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1. Introduction.

_ Let G be a smooth bounded domain in R? and p a smooth positive bounded map from
G into R. For a given map g € C*(9G, S!) such that deg(g,0G) = d > 0, we consider
the problem

1.1 i E
() e 238 o o)

where F. is the Ginzburg-Landau type functional

(1.2 B =5 [ 1 Vul +5z [ o= fu

and
1 1 o
Hg(G, C)={ue H (G,C);u =g on 0G}.

The problem (1.1) is a generalized form of a problem introduced and completely studied
by Bethuel, Brezis and Hélein in [BBH1,2]. These authors proved in particular that in a
starshaped domain G and with p = 1 there exists a subsequence ¢,,, exactly d singularities
ai,...,aq in G and a smooth harmonic map u, in G\{a1,...,aq} such that u., — u, as
€n tends to 0 in Cllo’?(é\{al, .yaq}) for all 0 < a < 1. Moreover, (ay,...aq) minimizes a
renormalized energy W. For ¢,, < ¢ depending only on g and G, u., has exactly d zeroes
21", ...,xy". These results have been generalized to arbitrary smooth domains (see [St],
[dPF]).

In [CM], Comte and Mironescu estimate the rate of convergence of the zero 5" to
a; if (a1, ...aq) is a nondegenerate critical point of W. For a general bounded smooth and
positive p the problem (1.1) is studied in [AS1,2] by André and Shafrir and in [BH1,2].
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Recall that (1.1) is an approximation of the Ginzburg-Landau model for the energy of
superconductors. The weight p is modeling the problem of pinning of vortices, the physical
motivations are to study a thin film with variable thickness (see [DG]), or to introduce
impurities in the superconductor (see [R]).

Let us summarize some results obtained in [AS1,2] and [BH1,2]. We denote

po = min p(x)
zeG

and B
A ={zeGpx)=po}; Ao ={x € G;p(x)=po}.

We know that there exists m points aq,...,a,, in Ay, associated to the positive degrees
(di,....dm), >iv~ di = d, a subsequence u., and a map u* such that wu., converges
to u*. For n large enough there exists exactly d; zeroes for u., in a neighborhood of
a; denoted xfj", j = 1,...,d;. There exists a > 0 such that | xfj” —a; |> ae, and
deg(ue,, ,0B(z;}, aey,)) = 1.

Now we suppose that for all y € A; there exists C,, > 0 such that

p(@)=po+Cy|lz—y|*>+o(|lz—y|?).

In what follows we denote a; € Ay for i = 1,...;0 and a; € A;\Ay for i =1+ 1,...,m. Let
lo = CardAsy. Ifly > d we have m = d, {aq, ...,aq} C Ay and minimizes Wg(a, 1, ..., 1, 9,p),
that is defined in (2.1) of the present paper with G = Q and g = hg. If ls < d, the integers
m,l,dy,...,d,, realizes

l m m
_ d? —d; 2d? — d;
F(d):mm{é 5 + E — 5 g d; = d},
i=1 i=1+1 i=1

(the cases [ = m and [ = 0 are included). In particular we have
Ay C {al, ...,am}.
The results related to the zeroes of u. are the following. The sequence

En _ n€n
| Lij — Lok

tends to a positive constant as €, tends to 0, for all < and all j # k. Moreover

En

3 2 log —
)

log —
€

n

| 257 — a;

is bounded for all i and all j = 1,...,d;. More precisely, if i = 1,...,l and d; = 1, | 25" —a; |?
log 6—1n tends to 0. If i =1,....,l and d; > 1, | x‘;" —a; |? log 6—1n tends to a positive constant

for at least d; — 1 zeroes ;7. Ifi=1+1,..m, | 2;" —a; ? log - and dist(x;7, 0G) tend
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In the present paper we complete the results given in [AS1,2] and [BH,12| concerning the
choice of the location of the singularities (ay, ..., a,,) and the estimate of the energy F.(u.),
that we do in a general setting. We denote

1
On = RN
2 —
log =
n o — n o — . ..
w; = p Wwij = shI—n>0 w” and Yil = ai + opwij.
This work concerns also the characterization for all i of the configuration (w1, ...,w )

the estimate of the rate of convergence of the sequence :CZ" E" to 0. We set fori =1,. l
and for (n1,...,m4,) € (R?)%

1
Hi(nl; "'777di) = WZIOg ﬁ
oy nj — Mk

and for i =1+ 1,...,m and (n1,...,nq,) € (R%)%

HZ'(?]l, ---ﬂ?di) = WZIOg

+7erog

‘TI —Uk|

where
Ri = {(xl,.ilfg) € R2,1‘2 > 0}

and 7, = 7(nk), r being the reflection with respect to {(z1,z2) € R?, 25 = 0}. Let us
recall (see [AS2]) that for i = 1,...,1, (wi1, ..., wiq,) realizes the minimum in R? of

d;
Gi(nh "'777di> = Hi(nlv "'7ndi) + ﬂ-cai Z | U¥i |2 .
i=1
We have the following theorems

