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1. Introduction.

Let G be the unit disc in R2 and let p be a smooth map from G into R such that
α ≤ p(x) ≤ β for all x ∈ G, α > 0, β > 0. Fix a boundary condition g from ∂G into S1

which is smooth. Set d = deg(g, ∂G) and suppose that d ≥ 0. Consider the Ginzburg-
Landau type functional

Eε(u) =
1
2

∫

G

p|∇u|2 +
1

4ε2

∫

G

p(1− |u|2)2

which is defined for maps u in the class

H1
g (G,C) = {u ∈ H1(G,C) ; u = g on ∂G}.

It is easy to see that the minimization problem

min
u∈H1

g

Eε(uε)

is achieved by some uε that is smooth and satisfies the Euler equation

(1.1)




−div(p∇uε) =

p

ε2
uε(1− |uε|2) on G

uε = g on ∂G.

In the case where p = 1, this problem was studied by F. Bethuel, H. Brezis and F. Helein
in [BBH]1 and [BBH]2. Our work is motivated by problem 4 in [BBH]2 : study the
asymptotic behavior for minimizing solutions of (1.1) in the case where p(x1, x2) = x1 and
G = {(x1, x2) ∈ R2 ; (x1 − 1)2 + x2

2 < R2} , R < 1. This arises when dealing with the
cross section of a 3-dimensional solid torus having axial symmetry.

In the case where d = 0 we have exactly the same result as in [BBH]1. Suppose that
d > 0. Set

p0 = min
x∈G

p(x).

Define
Λ1 = {x ∈ G ; p(x) = p0}

and
Λ2 = {x ∈ G ; p(x) = p0}.
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Our results concern two cases

(1.2) cardΛ2 ≥ d

(1.3) Λ1 = {a}.

In this paper we study the problem of the convergence of (uε) to some limit u0 and the
singularities of u0. Our main results concerning the convergence of (uε) are the following

THEOREM 1.1. Assume that cardΛ2 ≥ d. Then there exist a subsequence εn

tending to 0 and exactly d points a1, ..., ad ∈ Λ2 such that (uεn) converges to a map
u0 ∈ C∞(G\{ai}, S1) in C1,α(G\{ai}) for all α < 1. The map u0 is defined by

u0(z) =
z − a1

|z − a1| ...
z − ad

|z − ad|e
iφ

and

(1.4)

{
−div(p∇φ) = ∇p.(∇θ1 + ... +∇θd) in G

φ = φ0 on ∂G

where
eiθj =

z − aj

|z − aj | for j = 1, ..., d,

∇θk = (− y − βk

|z − ak| ,
x− αk

|z − ak| ) where ak = αk + iβk k = 1, ..., d

and

(1.5) eiφ0 =
|z − a1|
z − a1

...
|z − ad|
z − ad

g(z) on ∂G.

THEOREM 1.2. Suppose that Λ1 = {a}. Then we have
(i) If a ∈ ∂G, the whole sequence (uε) converges in C1,α(G\{a}) for all α < 1 to the

map

u0(z) = (
z − a

|z − a| )
2deiφ

where φ is defined by

(1.7)

{
−div(p∇φ) = 2d∇p.∇θ in G

φ = φ0 on ∂G

and φ0 is such that for all z in ∂G

(1.8) eiφ0 =
g(z)

(−az)d
.
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(ii) If a ∈ G we have the same conclusion as in (i) except that to replace 2d by d in (1.6),
(1.7) and (1.8).

REMARK 1.1. The definition of φ0 in (1.8) is justified by the fact that, if a ∈ ∂G we
have

(
z − a

|z − a| )
2d = (−az)d for all z in ∂G.

By Theorem 1.1, we know that the singularities are in Λ2. Our next result tells us
where to find them in Λ2. For this purpose, let introduce, as in [BBH]2 the renormalized
energy W (a, d, g, p) associated to a given configuration a = (a1, ..., ak) of distinct points in
G with associated degrees d = (d1, ..., dk) ∈ Zk such that

∑k
i=1 di = d. We define

W (a, d, g, p) = −π
∑

j 6=i

p(ai)didj log|ai − aj |+ 1
2

∫

∂G

Φ0(g × gτ )− π

k∑

j=1

djR0(aj)

where Φ0 is the unique solution of

(1.9)





div(
1
p
∇Φ0) = 2π

k∑

i=1

diδai
on G

1
p

∂Φ0

∂ν
= g × gτ on ∂G

∫

∂G

Φ0 = 0

and

(1.10) R0 = Φ0 −
k∑

i=1

dip(ai)log|x− ai|.

The localization of the points (ai) in Theorem 1.1 is governed by

W = W ((a1, ..., ad), (1, ..., 1), g, p)

through the following
THEOREM 1.3. Let (a1, ..., ad) be as in Theorem 1.1. Then (a1, ..., ad) minimizes W

on Λd
2.
These results were announced in [BH]. The same problem, under more general assump-

tions, has been recently considered by N. André and I. Shafrir, see their announcement
[AH].

2. The convergence of (uεn).

2.1. Proof of Theorem 1.1.
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Using the same proof as in [ST ] we obtain

(2.1)
1
ε2

∫

G

(1− |uε|2)2 ≤ C = C(p, g).

As in [BBH]2, we have the existence of λ > 0 and a collection of balls B(xε
j , λε), j = 1, ..., J

with J ≤ J0 independently of ε such that

{x ∈ G ; |uε(x)| ≤ 1
2
} ⊂ ∪J

j=1B(xε
j , λε).

Given any subsequence εn tending to 0 we may assume that xεn
j tend to bj ∈ G for

j = 1, ..., N , bi 6= bj for i 6= j.
The convergence of a subsequence (uεn) is an adaptation of results of [BBH]2. The

next two lemmas are still valid when cardΛ2 < d.
LEMMA 2.1. For every σ > 0 small enough there exists a constant C = C(σ, p, g)

such that

(2.2) Eε(uε) ≤ πd(p0 + σ)log
1
ε

+ C.

Proof of Lemma 2.1. Let σ > 0 be small enough. There exist ρ > 0 and d distinct
points x1, ..., xd in G such that p(x) ≤ p0+σ = p′0 for all x ∈ B(xi, ρ) = Bi and Bi∩Bj = ∅
for i 6= j. Consider

(2.3) I(xi, ε, ρ, p) = min
u∈Ei

{1
2

∫

Bi

p|∇u|2 +
1

4ε2

∫

Bi

p(1− |u|2)2}

where
Ei = {u ∈ H1(Bi) ; u =

x− xi

|x− xi| on ∂Bi}.

We have as in [BBH]2
I(xi, ε, ρ, p) ≤ πp(xi)log

ρ

ε
+ C.

Set
u(x) =

x− xi

|x− xi| in ∂Bi i = 1, ..., d

u(x) = viε on Bi

|u| = 1 on G\ ∪d
i=1 Bi

where viε is a minimizer for the problem (2.3). We have

Eε(uε) ≤ Eε(u) =
1
2

∫

G\∪d
i=1Bi

p|∇u|2 +
d∑

i=1

I(xi, ε, ρ, p)

≤ πdp′0log
1
ε

+ C.
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REMARK 2.2. In the case where cardΛ2 ≥ d we can take xi ∈ Λ2 and we obtain

(2.4) Eε(uε) ≤ πdp0log
1
ε

+ C.

LEMMA 2.2. Suppose that deg(uεn
, ∂B(bj , ρ)) = dj 6= 0 . Then we have bj ∈ Λ1.

