ON A CLASS OF GINZBURG - LANDAU EQUATIONS
WITH WEIGHT.

Anne BEAULIEU - Rejeb HADIJI

1. Introduction.

Let G be the unit disc in R? and let p be a smooth map from G into R such that
a < p(x) < pforallz € G, a>0,3>0. Fix a boundary condition ¢ from OG into S*
which is smooth. Set d = deg(g,0G) and suppose that d > 0. Consider the Ginzburg-
Landau type functional

1 1
B = 5 [ Vel + o5 [ 01—’

which is defined for maps u in the class
1 _ 1 ) _
H (G,C)={ue H (G,C) ; u=g on OJG}.
It is easy to see that the minimization problem

in
urglf?; 5(“6)

is achieved by some u. that is smooth and satisfies the Euler equation

. P 2
—div(pVu,) = Sus(1 — |ue on @
- (1Vue) = el ~ Jucl?)

us. =g on O0G.

In the case where p = 1, this problem was studied by F. Bethuel, H. Brezis and F. Helein
in [BBH|; and [BBH]s. Our work is motivated by problem 4 in [BBH]; : study the
asymptotic behavior for minimizing solutions of (1.1) in the case where p(z1,z2) = x; and
G ={(z1,22) € R? ; (1 —1)?+23 < R?}, R < 1. This arises when dealing with the
cross section of a 3-dimensional solid torus having axial symmetry.

In the case where d = 0 we have exactly the same result as in [BBH];. Suppose that
d> 0. Set

po = minp(x).
zelG
Define
A ={xeG ; p(z)=po}

and

Ay={reG ; p(x)=po}.
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Our results concern two cases

(1.2) cardAy > d

(1.3) Ay = {al.

In this paper we study the problem of the convergence of (u.) to some limit uy and the
singularities of ug. Our main results concerning the convergence of (u.) are the following

THEOREM 1.1. Assume that cardAs > d. Then there exist a subsequence &,
tending to 0 and exactly d points aq,...,aq € Ay such that (u., ) converges to a map
up € C*(G\{a;},S*) in C1*(G\{a;}) for all & < 1. The map ug is defined by

zZ—aq Z=ad 4

up(2) = e
0(2) |z —a1| |z — a4l
and
(1.4) —div(pVe¢) = Vp.(VO +...+V8,;) in G
' ¢=¢g on IOG

where e

0, = 7% g 1=1,....d,

|z — aj
Vo = (- Chl LYY Where ap=ap+ife k=1,...d
|z —ak|’ |z — a|

and
(1.5) %0 = |z—a1|“ |Z_ad|g(z) on OG.

z—ay  z—ay

THEOREM 1.2. Suppose that A; = {a}. Then we have
(i) If a € G, the whole sequence (u.) converges in C*(G\{a}) for all « < 1 to the
map

zZ—aQa ;
UO(’Z) = (‘Z _ a|)2de’b¢

where ¢ is defined by

(1.7) {—div(pvqb)zva.ve in G

o=¢y on O0G

and ¢q is such that for all z in 0G

(1.8) ei¢o _ g(Z)



(ii) If a € G we have the same conclusion as in (i) except that to replace 2d by d in (1.6),
(1.7) and (1.8).
REMARK 1.1. The definition of ¢¢ in (1.8) is justified by the fact that, if a € G we

have
zZ—a

( )24 = (—az)? for all z in OG.

|2 —al

By Theorem 1.1, we know that the singularities are in A,. Our next result tells us
where to find them in A,. For this purpose, let introduce, as in [BBH]s the renormalized
energy W (a, d, g, p) associated to a given configuration @ = (@, ..., @) of distinct points in
G with associated degrees d = (dy, ...,dy) € Z* such that Zle d; = d. We define

k
1
W(a,d,g,p) = -y _ p(a;)d;d;logla; — a;| + —/ Bo(g x g-) — 7 Y _ d;Ro(a;)
j#i 2 Joc j=1

where ®( is the unique solution of
( k

1
div(—V(I)g) = 27’(’2 diaai on G
p i=1

109
(1.9) —Q =gxg, on OG

p Ov

/ q)o - 0

\ oG
and
k

(110) RO = q)o — Z dzp(az)logkc — Ei].

i=1
The localization of the points (a;) in Theorem 1.1 is governed by
W =W((a,...,aq),(1,...,1),9,p)

through the following

THEOREM 1.3. Let (ay,...,aq) be as in Theorem 1.1. Then (ay, ..., a4) minimizes W
on A4

These results were announced in [BH]. The same problem, under more general assump-
tions, has been recently considered by N. André and I. Shafrir, see their announcement

[AH].
2. The convergence of (u. ).

2.1. Proof of Theorem 1.1.



Using the same proof as in [ST] we obtain
(2.1) = G(l —|uc[?)? < C = C(p, g).

As in [BBH]z, we have the existence of A > 0 and a collection of balls B(z5, A¢), j = 1,...,J
with J < Jy independently of € such that

— 1 -
{red ; \ue(x)\gﬁ} C szlB(a:j,)\e).

Given any subsequence ¢, tending to 0 we may assume that xj" tend to b; € G for
j: 1,,N, bz 7517] fOI"L?éj

The convergence of a subsequence (u., ) is an adaptation of results of [BBH|;. The
next two lemmas are still valid when cardAy < d.

LEMMA 2.1. For every o > 0 small enough there exists a constant C = C(0o,p, g)
such that

1
(2.2) E.(u:) < md(po + a)logg +C.
Proof of Lemma 2.1. Let ¢ > 0 be small enough. There exist p > 0 and d distinct

points 1, ..., 4 in G such that p(x) < po+o = py, for all x € B(z;,p) = B; and B;NB; =)
for i # j. Consider

.1 2, 1 2\2
(2.3) Iawepp) = min(s [ EACE =Y LR
where
r — T;
Ei={uec H (B;) ; u= P on 0B;}.