THEOREM 1. Let i = 1,....1. If d; = 1,

If d; > 1 and if the configuration (w;1,...,w;q,) realizes a nondegenerate minimum of G;,
then

— vy =0
| x5 |= (1



THEOREM 2. For i = [+ 1,...,m we assume that, locally near a;, G is the half
plane Rﬁ_. The configuration (w1, ..., w;q,) realizes the minimum of G; in (Ri)di. If it is
a nondegenerate point, then

1 1 1
| 25 — iy |= O(—5—log® (log —)).
log® — En

Next we set

and
Qd? —d;

2
We consider the universal constant -y defined in [BBH2] by

. 1
Y= gl_I)%(I(E, 1) - 7T10g g):

1 1
I(e,1) = min (= Vu | +— 1— | u]?)?).
= min [ Vel [Py
[z

For b = (b1, ...,bpm), Wg(b,dy,...,dpm, g,p) is defined by (2.1) with Q = G, and hy = g.
THEOREM 3. The configuration (ay, ..., a,,) minimizes in AL x (A;\A2)™ ! the map

W(b) = Wg(b,dy,...,dm, g,p) + min ZHi
{m:Co; » 1% Ins|2=poAs} i1

and there exists a map X (g) that tends to 0 as € tends to 0 such that

1 1 —
E.(u.) = mwdpolog — + mpoF'(d)(loglog — + 1) + min W + dpoy + X (e).
S 9 AéX(Al\AQ)m_l

2. Proof of Theorems 1, 2 and 3.

The domain 2 will be G or B(0,1). Let hg € C*(09, S') be such that
deg(ho,082) = d. Let m € N*. We consider the positive integers d,...,d,, that verify
St di = dand b = (by,...,by) € Q x (0Q)™~L. We denote d; = d; for j = 1,...,1,

=1 - -

dj =2d; ,j=1+1,...,mandd= Z;”:l d;. In the sequel we distinguish two cases. In
the case I, the points b; are fixed in Q, b; € Q for j =1,...,1, b; € 9 for j =1+ 1,..m
and in a neighborhood of b; we have p(z) = po + C | x — b; | +o(| x — b; |?). In the

case II we have b; € Q2 for all j = 1,...,m, that is [ = m, and there exists § > 0 such that
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b= (b1,....,b;,) € As where we denote A the set of the b = (b, ..., b)) € Q™ verifying
| bj — by |> 26, j # k, the distance from b; to 0f) is greater than a positive constant and
is not taken into account. Moreover there exists a; € © with | a; — b; |< § and with
p(z) =po+C |z —aj;|* +o(]  — a; [*) in a neighborhood of a;. Let h = (hy,...,hy) €
C>®(S1,81)™ be such that

deg(h;,S") =d;, j=1,..,1
and
deg(h;,S*) =2d;, j=1+1,...,m.

In the case I, since 02 is regular, there exists, for j = [ 4 1,...,m, a neighborhood U, of
b; and a conformal change of variables H; : Q — U;, such that H;(Q+) = U; N Q and

Hj(Qo) = Uj N OQ, where Q = B(O,l), Q+ = {(xl,xg) S Q,$2 > 0}, Qo = {(%1,%2) €
Q,z2 = 0}. Let r be the reflection with respect to Q9. We suppose that

| Hjoron_l(x) —b;
7 Hjoroﬂjfl(x) —b; |

(E—bj

y=h )forall:ceuj.

ha(——"J
Jﬁw—%\

In the sequel we may assume for simplicity, that there exists 4 > 0 such that
QN B(b;, B) is the half disc {(z1,72); 2] + x5 < 8%, 12 > 0},
and
oNN B(b;, B) = {(z1,22), 27 + 23 < %, 29 = 0}.

We suppose that the balls B(b;,3) , j = 1,...,m, are disjoint. Now h; verifies, for all
T € B(bj7ﬁ),
x —b; ri(z) — b,
P = by ()
| 7j(x) — by |
where r; is the reflection associated to the flat boundary 0Q N B(b;,3), j =1+1,..m. We
suppose that

hi(

| x —bj |

l‘—bj

P ) = ho(z) for j =141,...,m and for all x € 92 N IB(b;,p) .

hi(

Let M > 0 be fixed. We denote H 4 the set of the regular maps h : S — S! such that

| % |< M, k < 3. In the sequel we suppose that hg is in Hq and that hq,...., h,, are as
above and are in H . We define for p < 8 in the case I and for p < 4 in the case II

Yo = (0N ULy 4y B(bj, p)) Uiy (9B(bj, p) NN,

V5 :aB(bJ7p)7 j:17"'7la
and
ho(z) on OQ\ UL,y B(b;, p)

g()(ilf) == xr — bj

%ﬂx_b,ﬁm53®pMHQ,j:l+Lmnm
J



.T—bj

g;(2) = Iy ) on 0B(b,p)s =1l

|z — by |

We set
0 = O\ UL B(b;,p).