Proof of Lemma 2.2. Arguing by contradiction, suppose that there exist bj /∈ Λ1 and
p′′0 > p0 such that

p(x) ≥ p′′0 for all x ∈ B(bj , ρ);

we choose ρ > 0 such that B(bi, ρ) ∩ B(bj , ρ) = ∅ for i 6= j. Since we have (2.1), using a
result of [HS] we obtain

(2.5)
1
2

∫

B(bj ,ρ)

p|∇uε|2 ≥ π|dj |p′′0 log
ρ

ε
− C

where C depends only on g. On the other hand, we have for k 6= j, k = 1, ..., N

(2.6)
1
2

∫

B(bk,ρ)

p|∇uε|2 ≥ π|dk|p0log
ρ

ε
− C.

Combining (2.2), (2.5) and (2.6) we obtain a contradiction for σ small enough and this
completes the proof of Lemma 2.2.

Using Lemma 2.1 and (2.6) for k = 1, ..., N we deduce that

N∑

j=1

|dj | ≤ p0 + σ

p0
d.

Then we have dj ≥ 0 for all j. On the other hand we can prove as in [BBH]2, ch.6 that
dj = 1 and that we have the convergence of (uεn) to u∗ in C1,∞(G\{a1, ..., ad} for all α < 1
where ai ∈ Λ2. The limit u∗ satisfies

(2.7)

{
−div(p∇u∗) = pu∗|∇u∗|2 in G\{a1, ..., ad}

u∗ = g on ∂G.

We have

(2.8) deg(u∗, aj) = 1 j = 1, ..., d

and, as in [BBH]2, Appendix 4

(2.9) div(pu∗ ×∇u∗) = 0 in D′(G)

and

(2.10) u∗ ∈ W 1,p(G) for all p < 2.
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Since u∗ satisfies (2.6) and (2.7) we can write

(2.11) u∗(z) =
z − a1

|z − a1| ...
z − ad

|z − ad|e
iφ

where φ verifies

(2.12)

{
−div(p∇φ) = ∇p.(∇θ1 + ... +∇θd) in G\{a1, ..., ad}

φ = φ0 on ∂G.

It follows from (2.10) and (2.11) that

(2.13) div(pu∗ ×∇u∗) = div(p∇φ) +∇p.(∇θ1 + ... +∇θd) in D′(G).

¿From (2.9) and (2.13) together with (2.12) we obtain (1.4) and (1.5). This concludes the
proof of Theorem 1.1.

2.2. Proof of Theorem 1.2.

We give the proof of part (i) , we can use the same method as in (i) to obtain (ii).
The proof of Theorem 1.2. is based on the following upper bound for the energy of

(uε) away from the absolute minimum of p. Let (uε) be any minimizer for (1.1) and let us
denote by a = (a, 0) the absolute minimum of p. Suppose that there is no point bj having
degree 0. We will see later that this is hold (see Remark 2.2). THEOREM 2.1. There
exists a constant C > 0 depending only on R and g such that for any ρ > 0 we have

(2.14)
1
2

∫

G\B(a,ρ)

p|∇uε|2 ≤ 2πd2p(a)log
1
ρ

+ C.

The proof of Theorem 2.1 relies on precise lower and upper bounds for Eε(uε). We
start by the following proposition, where x(ε) << y(ε) means that limε→0

x(ε)
y(ε) = 0.

PROPOSITION 2.1. Let σ1(ε) << ... << σk+1(ε) be k + 1 positive numbers such
that σi(ε) tend to 0 as ε tends to 0 for i = 1, ..., k and such that σk+1 = 1

2 . Let d1, ..., dk

be k integers satisfying
∑i=k

i=1 di = d. Then there exists a constant C = C(p, g) such that

1
2

∫

G

p|∇uε|2 ≤ π

i=k∑

i=1

(p(a) + σi(ε))|di|log
σi(ε)

ε

+ 2p(a)
i=k∑

i=1

(
j=i∑

j=1

dj)2log
σi+1(ε)
σi(ε)

) + C

Proof of Proposition 2.1. We need some preliminary results. First we have LEMMA
2.3. Let a = (a1, a2) ∈ G and ρ > 0 such that B(a, ρ) ⊂ G. Let vε be any minimizer for

I(a, ε, ρ, p) = min
u∈H1

u0
(B(a,ρ))

{1
2

∫

B(a,ρ)

p|∇u|2 +
1

4ε2

∫

B(a,ρ)

p(1− |u|2)2}
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where u0 = C0
x−a
|x−a| and |C0| = 1. There exists a constant C > 0 independing on ρ such

that

(2.15)
1
2

∫

B(a,ρ)

p|∇vε|2 ≤ πp(a)log
ρ

ε
+ C.

Proof of Lemma 2.3. We use the same idea as in [BBH]2 , Theorem 3.1. Let 0 < ε < ρ
be given. Let u0 be a minimizer for I(a, 1, ε, p). Set

u(x) = u0(x) if x ∈ B(a, ε)

u(x) = C0
x− a

|x− a| if x ∈ B(a, ρ)\B(a, ε).

We have

I(a, ε, ρ, p) ≤ 1
2

∫

B(a,ρ)

p|∇u0|2 +
1

4ε2

∫

B(a,ε)

p(1− |u0|2)2

+
1
2

∫

B(a,ρ)\B(a,ε)

p(x)
|x− a|2

≤ I(a, 1, ε, p) + πp(a)log
ρ

ε
+ (

1
4ε2

− 1
4
)
∫

B(a,ε)

p(1− |u0|2)2

≤ πp(a)log
ρ

ε
+ C.

LEMMA 2.4. Let σ > 0. We have

(2.16)
1
2

∫

G

p|∇uε|2 ≤ πd(p(a) + σ)log
σ

ε
+ 2πd2p(a)log

1
σ

+ C

where C depends only on g.
Proof of Lemma 2.4. We can suppose that a is on the horizontal axis. Let a = (a, 0)

and let a + σ = (a + σ, 0). Let x1, ..., xd be d distinct points in

B(a + σ, σ) ∩ {(x1, x2) ∈ R2 ; x2 = 0}.

Fix ρ > 0 such that B(xi, ρ) ∩ B(xj , ρ) = ∅, for all i 6= j. Consider the function u from
B(a + σ, σ) into R defined by

u(x) = C1(
x− (a + σ)
|x− (a + σ)| )

d

on ∂B(a+σ, σ) where C1 is a constant such that C1(
x−(a+σ)
|x−(a+σ)| )

d = g(a) , and u is equal to a
minimizer for I(xi, ε, ρ, p) on ∂B(xi, ρ), i = 1, ..., d. Then there exist a number 0 ≤ σ′ ≤ σ,
and a constant C depending only on R and g such that

(2.17)
∫

B(a+σ,σ)

p|∇u|2 ≤ 2πdp(a + σ′)log
σ

ε
+ C.
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Indeed, letting ρ = σ
m , where m is a given integer and using the following change of

variables y = x−(a+σ)
σ we see that

(2.18)
∫

B(a+σ,σ)\∪d
i=1B(xi,ρ)

p|∇u|2 is independent of σ.

By Lemma 2.3, we obtain

(2.19)
1
2

∫

∪d
i=1B(xi,ρ)

p|∇u|2 ≤ π

d∑

i=1

p(xi)log
ρ

ε
+ C.

Combining (2.18) and (2.19) we obtain (2.17). Then there exists C1 > 0 such that

(2.20) p(a + σ′) ≤ p(a) + C1σ.

