with the following definition. Let Q, be a bounded domain in R?, we say
that u is a w-minimizer associated to 4, / and Q, if for every ve H'(Q, §?) such that
u = v on 02, we have

j |Vu|2+ij |u —f|2$j |Vv|2+l'[ lo—f1%
o +1 m [£21

In order to establish the classification of the singularities Theorem, we need the following

PROPOSITION 1. Let (f;) be a sequence of maps in L*(€,5%), (4,) in a sequence of
positive numbers, and (4;) a sequence of w-minimizer associated to A; and f;. Suppose
that f;—f in L*(Q, $%), 1;— A and u,— u weakly in H'(Q), §*), then u is a w-minimizer
associated to A and f.

The proof of this Proposition is given in the appendix.

For A = 0, it is known (see [4]) that the singularities of w-minimizers have the form
+R(x — y/lx — y|) as x tends to y for some rotation R of R. In the following we
establish the same property for 4 > 0. We shall show that

THEOREM 4. Suppose that yeQ is a singularity of u;, then we have u;(x)~
+R(x — y/|Ix — y|) as x tends to y where R is a rotation of R®. In particular ail the
singularities of u; are of degree +1.

The proof of Theorem 4 relies on several steps.

11. A REVERSE HOLDER INEQUALITY

We shall follow a technique used in [8] and [3] to prove a Hélder reverse inequality.
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LEMMA 1. There exist constants q > 2 and C > 0 such that

1
( j |vu1|f)" < c( f |vu1|1)* +Cat ®)
By Bar

for every ball B, such that B,, = Q.
Proof of Lemma 1. First we claim that for any ball B, = Q we have

16
f |Vu;|2<J' Vol? + =" ©
By

for every ve H'(B,,$?) such that v = u on 8B,. Indeed, let v be as above, we define
w:Q— 5% by w(x) = u,(x) if xeQ\ B, and w(x) = v{x) if x€ B,, so we H'(Q, §?). Using
the fact that u, is a minimizer we obtain

J- Ve, | + lf w, —fI* < J. IVel® + ij o — 1%
B, 8, B 5

J' Vu,|* € J |Vv|2+21J {ug—uf>

f |V2l® +
which is (9).

Now, using a result of ([8], Appendix), we have for all £eR?

hence

min [Vol? < ClVruyllLaep s — Elzzen,y (10)
veH(B,,52)
v=u,onik,

where C is a universal constant.
Combining (9} and (10) we find

[ |Vu,‘|2 < C"VTul”Lz(aBr)llul - 5||L2(53r) + Cird.
Br

We now follow the argument of [8] or [3] to deduce that foreverye > Oandr < p < 2r

J. Vu, > < ”f IVru,|* + Cler)™* f [, — &> + CAp®. (11)
B, a8, 28,

Integrating (11) between r and 2r we obtain

J Vu,)? <er! J. |Vu, |2 + Cler)? f lu, — & + CArd.
B, Ba, Blr
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Choosing ¢ = i@, = 1/|B,,| [, u, and applying the Holder inequality, we find

2
J’ [V, |2 < ZBJ. |Vpu, |2 + %([ |Vuil) + Cir®
By B}r 67 Bar

where é = g/r. Thus

1 166

C 2
— | Vuyrg——| vu 2+——(J‘ IVu) ¥ CA
'B'I Bzrl l| |B2r| B:..-l ll 5|BZr| Bar I

Fixing é < {5, we may now apply a result of Giaquinta ([5}, chap. V, Prop. 1.1] to
conclude the existence of some g > 2 such that (8) is satisfied. This proves Lemma 1.

12. A MONOTONICITY FORMULA

In this step, we establish a monotonicity formula as a variant of the well known
monctonicity formula for a standard minimizing harmonic map u

d /1
—~ Vul? | = 0.
d’(".llsrl ul),

LEMMA 2, For any acQ and r < dist(a, 5Q) we have

d (I J‘ A 8n
5= [Vu |2+—j |z —f|2+—.lr2)?0 (12)
ar\rJow © rlaw 3

In particular 1/r {5 |Vu,|* + 32nir? is nondecreasing in r.

Proof of Lemma 2. We can assume without loss of generality that @ = 0 and we
write B, = B,(a), and S, = 3B,. Set «(x) = u,(x) for xeQ\ B, and u,((x/1x])} for x& B,.
Since u} e H'(£), §), we have

Here we have the following

f Vu,l* + if lu, — fI* < J' IVyuy | + lf  — 112 (13)
B By S By
On the other hand, let
1 2 2 8.,
Er)=—| V" + 24| |u, —f]°+—4rs
rJa B, 3

We have
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u,

dE(ry 1 riz u,|? 2 2
- A -V
dr 2 (J;r Vrui|* +r .| + Ar N |z, — f1 arl U,
- ij lu; — f1* + m—nir3).
B, 3

Combining the last equality with (13) we obtain

dE(n 1 fu, |2 ) , . l6n
= — —£ — — - —ard
ar ,z(rj‘sr | | P2 =g
2
21'[ ?ﬁ ?0.
rls|or

This proves (12). Moreover, we have

d /i A A
a(; J;J“; _flz) =$js..lu‘ -f? — J‘Brh‘;, —f1?