We have as in [BBH]
I(a;2,p,p) < 7p(x:)log” + C.

Set
r —T;

u(z) = in 0B, i=1,....d

|z — 2]
u(x) =v;e on B;

lul=1 on G\UL, B

where v;. is a minimizer for the problem (2.3). We have

d
1
B <Ew=3 [ sV + 3 Hawe o)
G\UL_, B;

=1

1
< wdpylog= + C.
€
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REMARK 2.2. In the case where cardA> > d we can take z; € Ay and we obtain
1

(2.4) E.(us) < mwdpolog— + C.
€

LEMMA 2.2. Suppose that deg(ue, ,0B(bj,p)) = d;j # 0 . Then we have b; € A;.
Proof of Lemma 2.2. Arguing by contradiction, suppose that there exist b; ¢ Ay and
Py > po such that
p(z) > py for all z € B(b;, p);

we choose p > 0 such that B(b;, p) N B(bj,p) = 0 for i # j. Since we have (2.1), using a
result of [HS] we obtain

1

(2.5) 3 [ bVl = wldslpglog? - €
2 JB(b;.) €

where C' depends only on g. On the other hand, we have for kK # j, k=1,.... N

1

(2.6) ! / p|Vue? > wldxlpolog? — C.
2 JB(br.p) €

Combining (2.2), (2.5) and (2.6) we obtain a contradiction for o small enough and this
completes the proof of Lemma 2.2.
Using Lemma 2.1 and (2.6) for k =1, ..., N we deduce that

N
Sl < 2%,
=1 Po

Then we have d; > 0 for all j. On the other hand we can prove as in [BBH]s, ch.6 that
d; = 1 and that we have the convergence of (ue, ) to u, in C1*°*(G\{a1, ...,aq} for all a < 1
where a; € Ay. The limit u, satisfies

—div(pVu,) = pu|Vue|* in G\{ay,...,aq}
(2.7)
uy =g on OG.
We have
(2.8) deg(u«,a;) =1 j=1,...d

and, as in [BBH],, Appendix 4

(2.9) div(pux X Vu,) =0 in D'(G)
and
(2.10) u, € WHP(G)  for all p < 2.
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Since u, satisfies (2.6) and (2.7) we can write

(2.11) ue(z) = 2 270 g

N |z —a1] |z — a4l

where ¢ verifies

(2.12) { —div(pVe¢) = Vp.(Vl, + ...+ Vb;) in G\{a,...,aq}

gﬁ = gbo on O0G.
It follows from (2.10) and (2.11) that
(2.13) div(pus X Vu,) = div(pVe) + Vp.(VO, + ...+ V) in D'(G).

¢From (2.9) and (2.13) together with (2.12) we obtain (1.4) and (1.5). This concludes the
proof of Theorem 1.1.

2.2. Proof of Theorem 1.2.

We give the proof of part (i) , we can use the same method as in (i) to obtain (ii).

The proof of Theorem 1.2. is based on the following upper bound for the energy of
(ue) away from the absolute minimum of p. Let (u.) be any minimizer for (1.1) and let us
denote by a = (a,0) the absolute minimum of p. Suppose that there is no point b; having
degree 0. We will see later that this is hold (see Remark 2.2). THEOREM 2.1. There
exists a constant C' > 0 depending only on R and g such that for any p > 0 we have

1 1
(2.14) —/ p|Vue|* < 2nd*p(a)log= + C.
2 Ja\B(ap) p
The proof of Theorem 2.1 relies on precise lower and upper bounds for E.(u.). We
start by the following proposition, where z(¢) << y(¢) means that lim._, % = 0.

PROPOSITION 2.1. Let 01(e) << ... << og+1(€) be k + 1 positive numbers such
that o;(¢) tend to 0 as € tends to 0 for ¢ = 1, ..., k and such that op4; = % Let dq, ..., dy

be k integers satisfying Zzzlf d; = d. Then there exists a constant C' = C(p, g) such that

1 i=k

3 IVl <73 000) + @ fog "

2p(0) LY dos” ) w0

Proof of Proposition 2.1. We need some preliminary results. First we have LEMMA
2.3. Let a = (a1,a2) € G and p > 0 such that B(a, p) C G. Let v. be any minimizer for

1

1
I — : - \V4 2 _ 1— 2\2
<a’ e p) uGH;on(lél(a,p)) 2 /;(wp) p| U| i 4e? p( |U| ) }

B(a,p)
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where ug = CO%Z\ and |Cp| = 1. There exists a constant C' > 0 independing on p such
that

1 2 P
(2.15) = p|Vu:|* < mp(a)log= + C.

2 JB(ap) €

Proof of Lemma 2.3. We use the same idea as in [BBH ], , Theorem 3.1. Let 0 < e < p
be given. Let up be a minimizer for I(a, 1,¢,p). Set

u(z) =up(x) if x € Bla,e)

r —a .
u(z) = Cy ] if x € Bl(a,p)\B(a,¢).
We have
Iaepn) <5 [ plVuol+ o [ pll-uofy
2 JB(a,p) 4e® JB(a,e)

1
L1 / _p@)
2 JB(a,p)\B(a,e) |7 —al
P 1 1 / 2\2
< I(a,1 log? + (- — ~ 1-
< It en) +mplaios + (=) [ p(1= )
< Wp(a)logg +C.

LEMMA 2.4. Let o > 0. We have

1 1
(2.16) 5/ p|Vu|? < md(p(a) + or)logz + 21d?*p(a)log= + C
G g g
where C' depends only on g.
Proof of Lemma 2.4. We can suppose that a is on the horizontal axis. Let a = (a,0)
and let a + 0 = (a + 0,0). Let x4, ..., 24 be d distinct points in

Bla+o,0)N{(z1,72) € R* ; x5 =0}.