¿From (2.17) and (2.20) we obtain

(2.21)
1
2

∫

B(a+σ,σ)

≤ πd(p(a) + σ)log
σ

ε
+ C.

Next we extend u on G as in [BBH]2, namely we define explicitly u on ∂B(z, z−a), letting
z = (z, 0), where a + σ ≤ z ≤ a + r and r ∈]2σ,R[ by

u(x) = C2(
x− z

|x− z| )
2 for x ∈ ∂B(z, z − a)

where C2 is a constant such that u(a) = g(a).
Using the polar coordinates centered on a, we can write

u(x) = C2e
2idθ.

Since x1 = a1 + |x− a|cosθ and |∇u|2 = 4d2

r2 we have

(2.22)
∫

B((a+r,0),r)\B(a+σ,σ)

p|∇u|2 ≤ 2πd2p(a)log
r

σ
+ C.

Combining (2.21) and (2.22) we get the conclusion of Lemma 2.4.
Proof of Proposition 2.1. Set A = (0, 0) and a = (a, 0). Fix 2k points xi : (a + σi, 0)

and zi = (a + σi+1
2 , 0) in [b, A] for i = 1, ..., k. Iterating the construction of Lemma 2.4,

we can define a map u as the following : in each disc B(xi, σi) we construct di disjoint
discs centered on the set {(x1, x2) such that x2 = 0} . Let denote by B1 the disc
B(a + σ2

2 , σ2
2 ). By Lemma 2.5 we can deduce that

1
2

∫

B1

p|∇u|2 ≤ (p(a) + σ1(ε))|d1|Log
σ1

ε
+ 2πd2

1p(a)log
σ2(ε)
σ1(ε)

+ C
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where u is given as in the proof of Lemma 2.4 . We continue the construction by setting

u(x) = C(
x− (a + σ2

A−a
R )

|x− (a + σ2
A−a

R )| )
d1+d2

on ∂B(a + σ2
2 , σ2

2 ) . The constant C is such that u coincides with the function defined on
B1 and such that u coincides with each minimizer on each disc centered on {x1 = a+σ2}.
Let denote by B2 the disc B2(a + σ3

2 , σ3
2 ). By Lemma 2.4 we have

1
2

∫

B2

p|∇u|2 ≤ 1
2

∫

B1

p|∇u|2 +
1
2

∫

B2\B1

p|∇u|2

≤ (p(a) + σ1(ε))|d1|log
σ1(ε)

ε
+ (p(a) + σ2(ε))|d2|log

σ2(ε)
ε

+ π(d1 + d2)2p(a)log
σ3(ε)
σ2(ε)

+ C.

We shall use the same construction k times. In the last step u is defined on Bk+1(a +
σk+1

2 , σk+1
2 ) with σk+1 = 1

2 . This concludes the proof of Proposition 2.1.
We have the following estimate PROPOSITION 2.2. Let ρ > 0. There exist a

subsequence εn tending to 0, k numbers σ′i(εn) tending to 0, 0 < σ′1(εn) << ... << σ′k(εn)
such that σk+1 = 1

2 and k integers d1, ..., dk such that
∑i=k

i=1 di = d such that

1
2

∫

B(a,ρ)

p|∇uε|2 ≥ π

i=k∑

i=1

|di|(p(a) + σ′i(ε))log
σ′i(ε)

ε

− 2πp(a)
i=k∑

i=1

(
j=i∑

j=1

dj)2log
σ′i+1(ε)
σ′i(ε)

− C

where C depends only on g and G.
The proof of Proposition 2.2 requies the following variant of two results of [BMR]

and [BBH]2.
LEMMA 2.5. Let ε < R0 < R1 and x0 ∈ G. Suppose u ∈ H1

g satisfies |u| ≤ 1 in G,
|u| ≥ 1

2 in AR1,R0 = (G ∩B(x0, R1))\B(x0, R0), and

1
ε2

∫

AR1,R0

(1− |u|2)2 ≤ K

then
1
2

∫

AR1,R0

p|∇u|2 ≥ πd2p(a)log
R1

R0
− C

where
d = deg(u,G ∩ ∂B(x0, R1)) and C = C(G, g).
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Proof of Lemma 2.5. We extend u to the full annulus

AR1,R0 = B(x0, R1)\B(x0, R0)

by letting
u(x) = u(x) x ∈ AR1,R0

u(x) = g(x) x ∈ AR1,R0\AR1,R0 ⊂ U0

where U0 is a tubular neighborhood of ∂G and g extend g to a smooth function on U0.
We have ∫

AR1,R0

p|∇u|2 ≥
∫

AR1,R0

p|∇u|2 − C(G, g)R1.

We can write x = reiθ and u(x) = ρ(x)eiφ(x) where ρ = |u| and φ = dθ + Ψ. Note that

∇φ =
d

r
(ieiθ) +∇Ψ

thus

|∇φ|2 =
d2

r2
+

2d

r2

∂Ψ
∂θ

+ (∇Ψ)2.

Hence ∫

AR1,R0

p|∇u|2 =
∫

AR1,R0

pρ2|∇φ|2 +
∫

AR1,R0

p|∂u

∂ν
|2

≥
∫

AR1,R0

pρ2|∇φ|2

=
∫

AR1,R0

p
d2

r2
−

∫

AR1,R0

p(1− ρ2)
d2

r2

+ 2d

∫

AR1,R0

p
ρ2

r2

∂Ψε

∂θ
+

∫

AR1,R0

pρ2|∇Ψ|2

= I1 + I2 + I3 + I4.

Treating each term separately we obtain

I1 =
∫ 2π

0

∫ R1

0

p(a + rcosθ)
d2

r2
drdθ = 2πp(a)d2log

R1

R0

and

I2 = d2

∫

A

p(a + rcosθ)
1− ρ2

r2
.

By Cauchy-Schwarz we have

|I2| ≤ d2(πK)
1
2 a + R2d

2(πK)
1
2 .
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Since
1
r

∂Ψ
∂θ

.(ieiθ) = ∇Ψ.(ieiθ)

we have

I3 = 2d

∫

A

cosθ∇Ψ.(ieiθ) + 2d

∫

A

p
ρ2 − 1

r2
∇Ψ.(ieiθ).

Thus

|I3| ≤ 2d(π(R2
1 −R2

0)||∇Ψ||L2(A) +
p(a)

ε
(
∫

A

(1− ρ2)2)
1
2 ||∇Ψ||L2(A))

and this implies

|I3| ≤ h2

2
(2dπ(R2

1 −R2
0))− 2dp(a)K

1
2 ) +

1
2h2

∫

A

|∇Ψ|

for h 6= 0. Finally

I4 =
∫

A

pρ2|∇Ψ|2 ≥ p(a)
4

∫

A

|∇Ψ|2.

We obtain the conclusion of Lemma by choosing h such that

−p(a)
4

+
1

2h2
≤ 0.

We shall use the following which is due to [BBH]2.
LEMMA 2.6. Let ε > 0, R1 > 0, η ∈]0, R1[. Set a = (a, 0) and let u ∈ C1

loc(B(a,R)\{a}, R2)
be any function verifying

|u| ≥ 1
2

in Aη,R1 = B(a, R1)\B(a, η)

u = g in G′\G ∩B(a,R1)

deg(u, ∂B(a,R1)) = d

1
ε2

∫

{x∈G;η≤|x−a|≤R1}
(1− |u|2)2 ≤ K

for some constant K. Then we have

1
2

∫

Aη,R1

p|∇u|2 ≥ 2πp(a)d2log
R1

η
− C.