We consider the following minimization problem

u€é,

(EY) min/ p| Vu|?
0y
where
E,={ve Hl(QZ,Sl);‘v’j =0,...,m,3a; € C,| a;j |=1 such that v(z) = «og; on v,}.

We turn to the definition of a renormalized energy in the sense of [BBH2], with an observa-
tion of Ragazzo (see [B]). This definition is the same as in [BH2] with a minor modification.
We define

(2.1) Wa(b,dy, ..., dm, ho,p) = —Wzdiajp(bz‘) log |b; — bj| — WzdiajR(bu bj),
i#j 0]
where the function R; = R(.,b;), j =1,...,m is defined by
't 1 )
dzv(}—)VRj) = —p(bj)V];Vlog |z —bj] in Q

p ov D ov d or

(2.2)
o9,

with the normalization condition

(2.3) /8 (o x (ho) )R; = =(by) /8 (g g.)loglo by

The function ¢ is defined on 0f2 by

ho(z) =TI,

The function R; exists in Q. Indeed, we have

0log |z — by n 1 dpo
D ov d ot

() | VFiogle—pl = [ (12 )

We note that R is the regular part of the function H; = H(.,b;) defined by
H(z,b;) = R(x,b;) + p(b;) log [ — by
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that is the solution of

1
dZ’U(};VHJ) = 27T5bj in €

(24) 10H;  Olog|z — b n 1 9o

p Ov ov d ot

on 012,

with the normalization condition
(2.5) [ (o x (o)) =
o0

Note that, for j =1+ 1,...,m, % is in the dual of Wl_%’p(aﬁ) for all p > 2 and
that if £ € W'~ #7(99) we have

log |z — b;
L Ologlz=bi| >:/ Viog |z — b;|.VPf
(9V Q

where P : Wl_%’p(ﬁQ) — WP(Q) is a continuous linear operator. Let us define ®y by

Oo(z) = > d;H(x,b)).
j=1

We define W1(h;) = % S0y | VY |2, ¥ being the solution of

(AW =0 in B(0,1)
oV _ hy x(hy)

—2T 1 !
(2.6) ey 7 on S

[t x wyw =0
\ JS1

Let us remark that W1(h;) is the renormalized energy in B(0, 1), for the boundary value

hj, a singularity of degree d; at the point 0 and for p constant and equal to 1.
We note that we have in the case |

(2.7) | Ry llwaoy< M
In the case II, we have for all 1 < ¢ < 2
| Rj |lw2a@)< M,

and these estimates are valid uniformly for hg in H . More precisely, we claim that there
exists a map 6, which is bounded in W22(Q), uniformly for hg € Hjps and for b € As such
that, for j =1,...,m,

(2.8) R(bj,z) = — ' V%(bj).(x —bj)log | x —b; | +0p, ().



Indeed, one can applies standard elliptic estimates (see [GT]) to the equation satisfied
by the map 6., which is

(o1 p*(bi) 1 1 1
div(-Vé,, ) = V- ((x —b;)).V=(b;)Viog | x — b; | +V—=(b;)log | x — b;
(GVoe) ===V )-V 2 (6:)Vlog | [+V2 (b log | )
b; 1 1 .
+ ]%(p(bi)vz—)(bi).Vlog b | —pV Vg z b | in©
1 06y, p(b;), 0 1 9o
S 2 A
p Ov ( )8yog]x bH_daT
2 2
)Gy ooy D L ) vl
\ 2 Vp(bz).(as bz)ay log | x —b; | 2% log | x —b; | Vp(bz).u on 0N.

Thus we have the following estimates, uniformly for hg € H 4,

1
(2.9) | R(z,b;) [= O(C [ bj —a; ||  — b; | log m) +0(1)
j
and
(2.10) | VR(.b) = O(C | by = a; | Iog =) + O(1),
J

Let us derive an estimate, in the case II, which will be useful in the sequel. Let c; be a
point of €) that realizes the same conditions that b;. We define

m

Ryo(z) = Z(R(bi, z) — R(ci, x))
and .
Oy = Z(g‘“ —0,,).

Using standard elliptic estimates, we obtain

[ Oc [lw22@)=>_O(C | b — ¢ ),

thus (2.8) gives

(2.11) | Roe ll@= Y _O(C | bi —c;|).