Fix p > 0 such that B(xz;,p) N B(x;,p) = 0, for all i # j. Consider the function u from
B(a + 0,0) into R defined by

on 0B(a+o,0) where C1 is a constant such that Cl(%

minimizer for I(x;, ¢, p,p) on 0B(z;,p), i = 1,...,d. Then there exist a number 0 < ¢’ < o,
and a constant C' depending only on R and g such that

)4 = g(a) , and u is equal to a

(2.17) / p|Vul? < 2rdp(a + 0')10gz +C.
B(a+o,0) g
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Indeed, letting p = >, where m is a given integer and using the following change of

z—(a+o)

variables y = we see that

(2.18) p|Vu|? is independent of o.

L(a+0,a)\uf:1B(xi,p)

By Lemma 2.3, we obtain

d
1
(2.19) -/ pIVul? <3 plailog? + C.
2 ud | B(zi,p) i=1 €

Combining (2.18) and (2.19) we obtain (2.17). Then there exists C; > 0 such that
(2.20) pla+ ") <pla) + Cio.

¢From (2.17) and (2.20) we obtain

1

(2.21) -/‘ < rd(p(a) + o)log” + C.
2 B(a+o,0) €

Next we extend u on G as in [BBH]y, namely we define explicitly u on 0B(z, z—a), letting
2z = (z,0), where a + 0 < z < a+r and r €]20, R[ by

m—z)Q for x € 0B(z,2z—a)

u(z) = Ca

|z — 2|

where C5 is a constant such that u(a) = g(a).
Using the polar coordinates centered on a, we can write

u(z) = Cpre?'.

Since x1 = a; + |z — alcosf and |Vu|? = 4Ti; we have

(2.22) p|Vul? < 27ral2p(a)logZ +C.
o

/B((a+7",0),r)\B(a+a,a)

Combining (2.21) and (2.22) we get the conclusion of Lemma 2.4.

Proof of Proposition 2.1. Set A = (0,0) and a = (a,0). Fix 2k points z; : (a + 0;,0)
and z; = (a + Z5=+,0) in [b, A] for ¢ = 1,..., k. Iterating the construction of Lemma 2.4,
we can define a map u as the following : in each disc B(x;,0;) we construct d; disjoint
discs centered on the set {(x1,z2) such that zy = 0} . Let denote by B; the disc

B(a+ %,%). By Lemma 2.5 we can deduce that

1
5 /_ p’VuP < (p(a) + Ul(€)>’d1|Logﬂ + ZWd%p(CL)lOgOQ(g) +C
B1 € 01(6)
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where u is given as in the proof of Lemma 2.4 . We continue the construction by setting

z—(a+ 02%) )d1+d2

u(z) = C(

[z — (a+ 02252

on 0B(a+ %, %) . The constant C' is such that u coincides with the function defined on

B; and such that u coincides with each minimizer on each disc centered on {1 =a+02}.

Let denote by B> the disc Bo(a + %, %2). By Lemma 2.4 we have

1 1 1
o [ Vel <y [ pvaPag [ plva
2 Bs 2 B4 2 Bs\B;

0'1(5) 0'2(5)

< (p(a) 4 01(¢))|d:[log

+ (pa) + 02(¢))|dz2[log

2 os(e)
+ 7(dy + da) p(a)loga2 © +C.

We shall use the same construction k& times. In the last step w is defined on Byii(a +
Tt ZEL) with opqq = % This concludes the proof of Proposition 2.1.

We have the following estimate PROPOSITION 2.2. Let p > 0. There exist a
subsequence ¢, tending to 0, kK numbers o} (e,,) tending to 0, 0 < o/ (e,,) << ... << 0} (€n)

such that ox41 = % and k integers dq, ..., d; such that Z:jf d; = d such that

i=k
1 oi(e
5[ bV e Yl +ol(eios 2
B(a,p) i=1 €

A v
—9 N2]pg A+
mp(a) p_(Q_ dj)Tlog——r > = C

/
where C' depends only on g and G.
The proof of Proposition 2.2 requies the following variant of two results of [BM R]
and [BBH]|s.
LEMMA 2.5. Let ¢ < Ry < Ry and xg € GG. Suppose u € Hg1 satisfies |u| < 1 in G,
lu| > % in Ap, r, = (GN B(xg, R1))\B(xo, Ro), and

then .
—/ p|Vu|? > md*p(a)log— — C
2 ARl R

where

d =deg(u,GNOB(xp,R1)) and C = C(G,g).
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Proof of Lemma 2.5. We extend w to the full annulus
AR, ro = B(z0, R1)\B(z0, Ro)

by letting
u(x) =u(x) =€ Ag, R,

ﬂ(aj) = g(x) 2SS ERI,RO\ARMRO C U

where Uy is a tubular neighborhood of 0G and § extend g to a smooth function on Uy.
We have
[ ez [ pivaP-c@Gon.
ARy, Rg ARy, Rg

We can write x = re’ and (x) = p(2)e**®) where p = [ii| and ¢ = df + V. Note that

d . o

Vo =—(ie") + VI
r

thus

d>  2dov
2 — ——
Vol|® = — + 290 + (V)2

ou
[ slvap - /_ p Vol + [ bl
ARy, Rg ARy, Rq ARq,Rg v

> /_ |V o[
ARl,RO

Hence

=1L+ 1+ I3+ 1.
Treating each term separately we obtain

27 R1 d2 R
L= / / pla + rcost)—drdd = 27p(a)d*log —
0 0 T Ro

and
2

1—
I —d2/ p(a + rcosh) rzp .
A

By Cauchy-Schwarz we have

=

| < d*(7K)?a+ Ryd*(7K)?.
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Since