Proof of Proposition 2.2 completed. Using the same notation as in [ST ], there exist a
subsequence εn and sequences σi(εn) tending to 0, i = 1, ..., k such that σ1(εn) << ... <<
σk(εn) and λ > 0 such that for all j ∈ J there is some i ∈ {1, ..., k}

σi(εn) ≤ p(xεn
j )− p(a) ≤ λσi(εn).
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Let denote by Xi the set {x ∈ G; σi ≤ p(x)−p(a) ≤ λσi} and X ′
i the set {x ∈ G; λσi ≤

p(x)− p(a) ≤ σi+1}
We can arrange the centers of the bad discs as in [ST ]. We do this separatly in each

Xi for i = 1, ..., k. We obtain

1
2

∫

Xi

p|∇uε|2 ≥ 1
2

∑

j∈Jl

∫

A
Rl,Rl

0

p|∇uε|2.

Moreover there is a constant M such that

RL ≥ σ

M
and R1

0 ≤ Mε.

Hence we have
1
2

∫

Xi

p(x)|∇uε|2 ≥ π

L∑

l=1

∑

j∈Jl

p(xε
j)|djRl |2log

Rl+1

Rl
0

.

Then we have

(2.23)
k∑

i=1

1
2

∫

Xi

p|∇uε|2 ≥
k∑

i=1

π(p(a) + σi)|di|log
σi(ε)

ε
− C

where
djR = deg(uε, ∂B(xj , R)),

since
|di| = |

∑

j∈Jl

djR| ≤
∑

j∈Jl

|djR|2.

Since p is smooth there exist σ′i satisfying σ′i << σ′i+1, σ′i > σi and such that X ′
i

contains B(a, σ′i+1)\B(a, σ′i). By Lemma 2.6 we have

(2.24)
1
2

∫

X′
i

p|∇uε|2 ≥ 2πp(a)(
i∑

j=1

dj)2log
σ′i+1(ε)
σ′i(ε)

− C.

Using the fact that the map x → (1 + x)log(1 + x)is nondecreasing we obtain

(2.25) (p(a) + σi)log
σi

ε
≥ (p(a) + σ′i)log

σ′i
ε

Combining (2.23) ,(2.24)and (2.25) we obtain Proposition 2.2.
Remark 2.2. Suppose that there exist j ∈ {1, ..., N} such that deg(uε, bj) = 0 .

Using the same technique as in Proposition 2.1 and Proposition 2.2 we can show that
uε ∈ H1

loc(G
′\{a, bj}). Arguing as in [BBH]2 we see that this contradicts the fact that bj

is the limit of centers of bad discs.
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Proof of Theorem 2.1. Combining Proposition 2.1 and Proposition 2.2 and choosing
σi = σ′i, we obtain Theorem 2.1.

Proof of Theorem 1.2 completed. We deduce from (2.14) that there exists a subse-
quence εn tending to 0 such that uεn converges weakly in H1

loc(G
′\{a}, C) . Clearly we

have u∗ = g on ∂G and |u∗| = 1. Since deg(u∗, a) = d, we deduce that for n ≥ N ,
deg(uεn

, G\B(a, ρ)) = 0 and we can obtain the convergence of uεn
to u∗ in C1,α as in

[BBH]2. If a ∈ G, we conclude as in the proof of Theorem 1.1. If a ∈ ∂G, let φ0 be such
that g(z) = ( z−a

|z−a| )
2deiφ0 . The limit u∗ satisfies

(2.26)

{
−div(p∇u∗) = pu∗|∇u∗|2 in G

u∗ = g on ∂G

and
deg(u∗, a) = d.

Hence there exists φ from G into R such that

u∗ = (
z − a

|z − a| )
2deiφ.

Since u∗ verifies (2.26) we have
{
−div(p∇φ) = 2d∇p.∇θ in G

φ = φ0 on ∂G

which is the desired conclusion. The convergence of the full sequence uε follows from the
uniqueness of the possible limit.

3. Renormalized energy.

Let a = (a1, ..., ak) be any configuration of distinct points in G with associated degrees
(d1, ..., dk) with

∑
i di = d.

We set

(3.1) W (a, d, g, p) = −π
∑

i 6=j

p(ai)didj log|ai − aj |+ 1
2

∫

∂G

Φ0(g × gτ )− π
∑

i

diR0(ai)

where Φ0 is the solution of

(3.2)





−div(
1
p
∇Φ0) = 2π

∑

j

djδaj
in G

1
p

∂Φ0

∂ν
= g × gτ on ∂G

∫

∂G

Φ0 = 0

13



and

(3.3) R0 = Φ0 −
∑

j

djp(aj)log|x− aj |.

We prove that the configuration a = (a1, ..., ad) in Theorem1.1, with associated degrees
dj = 1, j = 1, ..., d, minimizes, on Λ2 the renormalized energy

(3.4) W (a) = −π
∑

i 6=j

p(ai)log|ai − aj |+ 1
2

∫

∂G

Φ0(g × gτ )− π
∑

i

R0(ai).

We have the two following lemmas. First we have
LEMMA 3.1. Let a = (aj) be any configuration of d distinct points in G. There is

some ρ0 > 0, depending only on a, such that for every ρ < ρ0 and every ε > 0 we have

(3.5) Eε(uε) ≤
∑

j

I(aj , ε, ρ, p) + W (a) + π
∑

j

p(aj)log
1
ρ

+ o(1)

where o(1) tends to 0 as ρ tends to 0 and depends only on a and g. If aj are in Λ2, then
we have O(ρlogρ) instead of o(1).

We also have
LEMMA 3.2. Let a be the configuration as in Theorem 1.1. Then, given any ρ

sufficiently small, there is an integer N(ρ) such that for every n ≥ N(ρ),

(3.6) Eεn(uεn) ≥
∑

j

I(aj , εn, ρ, p) + W (a) + πdp0log
1
ρ

+ o(1)

where o(1) depends only on a and g and tends to 0 as ρ tends to 0..
To prove Lemma 3.1, we use the two following lemmas.
LEMMA 3.3. Let u0 be the canonical map associated to (g, a, d). Suppose that ai are

in G, i = 1, ..., k. Then, as ρ tends to 0 we have

(3.7)
1
2

∫

Ωρ

p|∇u0|2 = π
∑

i

d2
i log

1
ρ

+ W + o(1)

where Ωρ = G\B(aj , ρ).
Proof of Lemma 3.3. Recall that, as in [BBH]2, u0 is the solution for

(3.8)





u0 × ∂u0

∂x1
= −1

p

∂Φ0

∂x2
in G\ ∪i {ai}

u0 × ∂u0

∂x2
=

1
p

∂Φ0

∂x1
in G\ ∪i {ai}

and that we have

(3.9)
∫

Ωρ

p|∇u0|2 =
∫

Ωρ

1
p
|∇Φ0|2.
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We have

(3.10)
∫

Ωρ

1
p
|∇Φ0|2 =

∫

∂G

1
p

∂Φ0

∂ν
Φ0 −

∑

j

∫

∂B(aj ,ρ)

1
p

∂Φ0

∂ν
Φ0.

Let R0 be defined as in (3.3). Then R0 verifies

(3.11) div(
1
p
∇R0) = −

∑

j

p(aj)dj∇1
p
.∇log|x− aj | in G.