In the next two results, the parameters 6 and C' are taken into account only in the case II.
We have the following theorem



THEOREM 4. Let @ be a minimizer for (E%). We have, uniformly for (ho, 1, ..., hum)
in Hﬂﬂ, in the case I

1 1
5/ p| Vil |2—w2d2pologp+2vr 3 20105 - + W (b o . )
j=l+1
1 S Po 1,1 2 1
+ZP0W (hj)+j—zz;r15W (hj) + O(plog ;),

and in the case II,

/ ‘ vab |2_ FZdQ lOg p + WQ(b d17 "'7dm7h07p)

k
p(b; L 1
+Z@W1(hj)+20(| bfbk |)+ZO(Cp!bj—aj [log 7).
j#k ! J

=1 Do

We need the following proposition
PROPOSITION 1. We have, uniformly for (hg, h1, ..., hy) in ’H%H,

1 1

5/ = |V | :dep log + 27 Z d2p( log + Wa(b,dy, ..., dm, ho, p)
QP P Jj=l+1

+ X(p),

where X (p) = O(plog%) in the case I and X(p) = >, 0(Cp | b; — a; | log%) +
>k Oi5-L5,7)s in the case IL

We postpone he proof of Proposition 1 and Theorem 4 to the section 3 and we present
the proofs of Theorems 1, 2 and 3. We start with some notations. Let a; € G and let T35,
Jj =1,...,d; be the zeroes of u. which tend to a;. Let p > 0 be such that | a; —a; |[> 2p
for 1 7& jand 0 < R < p such that B(z$;, R) C B(ai,p), j = 1,...,di. We set hi(e'?) =
= ‘(al + pet?) and k; (') = = |(gc + Re®). For i =1+ 1,...,m we define h; on S by
reflection with respect to the flat boundary 0G N B(a;, p). We note that k;; and h; are in
Hr, 7 =1,...,d; for some M independent of . Indeed, we follow the proof of Proposition
1.2, Part IT in [AS2], we deduce that for any k > 1, there exists M independent of € such
that

| DFue(2)| <

< L 0 Bl Ro)\B(

zg’ )

and

| D*u ()] < in B(ai, p1)\B(ai, po)

|z — a;|*
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where B(xfj,Ro) does not contain any other zero of u. than x7; and po is such that
x5; € B(ai, po), j = 1,...,d;. This implies that k;; and h; are in Hq, j = 1, ..., d; for some
M. In all what follows we denote € = ¢,,.

Proof of Theorem 1. We suppose now that a; € G and d; = 1. We denote a = a;
and z° the zero of u. that tends to a. We define h = h; and k = k;; as below. We know

that ae <| 2° —a |= 0(l L ). Let us give a lower bound for E.(u.). As in [CM], proof

1
og 2

1
15

of Theorem 5, we have

2

Ue €

1
E.(u.,G\B(a,p 2—/ p|V 2+ 0
e G\Bp) 2 5 [ VO
thus
1 Ue 9 1 Ue |9
Ee(u:) =2 5 pIV(—)I" + 5 pIV(—)I" + pol(e, R, k)
2 Ja@p luel” 2 BapnBeer) (el
62
+0(5).
Applying Theorem 4, case II we infer
1 Ue |9 R 1 R
Ee(ue) = 5 pIV(T)I" + mp(2°) log — + Wp(a,p) (2%, 1, h, p)
2 Ja\B(a,p) || R
pQ(xs) 1
(2.12) W (k) + pol (e, R, k) + O(R)
0
O( 2 —a| Rlog 2) + 0(5)
*R R

Ue

We turn now to an upper bound for E.(u.). We construct a function w equal to ] in
G\B(a, p), such that w realizes (E%) in B(a, p)\B(a, R) with the boundary dates h and k
and realizes I(e, R, k) in B(a, R).

Theorem 4 case II gives

Ue

1 1
Ee(us) < 5 / pIV(—)I? + 7polog = + Wp(a,p)(a; 1, b, p) + poW* (k)
(2.13) 2 Je\B(ap) |ue | R

+ (po + CR*)I(g, R, k) + O(R) + o(R*I (¢, R, k)).

Now, using the fact that I(e, R, k) = O(log £), soustraying (2.13) and (2.12) we deduce

€ 2 1 pQ(xe) _p% 1 €
7Cla® —al”log — + ————W (k) + Wg(a,p) (2", 1, h, p) = Wg(a,p)(a, 1, b, p)
(2.14) , R Po

19 1 9 1
< I e _ - Y
< O(53) +O(R) + O(| «* —a | Rlog ) + O(R” log -)
We have

pQ(IE) _pg — O(| l‘e —a |2)7
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and
WB(a,p) (wsv 1, h7p) - WB(a,p) (a7 1, h;p> = RB(a,p) (wsv :'EE) - RB(a,p) (CL, a)

where Rp(,, ) is defined in (2.2) with Q = B(a, p) and hg = h. By renormalization we get