%88—‘5.@@”) = V. (ieif)
we have 21
I; = Qd/ZCOSHV‘II.(ieZG)+2d/Zp 3 V. (ie?).
Thus

p(a) 1
13| < 2d(w (R} — Rg)HV‘I’Hm(Z) + T(/z(l —p?)?)? IVl 2 7))

and this implies

h2 1 1
|I3] < = (2dn(R? — R3)) — 2dp(a)K%) + =5 /_|W|
2 2h% JZ

for h # 0. Finally

14:/_pp2\v\1/\2 z@/_va.
A A

We obtain the conclusion of Lemma by choosing h such that
pla) 1

_pla) L
4 TS

We shall use the following which is due to [BBH]s.
LEMMA 2.6. Lete > 0, Ry > 0,7 €]0, R1[. Set a = (a,0) and let u € C (B(a, R)\{a}, R?)|}
be any function verifying

[ul > 5 in Ay g, = Bla, Ri)\B(a,7)

N | =

u=g in G'\GNB(a,Ry)
deg(n, 0B (a, Ry)) = d
1
= (1—[uP)? <K
5 :
{reGn<|z—al<R:}

for some constant K. Then we have

1

—/ p|Vul* > 27rp(a)d210g& - C.
2Ja U

n,Rq

Proof of Proposition 2.2 completed. Using the same notation as in [ST], there exist a
subsequence ¢, and sequences o;(g,) tending to 0, i = 1, ..., k such that o1(g,) << ... <<
or(en) and XA > 0 such that for all j € J there is some i € {1, ..., k}

oi(en) < p(a5") —pla) < Aoi(en).
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Let denote by X; the set {z € G; 0, < p(x)—p(a) < Ao;} and X/ theset {z € G; Ao; <

p(z) — pla) < oiga}
We can arrange the centers of the bad discs as in [ST]. We do this separatly in each
X; fori=1,..., k. We obtain

1 2 S 2
§/Xip\Vu5| Z/ p|Vuc|”.

JjeJ! Rl,Rg
Moreover there is a constant M such that

RE >M and Ry < Me.

Hence we have
I+1

R
an b Tl =73 ple ) ld, e Plog
0

=1 jeJjl

Then we have

k k
1
(2.23) E 5/ p|Vu|? > E a) + o;)|d; \log (6) - C
i=1 /X i=1

where

djr = deg(uc,0B(zj, R)),

dil = dirl <) ld;rl*.

jeJ! jeJ!

since

Since p is smooth there exist o satisfying o; << oj,;, 0 > 0; and such that X;
contains B(a, 0;,,)\B(a,0;). By Lemma 2.6 we have

1
(2.24) 5/ p|Vue|? > 2mp(a Zd z—|—1 )) - C
X!

Using the fact that the map = — (1 4 z)log(1 + x)is nondecreasing we obtain

/

(2.25) (p(a) + ai)log% > (pla) + o—;)log%

Combining (2.23) ,(2.24)and (2.25) we obtain Proposition 2.2.

Remark 2.2. Suppose that there exist j € {1,..., N} such that deg(uc,b;) = 0 .
Using the same technique as in Proposition 2.1 and Proposition 2.2 we can show that
ue € H} .(G'\{a,b;}). Arguing as in [BBH], we see that this contradicts the fact that b;
is the limit of centers of bad discs.
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Proof of Theorem 2.1. Combining Proposition 2.1 and Proposition 2.2 and choosing
0; = o}, we obtain Theorem 2.1.

Proof of Theorem 1.2 completed. We deduce from (2.14) that there exists a subse-
quence &, tending to 0 such that u., converges weakly in H} (G'\{a},C) . Clearly we
have u, = g on 0G and |u.| = 1. Since deg(u.,a) = d, we deduce that for n > N,
deg(u., ,G\B(a,p)) = 0 and we can obtain the convergence of u., to u, in Cb“ as in
[BBH],. If a € G, we conclude as in the proof of Theorem 1.1. If a € 0G, let ¢ be such

that g(z) = (ﬁ)wei%. The limit u, satisfies

(2.26) —div(pVu,) = pu.|[Vu.[> in G
| Ux = g O oG

and

deg(uy,a) = d.
Hence there exists ¢ from G into R such that

Z—a )Qdeiqﬁ.

=y

Since u, verifies (2.26) we have

—div(pV¢) = 2dVp.VO in G
¢=¢g on IOG

which is the desired conclusion. The convergence of the full sequence u. follows from the
uniqueness of the possible limit.

3. Renormalized energy.

Let @ = (ay, ..., ax) be any configuration of distinct points in G with associated degrees
(dl, ,dk) with Zz dl =d.
We set

_ 1
(3.1) W(a,d,g,p)=—7Y_ p(@)did;logla; — a;| + —/ Oo(g x gr) — 7y diRo(a;)
i#] 2 Joc i

where ® is the solution of

( 1
—dw(]—)VQ)O) = 271'2 djéaj in G
J
(3.2) 1 0%

];E:ngT on 8G

/ @0:0
. 9G
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and

(3.3) Ry =® — Y d;p(a;)loglx — a].

J

We prove that the configuration a = (ay,...,a4) in Theoreml.1, with associated degrees
dj =1, j=1,...,d, minimizes, on Ay the renormalized energy

_ _ _ 1 _
(3.4) W(a)= -7 ;p(ai)logjai —a;| + 3 /BG Do(g X gr) — ﬂzi:Ro(ai).

We have the two following lemmas. First we have
LEMMA 3.1. Let @ = (a;) be any configuration of d distinct points in G. There is
some po > 0, depending only on @, such that for every p < py and every € > 0 we have

(3.5) E.(u.) < Z I@j.e,p,p) + W@ +n Zp(ﬁj)log% +0(1)

J J

where o(1) tends to 0 as p tends to 0 and depends only on @ and g. If @; are in Ay, then
we have O(plogp) instead of o(1).