By standard results, we deduce from (3.11) that R0 belongs to C0(G). We remark that if
aj are in Λ2, j = 1, ..., k, then R0 belongs to C∞(G). Set

(3.12) Sj(x) = Φ0 − djp(aj)log|x− aj |.

Note that Sj satisfies, in some neighborhood of aj , the equation

(3.13) div(
1
p
∇Sj) = −p(aj)dj∇1

p
.∇log|x− aj |.

Note that
Sj(x) = Φ0(x)− djp(aj)logρ on ∂B(aj , ρ)

∂Sj

∂ν
=

∂Φ0

∂ν
− djp(aj)

ρ
on ∂B(aj , ρ)

and
Sj(aj) = R0(aj) +

∑

i 6=j

dip(ai)log|ai − aj |.

Then we have

(3.14)

∫

∂B(aj ,ρ)

1
p

∂Φ0

∂ν
Φ0 =

∫

B(aj ,ρ)

1
p
|∇Sj |2 +

∫

B(aj ,ρ)

div(
1
p
∇Sj)Sj

+ djp(aj)logρ

∫

B(aj ,ρ)

div(
1
p
∇Sj)

+
djp(aj)

ρ

∫

∂B(aj ,ρ)

1
p
Sj +

∫

∂B(aj ,ρ)

1
p

d2
jp(aj)2

ρ
logρ.

We have ∫

∂B(aj ,ρ)

1
p

d2
jp(aj)2

ρ
Logρ = 2πd2

jp(aj)logρ + O(ρ2logρ).

We easily deduce from (3.13)
∫

B(aj ,ρ)

div(
1
p
∇Sj)Sj = O(ρ)
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and
logρ

∫

B(aj ,ρ)

div(
1
p
∇Sj) = O(ρlogρ).

We deduce from (3.13) that Sj is in W 1,p(V (aj)), where V (aj) is a neighborhood of aj ,
for all p < 2. In particular, Sj is continous in V (aj) and ∇Sj is in L2(V (aj)). Then we
have ∫

B(aj ,ρ)

1
p
|∇Sj |2 = o(1)

and
djp(aj)

ρ

∫

∂B(aj ,ρ)

1
p
Sj = 2πdjSj(aj) + o(1).

We deduce from these estimates combining with (3.10) and (3.14) that
∫

Ωρ

p|∇u0|2 = W (a, d, g) + π
∑

i

d2
i p(ai)log

1
ρ

+ o(1)

and we have proved Lemma 3.3.
Let uρ be the unique minimizer for the problem

min
u∈Eρ

∫

Ωρ

p|∇u|2

where

Eρ = {v ∈ H1(Ωρ, S
1), v = g on ∂G and for all i there is αi with |αi| = 1 such that

v(z) =
αi

ρdi
(z − ai)di on ∂B(ai, ρ)}.

We have the following lemma LEMMA 3.4.

1
2

∫

Ωρ

p|∇uρ|2 = π
∑

i

d2
i p(ai)log

1
ρ

+ W + o(1).

Proof of Lemma 3.4. We know that (see [BBH]2)
∫

Ωρ

p|∇uρ|2 =
∫

Ωρ

1
p
|∇Φρ|2

where Φρ is defined by

(3.15)





uρ × ∂uρ

∂x1
= −1

p

∂Φρ

∂x2
in G\ ∪i {ai}

uρ × ∂uρ

∂x2
=

1
p

∂Φρ

∂x1
in G\ ∪i {ai}
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and Φρ is the solution of the linear problem

(3.16)





div(
1
p
∇Φρ) = 0 in Ωρ

1
p

∂Φρ

∂ν
=

di

ρ
on ∂B(ai, ρ) i = 1, ..., k.

1
p

∂Φρ

∂ν
= g × gτ on ∂G.

We normalize Φρ by
∫

∂G
Φρ = 0. We define T ρ

j , j = 1, ..., k, by

(3.17)





div(
1
p
∇T ρ

j ) = −∇1
p
.∇log|x− aj | in G\B(aj , ρ)

p(aj)
∂T ρ

j

∂ν
=

p(x)− p(aj)
ρ

on ∂B(aj , ρ)

1
p

∂T ρ
j

∂ν
= mρ

j on ∂G.

The constant mρ
j is defined by

(3.18) mρ
j . mes(∂G) =

∫

∂B(aj ,ρ)

p(x)− p(aj)
ρp(x)p(aj)

−
∫

G\B(aj ,ρ)

∇1
p
.∇log|x− aj |.

Set

(3.19) Ψρ = Φρ −
∑

j

p(aj)dj(log|x− aj |+ T ρ
j ).

The function Ψρ satisfies

(3.20)





div(
1
p
∇Ψρ) = 0 in Ωρ

1
p

∂Ψρ

∂ν
= g × gτ − 1

p

∑

j

djp(aj)
∂

∂ν
(log|x− aj |+ T ρ

j ) on ∂G

1
p

∂Ψρ

∂ν
= −1

p

∑

j 6=i

djp(aj)
∂

∂ν
(log|x− aj |+ T ρ

j ) on ∂B(ai, ρ) i = 1...k.

Let

(3.21) gi = −1
p

∑

j 6=i

djp(aj)
∂

∂ν
(log|x− aj |+ T ρ

j ) on ∂B(ai, ρ) i = 1, ..., k
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and

(3.22) fρ = g × gτ − 1
p

∑

j

djp(aj)
∂

∂ν
(log|x− aj |+ T ρ

j ) on ∂G.

We have

(3.23)
∫

∂B(ai,ρ)

gi = −
∑

j 6=i

p(aj)dj

∫

∂B(ai,ρ)

div(
1
p
∇(log|x− aj |+ T ρ

j )) = 0 i = 1, ..., k

by (3.17), and then

(3.24)
∫

∂G

fρ = 0.

Let Ψ∗ρ be defined by

(3.25)





∂Ψ∗ρ
∂x1

= −1
p

∂Ψρ

∂x2
in Ωρ

∂Ψ∗ρ
∂x2

=
1
p

∂Ψρ

∂x1
in Ωρ.

Note that Ψ∗ρ is well defined globally on Ωρ since
∫
Γ

1
p

∂Ψρ

∂ν = 0 for each connected compo-
nent Γ of ∂G, by (3.23) and (3.24). The function Ψ∗ρ satisfies

(3.26)





div(p∇Ψ∗ρ) = 0 in Ωρ

∂Ψ∗ρ
∂τ

= fρ on ∂G

∂Ψ∗ρ
∂τ

= gi on ∂B(ai, ρ) i = 1, ..., k.

Then we have

(3.27)





div(p∇Ψ∗ρ) = 0 in Ωρ

Ψ∗ρ = Fρ on ∂G

Ψ∗ρ = Gi on ∂B(ai, ρ) i = 1, ..., k
∫

∂B(ai,ρ)

p
∂Ψ∗ρ
∂ν

= 0 i = 1, ..., k

where Fρ and Gi are primitives of fρ and gi on ∂G and ∂B(ai, ρ) respectively. We deduce
from (3.22) and (3.18) that we can extract a subsequence still denoted fρ such that fρ

converges uniformly on ∂G to a function f as ρ tends to 0. Let F be the limit of Fρ as ρ
tends to 0. Then we have ∂F

∂τ = f . Let Ψ∗ be the solution

(3.28)

{
div(p∇Ψ∗) = 0 in G

Ψ∗ = F on ∂G.
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We have to apply the following lemma to Ψ∗ρ−Ψ∗ (the proof of this lemma is the same as
the proof of Lemma 1.4 in [BBH]2). LEMMA 3.5. Let v be a function satifying





div(p∇v) = 0 in Ωρ∫

∂B(aj ,ρ)

p
∂v

∂ν
= 0 j = 1, ..., k

then
sup
Ωρ

v − inf
Ωρ

v ≤
∑

j

( sup
∂B(aj ,ρ)

v − inf
∂B(aj ,ρ)

v) + sup
∂G

v − inf
∂G

v.