> 167ir.

It follows that

d/1 2 16 d
“(z —wir = —(E(m) =2 0.
dr(r L.(n) |Vu, | )+ 167ir + 3 TAr dr( (r})

Therefore 1/r {5 ., [Vu,|* + 32nir? is monotonically nondecreasing in r.
COROLLARY L. Let a be any point of €, then there exists a constant C depending
only on a such that for every r < dist(a, 3Q) we have

1

¥

'[ Vu,*<C (14)
B,
and so the limit in (14) exists as r tends to zero.

Proof of Theorem 4 completed. We write again B, = B_(y) and §, = éB, for
0 < a < dist(y, Q). Let us define for x €

ul = u,(ox + y),
and

f?=flax +y).

Then uje H (€, 5%) and uj;q = u,,5.. Using Corollary 1, we obtain

1
f Va5 |? = - f b2 < C (15)
o g B



392 R. HADIJI AND F. ZHOU
for some constant C > 0 and for all 0 < ¢ < dist(y, Q).

On the other hand, since u, is a minimizer, we claim that u] is a w-minimizer
associated to 22 and f°. In fact, let w be in H'(Q, §2) such that w = 43 on 8. We set

w,(x) = w(m) X€eB,.
a

Thus w, & H'(B,, S?) satisfying

— — oy —
Wois, ™ Wien = Haen = Uys,

then we obtain

I IVu1|2+ij qu—flzéj' IVW,|2+1J [, = f1*
B, B, B, B,

= cr(f IVw|? + AUZJ [w —f"lz).
Q Q
It is easy to see that

1
-(J (Vu,|® + AJ‘ Jae, —flz) = j [Vus|? + AUZJ lui — /7%,
7\ /s, B, Q 0

f Vu3]? + Ao? J g - o1 < f Vw2 +Aa2f w— £
e} 4] [+ Q

and our assertion is proved.
By (15), there exists some v, € H'(Q, §2) such that (for a subsequence if necessary)

hence

uj—ov, weakly in H'(Q,S*) as a—0.
We claim that
v,(x) = Wz(&) for some w, e H(S?,8%).
Indeed, by Lemma 2, we have

6u‘l

20
or

D(r) = i E(r) j

Since lim, ,4- E(7) exists, we have {§ D(r)dr = E(g) — lim, - E(r} exists and tends to

zero as o— 0, but
D(r)d
j, J.o r J‘, .[ ")

ou,* iiu,1
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It follows that {5 1/r|du, /9> — 0 as o — 0. Since [, 1/r|0u, /0r|* = [5 1/rldu,/ér]* thus
our ¢laim follows.

Following the strategy of [3] or [10], we can prove that «; — v, strongly in H'(, §2).
We use the fact that

—Auf = wi[Vu3)® + A0S — Ui SOui]

and

'[ Vi< C.
9]

We deduce from standard elliptic estimates that Vu§ is relatively compact in L;,.(€)
and therefore we may assume that Vu;"— Vv, ae. on Q (for an appropriate
subsequence). On the other hand, using Lemma 1, we know that

j [Vui|* < C for some g > 2.
Q
Thus

Viir— Vo, in L3(Q, R?).

Finally, applying Proposition 1 we deduce that v, is a w-minimizer associated to
lim(s? ) = 0. By Theorem 7.3 and Theorem 7.4 of [4], we conclude that w, = + R
where R is a rotation of R? and in particular deg(u,,y} = +1. This completes the
proof of Theorem 4.

II. Proof of Theorem 1

IL1 &-REGULARITY

For the proof of Theorem 1 we need some preliminary regularity resuits. The first is
the following e-regularity Theorem of [10].

THEOREM 5 [10]. There exists some ¢, independent of A such that if 1 < ¢, and

1
-f Vi |? < &g
ris

for some ball B,, then u, is Holder continuous on B,,, and |u,(x) — u,(y)| < C|x — y|*
for all x, y in B,,, where a and C are absolute constants independent of 2.