We also have

LEMMA 3.2. Let a be the configuration as in Theorem 1.1. Then, given any p
sufficiently small, there is an integer N(p) such that for every n > N(p),

1
(3.6) E., (u.,) > Z Laj, en, p,p) +Wi(a)+ deolog; +0(1)

J

where o(1) depends only on a and g and tends to 0 as p tends to 0..

To prove Lemma 3.1, we use the two following lemmas.

LEMMA 3.3. Let ug be the canonical map associated to (g, a,d). Suppose that a; are
in G,i=1,...,k. Then, as p tends to 0 we have

1

1
(37) 3 [ PVl =73 dog + W+ o(1)
Q, -

where 2, = G\B(a;, p).
Proof of Lemma 3.3. Recall that, as in [BBH]2, ug is the solution for

Ug X % = —1% in G\ U; {al}
(3.8) 0x p O0xo
u Ouy _ 10%0 in G\U; {a;}

X —m = ————
0 Oro  p O0xy

and that we have

1
(3.9) / pywOF:/ Liva,2.
Q Q, P

P P
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We have

1 19 109
(3.10) / Z V|2 :/ —Q@O—Z/ —@@0.
o, P oG p Ov — JoB(a;.p) P OV

P

Let Ry be defined as in (3.3). Then Ry verifies
1 1 .
(3.11) dw(}—)VRO) = — Zp(aj)djvg.Vlogp: —aj;| in G.
J

By standard results, we deduce from (3.11) that Ry belongs to C°(G). We remark that if
a; are in Ag, j =1,..., k, then Ry belongs to C*>°(G). Set

(3.12) Sj(x) = ®o — d;p(a;)log|z — ajl.

Note that S; satisfies, in some neighborhood of a;, the equation
1 1
(3.13) dw(};VSj) = —p(aj)djvz—g.VIOg\x — ajl.

Note that
Sj(x) = ®o(x) — d;jp(az)logp on  9B(aj,p)
65j 6@0 djp(aj)

o = v - P on 8B(aj,p)

and
Si(a;) = Ro(aj) + Zdip(ai)log]ai — ajl.
i#]

Then we have

10® 1 1
/ ——0 0 — / —|VSj|2 +/ div(—VSj)Sj
0B(aj.p) P OV B(aj.p) P Blajp) P

1
(3.14) + d;p(az)logp / div(=VS;)
B(a‘jap) p
p(a; 1 1d2p(a;)?
+—d]p(a])/ —Sj+/ _—]p( i) logp.
P 8B(ajap) p 8B(ajap) p P
We have Pp(a)?
1 asipla;
/ 2 Logp = 27d;p(a;j)logp 4+ O(p°logp).
8B(aj,p) p p

We easily deduce from (3.13)
!
/ div(-VS;)S; = O(p)
B(aj,p) p

15



and )
logp/ div(=VS;) = O(plogp).
B(ij,p) p

We deduce from (3.13) that S; is in WP (V (a;)), where V(a;) is a neighborhood of a;,
for all p < 2. In particular, S; is continous in V(a;) and V.S, is in L?(V(a;)). Then we

have 1
/ —]VSJ‘F =o(1)
B(aj,p) P
and d 1
M/ ~8; = 27d;S;(a;) + o(1).
p 8B(ajz,p) P

We deduce from these estimates combining with (3.10) and (3.14) that

J

and we have proved Lemma 3.3.
Let w, be the unique minimizer for the problem

win [ p|Vuf
uek, JQ

P

_ 1
p|Vuo)? = W(a,d, g) + WZd?p(ai)log; + o(1)

P

where

E,={ve H(Q,,5"), v=gondG and for all i there is o; with |a;| = 1 such that

v(z) = ;li (z—a;)% on 0B(aip)}.

We have the following lemma LEMMA 3.4.

1 1
3 [ PIVGLE =73 dEp(ailogs + 1V +o(1),

Proof of Lemma 3.4. We know that (see [BBH]3)

_ 1 _—
/ p’VUpIZ :/ _|Vq)p‘2
Q Q, P

P P

where @, is defined by

T, X % - _%% i G\ U {a;)
(3.15) 8@1 1909 2

7 x e _ 10% o

U, X Des ~ p0ms in G\U; {a;}



and 5,) is the solution of the linear problem

¢ 1
div( V8,) =0 in 9,

190%, d; o
(316) Z;E = ; on 8B(az,p) 1= 1, ,]C
109,

-—Lf —=gxg, on 0OG.
\ p Ov

We normalize ®, by [, ®, =0. We define T¢ ,j=1,...k by

( 1 1
div(};Vij) = —V]—).Vlog|x —aj| in G\B(aj,p)

T _ plx) — play)

: , Bla.
(3.17) p(a;) o P on 0B(a;, p)
1 8T;’
\ ]_QE = mf on O0G
The constant m/ is defined by
— : 1
(3.18) mf. mes(0G) = / p(x) — play) —/ V=.Viog|z — a;|.
dB(a;,p) pp(z)p(a;) G\B(aj,p) P
Set
(3.19) Z d;(loglz — a;| +T7).
J
The function V¥, satisfies
( 1
div(—V\I/p) =0 in Q,

1 ov,
(3.20) EE =g X gr— Zdjp aj log|x —aj|+T7) on 0G

10

_8_yp = Zdjp a] log|x aj| +T7) on 0B(a;,p) i=1.k.