Applying Lemma 3.5 to v = Ψ∗ρ −Ψ∗ we have

||Ψ∗ρ −Ψ∗||L∞(Ωρ) ≤
∑

j

sup
∂B(aj ,ρ)

(Gj −Ψ∗)− inf
∂B(aj ,ρ)

(Gj −Ψ∗)

+ sup
∂G

(F − Fρ)− inf
∂G

(F − Fρ).

Since ||gj ||L∞(∂B(aj ,ρ)) ≤ C, we have

(3.29) ||Ψ∗ρ −Ψ∗|| = O(ρ).

¿From (3.27), (3.28), (3.29) and standard elliptic estimates we deduce that for every com-
pact subset K ⊂ G\ ∪j {aj} we have

(3.30) ||∇(Ψ∗ρ −Ψ∗)||L∞(K) ≤ CKρ.

Let Ψ be defined as a solution of

(3.31)





∂Ψ
∂x1

= p
∂Ψ∗

∂x2
in G

∂Ψ
∂x2

= −p
∂Ψ∗

∂x1
in G

so that Ψ satisfies

(3.32)





div(
1
p
∇Ψ) = 0 in G

1
p

∂Ψ
∂ν

= f on ∂G.

Define R0 = Φ0 −
∑

j p(aj)dj(log|x− aj |+ T j) where T j is a solution of

(3.33)





div(
1
p
∇T j) = −∇1

p
.∇log|x− aj | in G

1
p

∂T j

∂ν
= mj on ∂G.
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The constant mj is the limit of mρ
j as ρ tends to 0. The function R0 verifies (3.32). Since

the solution of (3.32) is unique up to an additive constant we may choose Ψ = R0. From
(3.25) and (3.31) we conclude that

(3.34) ||∇(Ψρ −R0)||L∞(K) ≤ CKρ.

By our normalization choice we have

(3.35)
∫

∂G

(Ψρ −R0) = 0.

It follows from (3.34) and (3.35) that

(3.36) ||Ψρ −R0||L∞(K) ≤ CKρ.

In particular we have

(3.37) ||Ψρ −R0||L∞(∂G) ≤ CKρ.

We have now to prove

(3.38) ||Ψρ||L∞(∂B(ai,ρ)) ≤ C.

Set
ωi(x) =

∑

i 6=j

p(aj)dj(log|x− aj |+ T ρ
j ).

Fix α > 0 so that B(ai, α) ⊂ G and B(ai, α) does not contain any other point aj , j 6= i.
From (3.20) and (3.17) we deduce that

div(
1
p
∇(Ψρ + ωi)) = 0 in B(ai, α)\B(ai, ρ)

and
∂

∂ν
(Ψρ + ωi) = 0 on ∂B(ai, ρ).

It follows from the maximum principle that

||Ψρ + ωi||L∞(B(ai,α)\B(ai,ρ)) ≤ ||Ψρ + ωi||L∞(∂B(ai,α)) ≤ C.

In particular
||Ψρ + ωi||L∞(∂B(ai,ρ)) ≤ C

and this implies (3.38).
Proof of Lemma 3.4 completed. We have

∫

Ωρ

p|∇uρ|2 =
∫

Ωρ

1
p
|∇Φρ|2
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and

(3.39)

∫

Ωρ

1
p
|∇Φρ|2 =

∫

Ωρ

1
p
|∇Ψρ|2 + 2

∫

Ωρ

1
p
∇Ψρ.∇(

∑

j

p(aj)dj(log|x− aj |+ T ρ
j ))

+
∫

Ωρ

1
p
|∇

∑

j

p(aj)dj(log|x− aj |+ T ρ
j )|2.

We have ∫

Ωρ

1
p
|∇Ψρ|2 =

∫

∂G

fρΨρ −
∑

j

∫

∂B(aj ,ρ)

gjΨρ.

Using (3.37) and (3.38) , we obtain

(3.40)
∫

Ωρ

1
p
|∇Ψρ|2 =

∫

Ωρ

1
p

∂Ψρ

∂ν
R0 + O(ρ).

We conclude, using (3.40) and (3.34)

(3.41)
∫

Ωρ

1
p
|∇Ψρ|2 =

∫

Ωρ

1
p
|∇R0|2 + O(ρ).

Integrating by parts we have

(3.42)

∫

Ωρ

1
p
∇(Ψρ −R0).∇

∑

j

p(aj)dj log|x− aj |

= −
∑

i

∫

∂B(ai,ρ)

(gi − 1
p

∂R0

∂ν
)
∑

j

p(aj)dj log|x− aj |

+
∫

∂G

(fρ − f)
∑

j

p(aj)dj log|x− aj |.

.

We deduce from (3.42) that

(3.43)
∫

Ωρ

1
p
∇(Ψρ −R0).∇

∑

j

p(aj)dj log|x− aj | = O(ρlogρ).

We now estimate

(3.44)

∫

Ωρ

1
p
∇(Ψρ −R0).∇T ρ

i

= −
∫

Ωρ

(Ψρ −R0)div(
1
p
∇T ρ

i ) +
∫

∂Ωρ

(Ψρ −R0)
1
p

∂T ρ
i

∂ν

= −
∫

Ωρ

(Ψρ −R0)div(
1
p
∇Ti) +

∫

∂Ωρ

(Ψρ −R0)
1
p

∂Ti

∂ν

+
∫

∂G

(Ψρ −R0)(
1
p

∂(T ρ
i − T i)
∂ν

)−
∑

i

∫

∂B(ai,ρ)

(Ψρ −R0)(
1
p

∂(T ρ
i − T i)
∂ν

).
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Using (3.17), (3.18) and (3.33) we have

(3.45)
∂(T ρ

i − T i)
∂ν

= O(ρ).

On the other hand, we have by (3.17) and (3.33)

(3.46) |∂T ρ
i

∂ν
| ≤ C and T i ∈ W 2,p(G) for all p < 2.

We deduce from (3.44), (3.45) and (3.46), using

||Ψρ −R0||L∞(∂B(ai,ρ)) ≤ C

and (3.37) that

(3.47)
∫

Ωρ

1
p
∇(Ψρ −R0).∇T ρ

i =
∫

Ωρ

1
p
∇(Ψρ −R0)∇T i + o(1).

¿From (3.47) and the fact that T i ∈ W 2,p for all p < 2 we deduce that

(3.48)
∫

Ωρ

1
p
∇(Ψρ −R0).∇T ρ

i = o(1).

¿From (3.43) and (3.48) we deduce

(3.49)
∫

Ωρ

1
p
∇(Ψρ −R0).∇

∑

j

p(aj)dj(log|x− aj |+ T ρ
j ) = o(1).

We deduce from (3.39), (3.41) and (3.49) that

(3.50)

∫

Ωρ

1
p
|∇Φρ|2 =

∫

Ωρ

1
p
|∇R0|2 + 2

∫

Ωρ

1
p
∇R0.∇(

∑

j

p(aj)dj(log|x− aj |+ T ρ
j ))

+
∫

Ωρ

1
p
|∇

∑

j

p(aj)dj(log|x− aj |+ T ρ
j )|2 + o(1).