For the proof of this Theorem we refer to ([10], Th. 3.1.) or ([ 11], regularity estimate 1.5.).
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I1.2. A REGULARITY CRITERION ON COMPACT SUBSET

The next result asserts that the possible singularities of u, are close to the boundary
as A goes to zero. This phenomenon is due to the fact that the boundary value of «;
is not prescribed. More precisely we have

PROPOSITION 2. Given an arbitrary function f in L*(Q, S*). For every compact
K = Q,thereis some Ao(K) = dist(K, 0Q) such that for every A < Ay(K), u; is smoothon K.
Proof of Proposition 2. First, we see that

J. Vu|* + 1J' lu, — f1P < ij P —fI?
o s Q
for all PS>, hence

J IVu,1? < Callu, — Pllpagsy- {16)
o

In particular, u,— P, strongly on H!(f,5%) where P,eS% For the proof of
Proposition 2, we argue by contradiction. Let K = £, be a compact set. We can
assume that there exist a sequence (a,) of singularities such that a,.—aeK as n— @
and 4,—0 as n— 0. Applying the monotonicity formula (11) we obtain (for
A, < dist(K, )

1

- JA |Vul.|l2 \<. l j‘ Wu,q_|2 + '3_21."11(1: - rz).
Brlan) An B}.,.("ﬂ) 3

By (16) we have

1

32
- J' |VHA”|2 < 2||u,m - PO"LZ(ﬂ,Sl) + ?ﬂi:.
I J Brtan)

Using Theorem 3 we obtain

1 32
Tng - j |v“1..|2 < 2u,, — P(]"L!m.sz) + _’“13,
Brlan) 2

which is a contradiction for n large enough.
IL3. PROQF OF THEOREM 1 COMPLETED
First we prove the following

LEMMA 3. Let (4,) be any sequence of positive numbers going to zero, then
u, — (f/1§f| strongly in H'(Q,$%) as n— cc.
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Proof of Lemma 3. Since [|Vu, |* < 24 {g<u, — P, f>forall P §* wehaveforalln
J.n |Vu,m|2 <44, < C, (17)

30 we may as well assume that #,_tends to a constant map P e §? strongly in H'(Q, $2).
Assuming that P # (f/|[f], then there is a rotation R of R® such that R 5 Id,

R(P) = (f/|]f|, and R(u, )— R(P) strongly in H'(2,52). On the other hand, since u;_
is a minimizer, we have

J. Vu,, [ + 1..J u;, — 11 < J’ [VR(u,, ) + lnf IR(u,,) = fI%,
0 a a n

hence

f u,, — 1P < J R(,,) — fI%.
Q 1]

Passing to the limit, we obtain

J |P—fP Sf IR(P) — fP.
4] [+

L[
Q Q

This is impossible unless P = [ f/|[f| which proves the Lemma.
Secondly, we claim that there is some 1, such that

Thus

u(x)eS* N B(P,;) VYxeéB, and VA<, (18)

We postpone the proof of the claim and complete the proof of Theorem 1. We can
assume without loss of generality, that P is the north pole and f{{\ B(0,r,)} < §2.
Set for A < 4,

w, = (u3,43,43)  on B(,r,),
= (u},ul,lull) on Q\B(0,7,).

By (18), w,e H'(Q, 5%) and j, (u, — w,, f> = 0. Since f satisfies (6), we deduce that
u; = |u]| on @\ B(0,7,), s0 u, = w,. By Theorem 4, we cannot have singularities on
Q\ B(0,r,). On the other hand, by Proposition 2, u; has no singularities on B(0,r,)
if 4 €1 — ry. Thus we have shown Theorem 1.

Proof of claim. Let D <r, <1 —r, there exists a finite number of points
x;, i=1,...,n of @B, such that éB, < uB(x,r/2). Thus if we choose
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Ao S min(l — ry — ry,r160/4€Y), we have for all 4 < 4,

1 40

— f Vi, |2 < =i < g,
LS Bixi,r1) F

This implies, by the &-regularity (see Theorem 5), that u; is Holder continuous on
B(x,,r,/2) for all A € A, and for all i = 1,...,n. Moreover, we have Vx, ye B(x,,r,/2)
lu; () ~ u; ()| < Clx — yI*.

Suppose, by contradiction, that (18] is false. We could find a sequence of positive
numbers (4,) going to zero and a sequence of points (x,) of 0B, such that

, (x,) — P > 3. 19

By the compactness of 6B, , we can assume that x, — x asn — co and x€8B,, N B(x;,7,/2).
By (17), we have aiso (for a subsequence if necessary) u, (x)— P as n— co for almost
everywhere x. Then for some ye B(x,,r;/2), we have u; (y})— P. But
[, () — Pl < Ju; (x,) — u; (W) + [ug (3) — P

< Clx, — yI* + lu,(¥) — P

<z
for n large enough. This contradicts (19).