\ p J?éz
Let
(3.21) =—= Zdjp a] 10g|a: aj| +T7) on 0B(ai,p) i=1,...k
J#z

17



and

1 0
(3.22) fo=9%xXg; — . Z djp(aj)a(log]x —aj|+T7) on 0OG.
J
We have
1 .
(3.23) / gi = — Zp(aj)dj/ div(=V(loglz —a;| +Tf)) =0 i=1,...k
0B(a;,p) i 0B (a;,p) p

by (3.17), and then

(3.24) / fo=0.
oG
Let W7 be defined by

ov*
L — _1_8\1!,, in €,
0x1 p 0xo
(3.25) 5
—8\11’) = 18% in Q
dry  p Oz P

Note that W7 is well defined globally on 2, since fr %83\1: £ = () for each connected compo-

nent I' of 9G, by (3.23) and (3.24). The function W} satisfies

div(pV¥7) =0 in €,

3\112‘)
(326) 87— - fp on 3G
ov*
ey, N .
Or gi on 83(01,0) (4 1,...,]{7

Then we have
( div(pV¥7) =0 in Q,
\I/; =F, on 0OG

(3.27) 9 U =G; on 0B(aj,p) i=1,...k

ov* _
/ p—L=0 i=1,..k
\ JOB(a;,p) ov

where F, and G; are primitives of f, and g; on OG and 0B(a;, p) respectively. We deduce
from (3.22) and (3.18) that we can extract a subsequence still denoted f, such that f,
converges uniformly on dG to a function f as p tends to 0. Let F' be the limit of F), as p
tends to 0. Then we have %—f = f. Let ¥* be the solution

(3.28) {div(pV\If*) =0 in G

U*=F on O0OG.

18



We have to apply the following lemma to W7 — ¥~ (the proof of this lemma is the same as
the proof of Lemma 1.4 in [BBH|3). LEMMA 3.5. Let v be a function satifying

div(pVv) =0 in Q,

9
/ pl =0 =1,k
0B(aj.p) OV

then
supv—1nfv< E sup v — inf wv)-+supv—infw.
Q, 0B(aj,p) 0B(aj,p) ) oG oG

Applying Lemma 3.5 to v = \IJ; — U* we have

Uy — 0| oo < sup (G, —V¥*)— inf (G, —U*
| Lo (,) Z (alj)p)( J ) 8B(ajvp)( ’ )

+ Sup(F — F,) —inf(F — F,).
oG oG
Since ||g;||5o(9B(a,,p)) < €, we have
(3.29) ||W5, = W7 = O(p)-

(From (3.27), (3.28), (3.29) and standard elliptic estimates we deduce that for every com-
pact subset K C G\ U; {a;} we have

(3.30) V(¥ = U)o (x) < Crp

Let U be defined as a solution of

ov 8\1/* .
in G
(331) 81:1 8m2
| v v
8332_ p@xl

so that W satisfies

div(AVT) =0 i G
p
(3.32) 0w

z_j%_f on 3G

Define Ry = &g — > ;plaj)d;(log|lz — a;| + T;) where T'; is a solution of

1_— 1
div(}—?VTj) = —V;.Vlog]:c —aj| in G

(3.33) Lo,

Y =m; on OG.
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The constant m; is the limit of m/ as p tends to 0. The function R, verifies (3.32). Since

the solution of (3.32) is unique up to an additive constant we may choose ¥ = Ry. From
(3.25) and (3.31) we conclude that

(3.34) IV(®, = Ro)l|(x) < Crep.

By our normalization choice we have

(3.35) / (¥, — Ro) = 0.
oG
It follows from (3.34) and (3.35) that
(336) ||\Ilp_§()||Loo(K) S CKp.
In particular we have
(3.37) 19, — Rol|L~(ac) < Ckp-
We have now to prove
(3.38) 1Woll=(@Baip)) < C.

Set
wi(z) =Y plaj)d;(loglz — aj| + 7).
i#]

Fix o > 0 so that B(a;,a) C G and B(a;, ) does not contain any other point a;, j # i.
From (3.20) and (3.17) we deduce that

div(%V(\pr—kwi)):O in Blas,a)\B(ai, p)

and

0
a(qu_‘_wl) :0 on 8B(az;p)

It follows from the maximum principle that

W, + wil | Lo (B(as,a)\B(ai,p) < ¥y + willL=(8B(ai,a) < C.

In particular
Wy + will L= @B(ai0) < C

and this implies (3.38).
Proof of Lemma 3.4 completed. We have

1 _
/ p|Vﬂp|2:/ _|V(I)p‘2
Q Q, P

P P

20



and

j 1
—-|Vo \2:/ —-|VU |2+2/ = p(a;)d;(loglx — a;| +T7))
. /Qpp g Qp 7 Q, P Z ’ ’
3.39
+ ), 317 S loels — ol + TP
We have

1
_|v\1:,2:/ 0, - / s,
/Qpp P oG P ; dB(a;,p) 7

Using (3.37) and (3.38) , we obtain

1 1 0¥
3.40 —|V¥ 2:/ Ry + O
(3.40) [ N !

P

We conclude, using (3.40) and (3.34)

1 1
(3.41) | v = [ SR+ 00
Q, P p

P Qp
Integrating by parts we have
1 —
| 90~ R 3 play)dslogla — a
Q

Pp i

1 R
3.42 =— / 9i — ——F—) ) _plaj)d;logle — a;] .
(3.42) 2 oty @ " p ) 2PNl —

" /aG(fp — )Y plaj)d;log|z — a;.

J
We deduce from (3.42) that
1 —
(3.43) V(= Ro).V > plaj)djloglz — a;| = O(plogp).
° J

We now estimate

1 _
/ —V(\IIP—RO).VTf
Q, P

I 10T
. o 10T;
- _ /Qp(\I/p - Ro)dw(gvTi) + /GQP(\IJ” B RO)ZS ov
, a( 1o(Tf = T)
+/5G(\I/ _RO)(p 2/83(%/7) (¥ _RO)( o S )

21



Using (3.17), (3.18) and (3.33) we have

oTF —T;)
4 Sl S VA .
(3.45) — 1 _ o)
On the other hand, we have by (3.17) and (3.33)

Tp
(3.46) a

P(G) for all p < 2.