RB(a,p) ('rer .’L‘) = R("‘)e? y)

where w® = £=4 4 — ¢ and R(w*,.) is defined by (2.2) with Q@ = B(0,1), ho = h and

o
p is replaced by p, p(y) = p(a + py). Thus

Rp(a,0) (2%, 2%) = Rp(a,p)(a;a) = R(w,w®) — R(0,0).
Using the notation of (2.11) we set
R(w®,w®) — R(0,0) = Rye o(w®) + Rue 0(0).
In (2.11) we replace C by p?, in view of the definition of p, and we get
R(w*,w%) = R(0,0) = O(p | w* |),
that gives

WB(a,p)(:EE) 1, h7p) - WB(a,p)(a; L, hap) = O(,O ‘ Te —Q |)

Now we turn to (2.14) and we choose p = A | ° — a | for some given A > 0 independent of
€. We obtain

1 g2
215 7Cx° — a|*log = +0(lz: —a|?) < O(ﬁ) + O(R)
' 1 1
+O0(] 2° —a | Rlog =) + O(R?log -).
R €
Let X =| 2° — a |. We deduce from (2.15) that there exists K7 > 0 and K2 > 0 such that

62

1 1 1
2 2
(2.16) K1 X*log — — KsXRlog I < O(—2 + R+ R”log g)

The optimal choice for R is R = €3 . This choice of R is possible if we suppose that there
2
exists p > 0 such that | 2° — a |> pes. In this case (2.16) gives

1 1
K X log — — KyXe5 log - < O(e%)

and consequently

We have proved the first part of Theorem 1.

11



We suppose now that a; € G and d; > 1. We denote a; = a, z;; = x5 and o = !

T .
21
€

log
We choose p of the order of 0. We denote wj = mjp_a and w; = lim._, wJE-. We set
p(z) = pla+ px) and Ig_zl( T) = T N (a+ pz). We have the following lower bound for E. (u.)

1

8 ~ u
B)zg [ v o)+ PV P
G\ B(a,p) | Ue \ P B(0,1)\U; B(w$, &) | e |

2
+ / 2 40(=5).
Z SR) ’ ‘ (R2
By Theorem 4, case II, we have
V—_2>7T p(z log + W 1,1,k p
/B(o D\U; B(ws, R) P | Z B(0,1)(W* )
P
O O(Rplog =).
+Z ki) +0C ) oy 0g )

We have used the fact that p(x) = pg+O(p? | = |*). Thus the constant C' used in Theorem
4 case II is here p?. Moreover

/B(a:;,R)

R
2 (po + Co(15 | =) (e, Ry k)

P2 o+ C _min Ja-af) [ |V
| | B(a:;,R)

eB(a: ,R) | Ue |

and R
I(e,R,kj) =mlog - + O(1).

We are led to the following lower bound (p being of the order of o)

1
Bw)zy [ plv > () log 7
2 Ja\B(a.p) Z

+ Wpon (@ 1,00y 1,0, B) + Z —jwl(/cj) +7 > pol(e, R k)
(2.17) P j

R g2 o
+ZC’7T,0 | Wi |210g—+0( )+O(R010gﬁ)
j

R R
+ O(—) 4+ O(Rolog ;)

o

RQ

We turn now to an upper bound for E.(u.). Let y;, j = 1,...,d; be any points in R? and
y; = a+py;. We construct a map w such that w = |ZE| in G\B(a, p). In B(a, p)\U; B(y5, R)

12



we set w(z) = W(**) where @ realizes (E% ) in B(0,1)\ U; B(y;, %) with the weight p

and the boundary conditions h and k;, j .y 1,...,d;. In B(yj-,R), w realizes I(e, R, k;).
Using Theorem 4, case II we obtain

1
Ee(ua) < _/ p
2 Ja\B(a.p) R

2(,,E
N p*(y5)
+WB(071)(y,1,...,1,h,p)+ E = Wl(kj)‘f’ E po](é‘,R,k’j)
(2.18) J j
R R
Crp? | y; |? log = + O(Ro log —
+§j T~ | yj | og — + ( Uogg)

+ O(E) + O(Ro log Z).
o R

u 3 p
| u5 ‘ |2 +7 p(yj) 10g—
€ X
J

Soustraying (2.17) and (2.18) we are led to

7'('2 yg )1OgR +WB(O 1)( B alahaﬁ)_WB(O,I)(yvla"wlvh?ﬁ)
2
c 9
(219)  +Crn> (Jw5 P =]y [))p*log — +ZO (0% [wf =y ) < O(55)

J
+ O(Ro log

o R R
— = log —).
R)+O(0)+O(RU og E)

We have used that p*(z5) — p*(y5) = O(0® | w5 —y; |). If we take the optimal choice
2