In what follows u, denote a minimizer for (2) and C is a generic constant.

I11. Proof of Theorem 2
First we see that
Ea(f)SJ‘ V2 < 4+ VigO. (20)
£t

Let (4,), (s,) be iwo sequences of positive numbers such that A, — o0 and &,— 0 as
n—o. For every neN there is a map (v,) in C'(Q,$%) such that
F, (@ [}<E, (/) +¢,. Note that we can assume that E, ,(f) is bounded
(otherwise by (20), our conclusion is satisfied). Thus we have (for a subsequence stil}
denoted by {1,))

u,—u, weaklyin HYQ, 8*) asn—o

and

7, j I, — F12—0.
11
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We deduce that u, = f Since [ is not a strong limit of smooth maps, we obtain
f {Vf)? < « = lim infj |V, |2
] 1}

Then, for every ¢ > 0, there is some N such that for all n > N we have

E,(N< J VP <a—e< J Vi, |*
Q Q

s'lA |vun|2+;“nJ‘ |un_f|2
Q [}
s Eln.reg(f) + Ep

Thus the conclusion holds for  large enough. This completes the proof of Theorem 2.
We deduce the following:

COROLLARY 2. There exists some R, > O such that for every R 2 R,, we have

min (J‘ Va2 + j Jue _fn|2)
we H'(B(0.R).5?) \ J B0.R) BO.R)

< inf (J‘ IViu|* + f |u —fxlz).
C(H(D,R),52) B(0.R) B(O.R)
where fr(x) = f(x/R) ¥xe B(0, R).

IV. Proof of Theorem 3

For the proof, we use essentially the same method as above with the following modification:
LEMMA 4. Let u, be any minimizer of (7) and let a be in Q, then we have

1 32
r—-— |Vu,|? + ==mir?
r Ban ) 3

is nondecreasing in r.

The proof of this Lemma uses the same ingredients as in Lemma 2, we only have
to replace the comparison function in (13) by the following:
If r < dist(a, ) we set

{Wa =u, (rﬂ + a) on Bla,r,)
Ix —a|
= U, (X) on Q\B(a,ry)
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If r = dist(a, 9€2) we take

wl=u*(r|z::| +a) if xe B{a,r,) and rli:ZI-HIEQ
= t,(x) on Q\ B(a,r,)
=P otherwise

where P is the trace of u, on 8Q.
Returning to the proof of Theorem 3, let ae{, 0 < 7 < 4; by Lemma 4 we have

1
- ‘[ |Vu.1|2 S
F Jpaynn

<

J Vu,|? + gg:vt,l()."' —r%)
Bla)n {2 3

32
J. Vu,|? + =ai’
Blayn 3

Do = M| =

2
Using (17), we find that if 1 < 273

1 16
lim - f Va2 < 27+ 32 gn
r=0 By 3 3

We deduce again fromTheorem 4, that a is a regular point of u;. This completes the
proof of Theorem 3.

Appendix: Proof of Proposition 1

For simplicity, we may assume that Q= B, ,; p > 0. Let (u;) be a sequence of
minimizers on H'(Q, §%), so that u;e H'(B* 5?) and u; 5 are w-minimizers. Let
we HY(B3, §%) with w = u on B*. Given & > 0, choose ne H'**(B*) such that

n=1 onBi_,
n=0 onéB’
1

Vil <3 on B)\Bj_,.

As in [8] let us set
We have

Iy, =Iwl =1 ondB;_,
lv;l =u;l =1 on éB>.
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Applying the extension Lemma A.1.in [3] we may find a function w;e H*(B*\ B}_,.5%)
such that

j Iij|2 < Cj lejl2
BB} _, B\Bi _,

w,;=7v,=w on 0B _,
and
w,=p,=u, on B

J J J

Extending w; to all the ball B by letting w; = w on B, _,. We have then,

J |Vu;)* + Ajj lu; — fij* < j Vw2 + ﬁ.jf Iw; — fil2.
B3 B3 B3 B3

Using the assumption on (u;), we see that given ¢ > 0, for j large enough

j |Vul? +1J lu — fI? —< Vwil* + 4, | w; =5
B3 B 2 B B3

< J VWi + A jw — ;]2
B3

+44,|B\B] 4|+ C f \ Ak (21)

BAB}_,

It suffices now to estimate the last term in the right-hand side of (21). Using Poincaré’s
inequality and Theorem 2, we see that

lim sup J. Vv,1> < CIB\B; _,|' "% + ZJ |Vw|?
angi_,

Jj—= B"\B% -8

+ C'[ |V(w — u)|>
BXB{_,

Cheosing & small enough to make the last two terms of the right-hand side less than
&/2, we obtain the conclusion of Proposition 1.
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