We deduce from (3.44), (3.45) and (3.46), using
1 ¥, — Roll Lo (9B(as,p)) < C
and (3.37) that

1 — 1 —_
(3.47) / SV(W, — Ry).VIF = / “V(W, — Ro)VT; + o(1).
Q, P Q, P
;From (3.47) and the fact that T; € W?2? for all p < 2 we deduce that
1 —
(3.48) / SV(W, — Ry).VTY = o(1).
Q

p
¢From (3.43) and (3.48) we deduce

P

1
(3.49) / pV(\If — Ry).V Zp a;)d;(loglz — a;| +T7) = o(1).
Q, 2

We deduce from (3.39), (3.41) and (3.49) that

J - 1 _—
/QE|V<I>,)|2:/ §|VR0|2-|-2/Q ~VRy.V Zpa] (loglz — aj| +1T7))

P Q, P

(3.50)
/ |v2p a;)d;(loglz — a;| + T2)2 + o(1).

On the other hand we have from the definition of Ry

(3.51) /Q %W%y?:/g

P P

V(Ro + Z d;p(a;)(loglr — a;] +T;))[*.

JFrom (3.50) and (3.51) we deduce

1. — 1
/ —IV@p|2=/ —|V®o|?
Q, P Q, P

gy 2, VR S dne)a) T - / LIV S dypla) (17~ TP
—2/Q pVZdjp aj)loglz — a;|.V(T! —T;) + o(1).

P
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Integrating by parts we deduce from (3.52)

Lo 1 1 0 -
/Q ]_9|VUP|2:/ ];|V<I>O|2+2Zdjp(a])/ —Roa(TJP—T‘j)

o Q, . o, P

(3.53) ngp a /8 @ -Tr L - )

Q, p@y

+Zdjp(aj)/a log‘ a]’l%(T —Tj)+0(1).

P

We deduce from (3.53), combining with (3.46) that

1 _— 1
—V<I>2:/ ZIV®|? + o(1).
/Qp| o= [ 21va £ o)

p p
Applying Lemma 3.3, we obtain the desired conclusion.
Proof of Lemma 3.1. We apply Lemma 3.4 to the configuration @. This yields, for
every p < pg, some map U, on 9G , U,(z) = ai% on 0B(aj, p) with |a;| =1 and
1 9 _ 1 _
5 p|Vu,|” = Zp(aj)log— + Wi(a) + o(1).
Q, ; P
On the other hand, for each j we may find some v; from B(aj, p) in C such that v;(z) =
aié:—g?' on 0B(aj, p) with o] =1 and

1 1 ~
o[ eVl [ bl - 1= I@s )
B(aj7p) B(a]’,p)

Set w =1, in , and w = v; in B(a;,p), j=1,...,d.
We see that

1
E( ZI aj,e,p,p)+W(a +7er a; logp—l— o(1).
j

We have the desired conclusion.
Proof of Lemma 3.2. Recall that u, converges in loc(G\U {a;}) to u, and therefore,
for every fixed p < p1 , 3 [, p|Vue,|? tends to % fQ p|Vu,|? . In particular, there is an
P

integer N1 = Ni(p) such that, for every n > Ny |

1 1
(3.54) 5 [ Vg [ v
Q, Qp
On the other hand we have by Lemma 3.3 that
1 1
(3.55) 3 / p|Vu.|? = ﬂZp(aj)log; + Wi(a) + o(1).
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Combining (3.54) and (3.55) we see that, for n > Nj(p) we have

1 1

! / PVue, |+ [ p(ue, 2~ 12
2 Qp 4671, Qp

(3.56) .
> WZp(aj)log; + W(a) + o(1).

J

We now turn to energy estimates on the balls B(a;, p). We claim that given any p, p < p;
there is an integer Na(p) such that, for n > Ns

1/ 2 1 2 2
5 pIVue,|” + — p(lue,|” = 1)
(357) 2 B(aj,p) 46721 B(aj,p)

> I((Ij,€n,P,p) + O(p)

Combining (3.56) and (3.57) we are led to the conclusion of Lemma 3.2.

Proof of Claim (3.57). The proof is directly adapted from the proof of Claim (10) in
[BBH]s chap.8. We know that, given any p < p;, we may find some integer N3(p) such
that, for every N > N3 we have

(3.58) ltte,, = el Lo (Blay.p)\ By, 2)) < P°
and
(3.59) IVte, = VLo (B(a;.0)\B(a;.8)) < P-

We may also assume that, for n > N3, we have

1— |usn|2 2 . 14
(3.60) el <|VuP+1 i Blajp)\Blay, 5).
We know that near each a; we have
Uy (2) = et (0+H;(2))
where H; is some smooth function near a;. Thus we have
2 ) p
(3.61) Vi < 540(1) i Blay.p)\Bla;, )
Combining (3.60) and (3.61) we find, for n > N3
1-— ’u€n|2 2 - . P
(3.62) Dol <O+ Cy=K(p) in Blaj,p)\Bla;, 5)
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where C' and C denote constants independant of n and p. Consider the map

2|z — a4

(3.63) wn(2) = ( p

D(ux(z) = ue, (2)) + ue, (2)

defined for z € B(aj, p)\B(a;,5) . We have
LEMMA 3.6. There is an integer N4(p) such that for every n > Ny we have

(3.64) llwn = te, |12 (B(ay 00\ B(ay,8)) < CP7,
(3.65) IVwn = Ve, [[L(B(a;,\Ba;,4) < CP
and

(3.66) w2 = 1=Cp' in Blaj,p)\Blas, £).

Proof of Lemma 3.6. We have by (3.63)
wn (2) = e, (2)] < |ux(2) = ue, ()]
and (3.64) follows from (3.58). Differentiating (3.63) we see that

|Vw,(2) = Vue, (2)] < %]u* — e, | + |[Vue — Vu, |

and (3.65) follows from (3.58) and (3.59). The proof of (3.66) relies on the following variant
of the parallelogram identity

lta 4 (1 — t)b|* = t|a]* + (1 —t)|b]* — t(1 — t)(a — b)?
3.67 1
(3.67) > tla|® + (1 —t)|b]* — Z|a—b|2 for all ¢ in [0, 1].