R =¢ei03, the right hand side of (2.19) is O(£%) and we obtain

3

q

1

o3
7> C(l w5 = |y; [P)p*log —— % , WZC [w§ " = ly; [*)p* log —¢
J
(220) +WB(O,1)( ) 7' hp) WB(O,l)(y7 URREL! 7h7p)

52 c
) +ZO(02 | w5 =5 |)-
j

13



In view of (2.1) we have

~ Y
WB(O 1)( 1 '713h7p)_WB(0,1)(y717“ h p —szolog%
i#£] ’wl J |
| wi —wj |
— 3 (0(a) — P o8] a5 — a5 ) — 7 3 (p{a) — po) log L]
i#5 i#) 9 =5 |
_WZ(RB(OJ) 7,7 J) RB(O 1)(y’b7yj))
| yi — Y |
:szologw O' 10g Z|yl_w
1£j J
_Z(RB(O (W5, w5) — Rp0,1) (¥ Y5))-
,J

Using (2.11) (with C = p?, b; = y; and ¢; = w$) we deduce

Z(RB(O,l)(Wf,wJ) RB(O 1) Z/z,yg ZO 2 | Yi —W |)

2,J
and finally
h h,f) = log 19 =i |
Wao,1)(@,1,...;1,h,D) = Wgo,1)(y,1,...,1,h, D) —WZPO Ogm
(2.21) i#d Y

1
O(c%log — i —wl |
+0(*log =) > | i — oy |

7

We define
H(y) = —mpo > _log | yi —v; |
i#]
We are led by (2.20) to

o

E3

)

I

H(we) — H(y)+ Cr Y |w; [P =Cm Y | yi [P< O(

(2.22) : . ‘
) 2 -

+2 i — et | O log ).

Letting ¢ — 0 we find that w minimizes H(n) + C7 Y., | ; |?, that was proved in [AS]. If
w is a nondegenerate minimum of H(n) + Cm Y., | n; |?, and if we set y = w in (2.22) we
obtain that for some k& > 0

oano Cﬂll\i

1
|wf —w | —k|w —w]|o? log—<O(
o

)’

14



this gives
1
| W —w |= O(c%log —).
o
We have proved the second part of Theorem 1.

Proof of Theorem 2.

Let us suppose that the points ay, ..., a; are in G and a1, ..., a,, in OG. As usual, the
conclusion will follow from precise upper and lower bounds for the energy. We start with
giving a lower bound for the energy. Using Theorem 4, case I, we deduce that

1
Ee(ue,Q3,) > WpoZd log—p + 27po Z d210g2—p + Weal(a,dy, ..., dm, g, p)
(2.23) =

m

[\

1 pO 1 9 2 1
+ZPOW (hi) + W) +0(5) +Olplog? ).

i=l+1
On the other hand, for each i, we have

R) > =

(2.24) Ee(ue, B(ai, p) N G\ U; B(} > /
2 JB(ai,p)NG\U, B(z%, ,R)

2]7

Now, let i =1+ 1,...,m, that is a; € 0G. We can write

Ue x — xt. xr — 5.

e (@) =TI, i ()
(2.25) | ue | Na—ag [z -7
= v.(z)e'Ye®),

We may suppose that locally, 0G N B(a;, p) is flat and we may extend V. in B(a;,p) by
reflection. Following respectively the proof of the Theorem 4 and Theorem 5 in [BMR],
we get respectively

U 1
/ AV pIve.l?
B(a;,p)NG\U; B(z5,,R) |ue | B(as,p)\U; B(z5,,R)\U; B(T5;,R)
(2.26) |25, — a; |
+O(R)+0(d_ —L—),
. P
J
and
y > 2o zg
2 J B(as,p)\U; Bz, R\U; Bz, R) R Py
(2.27) | . |2t
—QWpOZIOg%-FO(Z ZO pr ‘)
T Yk

gk J

15



Since deg(| T, a;) = d; we have

EE(”E? B(a”w 2p) N G\B(aza p)) > 27Tp0d? 10g2

We denote C; = C,,. Using (2.24)-(2.27), we conclude that, for a; € 0G,

xs. — xf
Ee(uc, B(ai, 2p) N G) > mpod; log % + 2mpod; log 2 — mpo Zlog Lo = |
k#j
s 2
(2.28) —pOWZIOg +Zp0+0(| —a; | —R)*)I(e, R, kw)+O(R2)
R
O(— O(—
+(p%F(J)
and for a; € G, we find
P 2 | xfj — x5 |
Ee(ue, B(ai, 2p) > mpod; log 5 + mpod; log 2 — po » log ————
k#j
2
(2.29) +ZP0+C(| —a; | —R)*)I (8Rk‘m)+0(R2)
J
o R
O(— O(—).
+ %%+(0)