On the other hand we have from the definition of R0

(3.51)
∫

Ωρ

1
p
|∇Φ0|2 =

∫

Ωρ

|∇(R0 +
∑

j

djp(aj)(log|x− aj |+ T j))|2.

¿From (3.50) and (3.51) we deduce

(3.52)

∫

Ωρ

1
p
|∇Φρ|2 =

∫

Ωρ

1
p
|∇Φ0|2

− 2
∫

Ωρ

1
p
∇R0.∇

∑

j

djp(aj)(T
ρ
j − T j)−

∫

Ωρ

1
p
|∇

∑

j

djp(aj)(T
ρ
j − T j)|2

− 2
∫

Ωρ

1
p
∇

∑

j

djp(aj)log|x− aj |.∇(T ρ
j − T j) + o(1).
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Integrating by parts we deduce from (3.52)

(3.53)

∫

Ωρ

1
p
|∇uρ|2 =

∫

Ωρ

1
p
|∇Φ0|2 + 2

∑

j

djp(aj)
∫

∂Ωρ

1
p
R0

∂

∂ν
(T ρ

j − T j)

∑

j

djp(aj)
∫

∂Ωρ

(T ρ
j − T j)

1
p

∂

∂ν
(T ρ

j − T j)

+
∑

j

djp(aj)
∫

∂Ωρ

log|x− aj |1
p

∂

∂ν
(T ρ

j − T j) + o(1).

We deduce from (3.53), combining with (3.46) that
∫

Ωρ

1
p
|∇Φρ|2 =

∫

Ωρ

1
p
|∇Φ0|2 + o(1).

Applying Lemma 3.3, we obtain the desired conclusion.
Proof of Lemma 3.1. We apply Lemma 3.4 to the configuration a. This yields, for

every ρ < ρ0, some map uρ on ∂G , uρ(z) = αi
z−aj

|z−aj | on ∂B(aj , ρ) with |αj | = 1 and

1
2

∫

Ωρ

p|∇uρ|2 = π
∑

j

p(aj)log
1
ρ

+ W (a) + o(1).

On the other hand, for each j we may find some vj from B(aj , ρ) in C such that vj(z) =
αi

z−aj

|z−aj | on ∂B(aj , ρ) with |αj | = 1 and

1
2

∫

B(aj ,ρ)

p|∇vj |2 +
1

4ε2

∫

B(aj ,ρ)

p(|vj |2 − 1)2 = I(aj , ε, ρ, p).

Set ω = uρ in Ωρ and ω = vj in B(aj , ρ), j = 1, ..., d.
We see that

Eε(ω) =
∑

j

I(aj , ε, ρ, p) + W (a) + π
∑

i

p(ai)log
1
ρ

+ o(1).

We have the desired conclusion.
Proof of Lemma 3.2. Recall that uεn converges in H1

loc(G\∪j{aj}) to u∗ and therefore,
for every fixed ρ < ρ1 , 1

2

∫
Ωρ

p|∇uεn |2 tends to 1
2

∫
Ωρ

p|∇u∗|2 . In particular, there is an
integer N1 = N1(ρ) such that, for every n > N1 ,

(3.54)
1
2

∫

Ωρ

p|∇uεn |2 ≥
1
2

∫

Ωρ

|∇u∗|2 − ρ2.

On the other hand we have by Lemma 3.3 that

(3.55)
1
2

∫

Ωρ

p|∇u∗|2 = π
∑

j

p(aj)log
1
ρ

+ W (a) + o(1).
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Combining (3.54) and (3.55) we see that, for n ≥ N1(ρ) we have

(3.56)

1
2

∫

Ωρ

p|∇uεn
|2 +

1
4ε2

n

∫

Ωρ

p(|uεn
|2 − 1)2

≥ π
∑

j

p(aj)log
1
ρ

+ W (a) + o(1).

We now turn to energy estimates on the balls B(aj , ρ). We claim that given any ρ, ρ < ρ1

there is an integer N2(ρ) such that, for n ≥ N2

(3.57)

1
2

∫

B(aj ,ρ)

p|∇uεn
|2 +

1
4ε2

n

∫

B(aj ,ρ)

p(|uεn
|2 − 1)2

≥ I(aj , εn, ρ, p) + O(ρ).

Combining (3.56) and (3.57) we are led to the conclusion of Lemma 3.2.
Proof of Claim (3.57). The proof is directly adapted from the proof of Claim (10) in

[BBH]2 chap.8. We know that, given any ρ < ρ1, we may find some integer N3(ρ) such
that, for every N ≥ N3 we have

(3.58) ||uεn − u∗||L∞(B(aj ,ρ)\B(aj , ρ
2 )) ≤ ρ2

and

(3.59) ||∇uεn −∇u∗||L∞(B(aj ,ρ)\B(aj , ρ
2 )) ≤ ρ.

We may also assume that, for n ≥ N3, we have

(3.60)
1− |uεn |2

ε2
n

≤ |∇u∗|2 + 1 in B(aj , ρ)\B(aj ,
ρ

2
).

We know that near each aj we have

u∗(z) = ei(θ+Hj(z))

where Hj is some smooth function near aj . Thus we have

(3.61) |∇u∗| ≤ 2
ρ

+ O(1) in B(aj , ρ)\B(aj ,
ρ

2
).

Combining (3.60) and (3.61) we find, for n ≥ N3

(3.62)
1− |uεn |2

ε2
n

≤ Cρ2 + C1 = K(ρ) in B(aj , ρ)\B(aj ,
ρ

2
)
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where C and C1 denote constants independant of n and ρ. Consider the map

(3.63) ωn(z) = (
2|z − aj |

ρ
− 1)(u∗(z)− uεn

(z)) + uεn
(z)

defined for z ∈ B(aj , ρ)\B(aj ,
ρ
2 ) . We have

LEMMA 3.6. There is an integer N4(ρ) such that for every n ≥ N4 we have

(3.64) ||ωn − uεn
||L∞(B(aj ,ρ)\B(aj , ρ

2 )) ≤ Cρ2,

(3.65) ||∇ωn −∇uεn ||L∞(B(aj ,ρ)\B(aj , ρ
2 )) ≤ Cρ

and

(3.66) |ωn(z)|2 ≥ 1− Cρ4 in B(aj , ρ)\B(aj ,
ρ

2
).

Proof of Lemma 3.6. We have by (3.63)

|ωn(z)− uεn(z)| ≤ |u∗(z)− uεn(z)|

and (3.64) follows from (3.58). Differentiating (3.63) we see that

|∇ωn(z)−∇uεn(z)| ≤ C

ρ
|u∗ − uεn |+ |∇u∗ −∇uεn |

and (3.65) follows from (3.58) and (3.59). The proof of (3.66) relies on the following variant
of the parallelogram identity

(3.67)
|ta + (1− t)b|2 = t|a|2 + (1− t)|b|2 − t(1− t)(a− b)2

≥ t|a|2 + (1− t)|b|2 − 1
4
|a− b|2 for all t in [0, 1].

We apply (3.67) with a = u∗(z) , b = uεn(z) and t = 2|z−aj |
ρ − 1. This yields, using (3.62)

(3.68) |ωn(z)|2 ≥ 1− 2K(ρ)ε2
n −

1
4
|u∗(z)− uεn(z)|.