We apply (3.67) with a = u.(2) , b=1uc, (z) and t = @ — 1. This yields, using (3.62)

1
(3.68) wn(2)] 2 1= 2K (p)e, — 7 lue(2) — e, (2)].
We finally choose N4(p) > N3(p) such that
(3.69) K(p)e2 < p* for all n > Ny(p)

and then (3.66) follows from (3.68), (3.69) and (3.58). We may return to the proof of
Claim (3.57).

Proof of Claim (3.57) completed. We set
(3.70) R=R(n,p)=(1-K(p)e —n?)3.
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We may assume that n > Ny(p) and p < 1 so that R is well defined. Consider the map
P = P(n,p) from C\{0} into itself defined by

R
PC=¢ if ||z R and IIVP(C)HIE it |¢[ < R.

We have

(3.71) IVP(OIl =1 if [(|=R and [[VP(() == if [{[<R.

Consider the map v,, from B(a;, p) into C' defined by
_ : P

Un(2) = ue, (2) if ze€ B(ay, 5)

(3.72)

vn(2) = Pwn(2) if =€ Blaj, p)\B(aj, g).

On 0B(a;, p) we have
U (2) = us(2).

It follows from the definition of I(a;,ey,, p,p) that

1 1
CE I N pllunl2 = 12 = I(az,n,p,p).
2 JB(aj.0) 45 JB(a;.0)

(Note that on 0B(a;,p) , w, = u., and thus v, = u., , since |u., | > R by (3.62), hence
v, € HY(B(aj, p)) . From (3.72) and (3.73) we deduce that

1 1
(3.74) —/ P Ve, P + p(lte, 2~ 1)2 > Lo, (ensp) U — V

2 B(aj,p) 4e?, B(aj,p) '
where

1 2 2
(3.75) U=3 p(IVonl? — [Vaue. |?)
B(aj,p)\B(a;,5)
and
1 2 2 2 2

(3.76) p((Jvn|™ = 1)% = (Jue, | — 1)7).

- Q B(a;,p)\B(a;,5)

We first estimate V. Since |w,| < 1 we have R < |v,| < 1 and therefore
(Jon* = 1) < (1 = R?)? = K*(p)es,.

It follows from (3.62) and (3.69) that

(3.77) V <ap’K3(p)e2 < Cp*  for every n > Ny(p).
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We now estimate U. We have in B(a;, p)\B(a;, §)

(3.78) Von]? < [[VP(wn)|[*|Vwn]* < Ve |?

1
1—Cp*

by (3.71) and (3.66). From (3.77) and (3.65) we deduce that

1
_ 2 E 29 B 2 2 2y
(3.79) Vo, | < 1_Cp4(|Vu |7 20| Vw,|” 4+ C7p7)
Hence
(3.80) ]an\z — \Vu5n|2 < C(p4\Vugn]2 + p|Vue, | + p2).

On the other hand it follows from (3.61) that

C
(3.81) IVt [ (B a0\ B(a;. £)) < o
Combining (3.80) and (3.59) we are led to

C
(3.82) Ve, |l (Ba;.p\B(a;.4)) < r

Going back to (3.80) we obtain
(3.83) U < Cp?.
The desired estimate (3.57) with No(p) = N4(p) follows from (3.74), (3.77) and (3.83).

Proof of Theorem 1.3 completed. Using Lemma 3.1 and Lemma 3.2 we obtain for
p < min(po, p1) and n > N(p)

(3.84) ZI iren,psp) + Wia ZI Qi ens py0) + W (@) + o(1)

where o(1) stands for a quantity that tends to 0 as p tends to 0 and that depends only on
a and g. Recall that

1
e ) =miply [ Vel s g [ a0

where
zZ — Q;

E;={uc H(B;)) uw=aqa

on 8Bz} 3 Bz = B(az,p)

|z — a;
Set
I*(e,p) = I(a;, e, p, 1).

27



Using [BBH]2 we have
(3.85) I*(g,p) = Wlogg + v+ o(1)

where o(1) tends to 0 as € tends to 0 and p is fixed and + is an universal constant.
We have

(3.86) (@i, e, p,p) 2 pol”(e,p) = 7rpologg +7po + o(1).
On the other hand, let u;(z) be the map that realizes I(a;,e, (ep)2,1) and set

u(z) = ui(z) on B(ay (ep)?)

and _
r — a; _ _ 1
u(zr) = — on  B(a;,p)\B(a, (ep)?).
|z — @]
We have
(@ ep.p) < - / PIVul? + 5 p(1 - Juf?)?
" 2 /Bl ) 4% B, (ep)?)
1 €T
+ 5/ L L_)2
B(a@:.p)\B(@: (ep)}) [T — @il
Since . )
Ip(z) — p(@;)| < Cep)z for x € B(a;,(ep)?)
we obtain . . p
I(@;,e,p,p) < (po + C(ep)2)I*(e, (ep)?) + mp(a;) Log o]
1 Ip(x) — p(@;)|
+ 1 .12
2 JB(@ p)\B(@i(ep)3) 1T — G
Thus

I@s,e,p,p) < (po + Clep)2)I* (e, (ep)?) + wp@)logﬁ +o(1)

where o(1) stands for a quantity that tends to 0 as € or p tends to 0. Using (3.85) we
obtain

(3.87) I(a;,e,p,p) < ﬂpologg +poy +o(1)
where o(1) tends to 0 as € tends to 0 and p is fixed. Combining (3.86) and (3.87) we have
(3.88) I(@;,e,p,p) = Wp010g§ + poy + o(1)
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where o(1) tends to 0 as ¢ tends to 0 and p is fixed. Inserting (3.88) in (3.84) and passing
to the limit first as € tends to 0 and then as p tends to 0, we obtain the desired conclusion.
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