In order to obtain an adequate upper bound for the energy, we construct the following
map

w = ug in G\ U; Bla;,2p),
where v is the canonical map associated to (ay, ..., ap,), (di,...,dn), G and g (see [BH2]).
Next, we extend w to B(ai,p) NG, for i in {I +1,...,m}. Let y;;, j = 1,...,d;, be any

points in B(aj, p) N G such that dist(yg;, 0G) and | y;; — yj, | are of the order of o for all
k # j. Let wo(x) be the smooth map defined on the flat boundary 0G N B(a;, p) by

g(l-) — e’iﬁpo(x)'
We define for 0 <r <pand -5 <0< 3

Bo(r0) = (5 + D)eolr, 3) + (3 — D)golr, )

thus @y = @ on G N B(ay, p). Let 0y €]0, 5[, we set for 6y <6 < 7

T_¢g
() + 2
3~

ZE (7’, 6) T 00 (100 90()(0/),

2

16



240
——— By (r,0) + 2
_27r+004P0( )
and for —0 <6 <0,

ls(r 9) 900( )

By reflection, we obtain I, in B(a;, p). Direct computation gives for 6
(2.30)

<
| VI, |<

IA
[SIE

T _
2

Finally, on each B(a;, p) N G\ U; B(y;;, R) we set

x — Ys. x — e, .
) = Ty e i)
|x_yij|’x_yij|
= v(m)eiux).
Following the proof of the Theorem 4 in [BMR] we obtain

/ p| Vw|*= /
B(ai,p)\U; B(ys;, R)\U; B(¥5,;,R) B(ai,p)\U; B(y;,;, R)\U; B(¥5,;,R)

pl Vol
2 | yij —a; |
+O( pIVi P +> ———+R)
B(ai,p)\U; B(y5;,R)\U; B(T;, R) ; P
Next, we use the proof of the Theorem 5 of [BMR] and we are led to
1

2 /B<ai P\U; B(yS, R)\U; BT, R)

(2.31) — ZWpOZlO | vij —

¥z,
p | Vv |°= 2mpod; log% — 27po Zlog J

— Y5 |
7k P
+O(Z’y” T+ 0
ik P ] o !ym yzkl
+ 3700 ;@i [ og 1) + O(p* log -
J

P

Combining (2.30) and (2.31) we obtain
1

2 /B<ai,p>mc\u38(y R)

p| Voo [P= mpods log £ — 7po’Y " log L~ Yik
0 R 0'
J#k
2.32 | Yij — Vi | p o o 1
( . ) —WpoZlog—+O(ﬁ_) +O(—)+O(p log
ik p 7~ p
9 1
+ O(c” log

R
E) +O(;)-

;)

17



Now, we extend w to B(a;,2p)\B(a;, p) as in [AS], Lemma 4.6. So, in a neighborhood

of a; we set

and | |
w = edeﬂezd)i.
We have i
[ Vo1 |=O( VI ) + O(3)
that gives by (2.30)
1 o
Vi |=0(% +0(—).
Vo |= 0—5) +0()
For p <r < 2p we set
r T
Y(r,0) = (2= )i + (=14 —)¢s.
P p
Thus,
oy 1 o
— |=0 O(—=—
‘8r (g_go)Jr <p2)
and o0 1
o
—g 1= 0 +0(=)-
|5 =05 +0()
We set | |
w = e in Blag, 20)\B(ai, p).
We have : 1
o
Vw(z) |= ——— + O0(— +
| Vele) |= o + O + )
therefore
2 2 O'2 p2
2.33 / p | Vw [*=4rpod;ilog2 + O(— + ————
- B(a::20)\B(a:.) e ’ VAR

up = 622di6'611/1¢

).

On each B(y;;, R) we take w as a minimizer for I(e, R, k;;). Moreover, we may choose fg
such that § — 6 is independent of €. By (2.32) and (2.33), we obtain for a; € 0G

3!
2 B(a;,2p)NG

Yij
p | Vw |*= 27pod; log% 4 27mpod3 log 2 — mpy Zlog | J

k#3j

— ik |

38 o Y log TS+ Gl - o | +RIC R

J:k

R 1 1
+0(2)+0(2) +O0(log ) + O(0% og 7).