We finally choose N4(ρ) ≥ N3(ρ) such that

(3.69) K(ρ)ε2
n ≤ ρ4 for all n ≥ N4(ρ)

and then (3.66) follows from (3.68), (3.69) and (3.58). We may return to the proof of
Claim (3.57).

Proof of Claim (3.57) completed. We set

(3.70) R = R(n, ρ) = (1−K(ρ)ε− n2)
1
2 .
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We may assume that n ≥ N4(ρ) and ρ < 1 so that R is well defined. Consider the map
P = P (n, ρ) from C\{0} into itself defined by

Pζ = ζ if |ζ| ≥ R and ||∇P (ζ)|| = R

|ζ| if |ζ| < R.

We have

(3.71) ||∇P (ζ)|| = 1 if |ζ| ≥ R and ||∇P (ζ)|| = R

|ζ| if |ζ| < R.

Consider the map vn from B(aj , ρ) into C defined by

(3.72)





vn(z) = uεn(z) if z ∈ B(aj ,
ρ

2
)

vn(z) = Pωn(z) if z ∈ B(aj , ρ)\B(aj ,
ρ

2
).

On ∂B(aj , ρ) we have
vn(z) = u∗(z).

It follows from the definition of I(aj , εn, ρ, p) that

(3.73)
1
2

∫

B(aj ,ρ)

p|∇vn|2 +
1

4ε2
n

∫

B(aj ,ρ)

p(|vn|2 − 1)2 ≥ I(aj , εn, ρ, p).

(Note that on ∂B(aj , ρ) , ωn = uεn and thus vn = uεn , since |uεn | ≥ R by (3.62), hence
vn ∈ H1(B(aj , ρ)) . From (3.72) and (3.73) we deduce that

(3.74)
1
2

∫

B(aj ,ρ)

p|∇uεn |2 +
1

4ε2
n

∫

B(aj ,ρ)

p(|uεn |2 − 1)2 ≥ Iaj (εn, ρ)− U − V

where

(3.75) U =
1
2

∫

B(aj ,ρ)\B(aj , ρ
2 )

p(|∇vn|2 − |∇uεn |2)

and

(3.76) V =
1

4ε2
n

∫

B(aj ,ρ)\B(aj , ρ
2 )

p((|vn|2 − 1)2 − (|uεn |2 − 1)2).

We first estimate V . Since |ωn| ≤ 1 we have R ≤ |vn| ≤ 1 and therefore

(|vn|2 − 1)2 ≤ (1−R2)2 = K2(ρ)ε4
n.

It follows from (3.62) and (3.69) that

(3.77) V ≤ πρ2K2(ρ)ε2
n ≤ Cρ4 for every n ≥ N4(ρ).
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We now estimate U . We have in B(aj , ρ)\B(aj ,
ρ
2 )

(3.78) |∇vn|2 ≤ ||∇P (ωn)||2|∇ωn|2 ≤ 1
1− Cρ4

|∇ωn|2

by (3.71) and (3.66). From (3.77) and (3.65) we deduce that

(3.79) |∇vn|2 ≤ 1
1− Cρ4

(|∇uεn |2 + 2Cρ|∇ωn|2 + C2ρ2).

Hence

(3.80) |∇vn|2 − |∇uεn
|2 ≤ C(ρ4|∇uεn

|2 + ρ|∇uεn
|+ ρ2).

On the other hand it follows from (3.61) that

(3.81) ||∇u∗||L∞(B(aj ,ρ)\B(aj , ρ
2 )) ≤

C

ρ
.

Combining (3.80) and (3.59) we are led to

(3.82) ||∇uεn ||L∞(B(aj ,ρ)\B(aj , ρ
2 )) ≤

C

ρ
.

Going back to (3.80) we obtain

(3.83) U ≤ Cρ2.

The desired estimate (3.57) with N2(ρ) = N4(ρ) follows from (3.74), (3.77) and (3.83).
Proof of Theorem 1.3 completed. Using Lemma 3.1 and Lemma 3.2 we obtain for

ρ < min(ρ0, ρ1) and n ≥ N(ρ)

(3.84)
∑

i

I(ai, εn, ρ, p) + W (a) ≤
∑

i

I(ai, εn, ρ, p) + W (a) + o(1)

where o(1) stands for a quantity that tends to 0 as ρ tends to 0 and that depends only on
a and g. Recall that

I(ai, ε, ρ, p) = min
u∈Ei

{1
2

∫

Bi

p|∇u|2 +
1

4ε2

∫

Bi

p(1− |u|2)2}

where
Ei = {u ∈ H1(Bi) u = α

z − ai

|z − ai| on ∂Bi} ; Bi = B(ai, ρ).

Set
I∗(ε, ρ) = I(ai, ε, ρ, 1).
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Using [BBH]2 we have

(3.85) I∗(ε, ρ) = πlog
ρ

ε
+ γ + o(1)

where o(1) tends to 0 as ε tends to 0 and ρ is fixed and γ is an universal constant.
We have

(3.86) I(ai, ε, ρ, p) ≥ p0I
∗(ε, ρ) = πp0log

ρ

ε
+ γp0 + o(1).

On the other hand, let ui(x) be the map that realizes I(ai, ε, (ερ)
1
2 , 1) and set

u(x) = ui(x) on B(ai, (ερ)
1
2 )

and
u(x) =

x− ai

|x− ai| on B(ai, ρ)\B(ai, (ερ)
1
2 ).

We have

I(ai, ε, ρ, p) ≤ 1
2

∫

B(ai,(ερ)
1
2 )

p|∇u|2 +
1

4ε2

∫

B(ai,(ερ)
1
2 )

p(1− |u|2)2

+
1
2

∫

B(ai,ρ)\B(ai,(ερ)
1
2 )

p(x)
|x− ai|2 .

Since
|p(x)− p(ai)| ≤ C(ερ)

1
2 for x ∈ B(ai, (ερ)

1
2 )

we obtain
I(ai, ε, ρ, p) ≤ (p0 + C(ερ)

1
2 )I∗(ε, (ερ)

1
2 ) + πp(ai)Log

ρ

(ρε)
1
2

+
1
2

∫

B(ai,ρ)\B(ai,(ερ)
1
2 )

|p(x)− p(ai)|
|x− ai|2 .

Thus
I(ai, ε, ρ, p) ≤ (p0 + C(ερ)

1
2 )I∗(ε, (ερ)

1
2 ) + πp(ai)log

ρ

(ερ)
1
2

+ o(1)

where o(1) stands for a quantity that tends to 0 as ε or ρ tends to 0. Using (3.85) we
obtain

(3.87) I(ai, ε, ρ, p) ≤ πp0log
ρ

ε
+ p0γ + o(1)

where o(1) tends to 0 as ε tends to 0 and ρ is fixed. Combining (3.86) and (3.87) we have

(3.88) I(ai, ε, ρ, p) = πp0log
ρ

ε
+ p0γ + o(1)
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where o(1) tends to 0 as ε tends to 0 and ρ is fixed. Inserting (3.88) in (3.84) and passing
to the limit first as ε tends to 0 and then as ρ tends to 0, we obtain the desired conclusion.

Acknowledgements: we are grateful to Professor H.Brezis for his advice and en-
couragements. We thank Professor I.Shafrir for stimulating discussions.

REFERENCES

[AS] N.ANDRE and I.SHAFRIR, C.R. Acad. Sci. Paris, 1995.

[BH] A.BEAULIEU and R.HADIJI, Asymptotics for minimizers of a class of
Ginzburg-Landau equations with weight, C.R. Acad. Sci. Paris, t. 320, Série I, 1995.
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