J

R
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For a; € G we need not to use the function /. and it suffices to choose y;; such that
| y5; — Yix | is of the order of o, for j # k and the order of | y;; — a; | is not greater than o
for  =1,...,d;. Hence, we obtain

1 c e
_/ p ’ Vw ’2: mpod; log L + Wpod? log 2 — 7pg Zlog M
2 B(ai,2p) R oy P
g R 1
(2.35) +3 (o + Cil] 45, | +R)AI(e, R, ki) +0(;) volf) 1 o log;)
J
+ O(0? log l)
7

Recall that

1 1
3/ pIvuo =3 | v 2.
2 Ja\u, B(as,2p) 2 Ja\u,B(as,2p) P

Let a; € 0G. In order to study the zeroes of u. near a;, we may choose yj ;= xy, j for all
k#iand j =1,...,dy. Let y;; be any points in R? and set Y;; = ai + oy;;. Using (2.23),
(2.28), (2.29), (2.34), (2.35) and Proposition 1, we deduce that for all i =1+ 1,...,m

| l m

— Zpo 1og — TP Z log + ZpoWl(hi) + Z %Wl(hi)

k+#j i=1 i=l+1
+ 3 (po + Cill a5 %w>mmmm

J

— e 7k
S _ﬂ_zpo log | yz] Yik | — 7o Zlog | yz] Yik |
K7 P ' P

+ D (w0 + Cil| oy | +R)*)I(e, R, hiy) + O

2

R o
Rz) + O(;) + O(;)

1 1
O(plog? =) + O(c%log —).
+ O(plog p)+ (o ogR)

We are led to

p
i=l+1 J J
g2 R

1 1
< O(RQ) + O( ) + O(%) + O(P10g2 ;) + 0(02 log —

R)'

g

Now, we set p = § and R = Ao. The optimal choice for A is A = o3 log %, thus

ZPOW1 Z poW (hs) + Hi(w5) = Hi(ys) +7C; Y |wy |2 =7Ci Y | yis [
i=l+1 J J

1 1
< O(o2 log g)
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We know that for, i = 1,....m, W'(h;) > 0. Letting ¢ — 0 we see that (w1, ..., w;q,)
minimizes H;(m,...nq,) + Cim 25:1 | m; |2. Next we choose y;, = wix, for k =1,...,d;. If
(wi1, .., wiq, ) realizes a nondegenerate minimum of H;(y;1, ..., Yiq,) + 7C; Zj | yij |* we get

1
E | wir — Wik |2: O(O'% log —).

o
k

In any case, we obtain for all i = 1,...,m

W' (h;) = O(c log l).
g

We have proved Theorem 2.

We now turn to the proof of Theorem 3. Using (2.23), (2.28) and (2.29) we obtain

1
E.(u) >7rp02d210gp+27rp0 Z dQIQgp—i—prZd logﬁ

i=l+1
5 |
+WG(G,d1,... dmvg p _WPOZZlOg
i=1 k#j
(2.36) log | f; — T, |
S Y
i=l+1 k,j
+ Z pO + Cl(| xfj — a4 | _R)2)I(57R7 kij)
2y

2

+ O(Ro log f) + O( 5) + O( ) + O(?) + O(Ro log é) + O(plog? %)

Now, we take p = ¢, and R = §o where § is a constant independent of €. As in [AS] we

have I(g, R, k;;) = wlog %2 + v+ X (¢, ) where X (e, 5) tends to 0 as ¢ tends to 0, § being

fixed. Setting A; = d?gd" fori=1,... and A; = 2d b for i =1+ 1,...m, we obtain, using
(2.36),

1
E.(ue) > Wgl(a,dy,....,dm, g,p) + mpodlog — +27rpOZA log — +ZH wi)

=1 =1

(2.37)
+) wCi > | wij |* +dpoy + O(8) + X (e, 6),
- j
where X (g, ) tends to o as € tends to 0 and ¢ is fixed.

Using Theorem 2, we know that for all ¢, w; minimizes

d;
Hi(m, -.na,) + C'WZ [n; 2
j=1

20



This leads for all 7 to .
Ci Y | ny I’=poAi.

j=1

Thus
d;

(2.38) H;(wit, ...wia;) + CﬂTZ | wij |*= nin H; + mpoA;.
j=1 {n:Ca; ) .1 Injl2=poAi}

Moreover, we know (see [BH]) that m and (dy, ..., d,,) realizes

F(d min A;.
()= {modidmiy " ds d}Z
Next, we may use the upper bound for E. (u.) in the proof of Theorem 2 with m, (dy, ..., dm )}
any m distinct points (b1, ..., by,) in A™, and with, for all ¢, (w1, ...,wiq,) being chosen as
n (2.38). We are led to the following:
the configuration (ay, ..., a,,) minimizes in A} x (A;\A2)™! the map

W () = Wg(b,di,...,dm,g9,p) + H;.
Z{n,cb p |773|2—P0A}

Finally, we obtain

1 1 —
E.(u.) = mwdpolog — + mpoF'(d)(loglog — + 1) + min W + dpoy + X (¢)
g g AlzX(Al\AQ)mfl

where X (¢) tends to 0 as € tends to 0, which is is the desired estimate.

3. Proof of Proposition 1 and Theorem 4.

Proof of Proposition 1. In the course of the proof, we shall take into account the two
cases. We have

1 100 10®
(3.1) / = | Vb, |2:/ —Z %, —Z/ —Z 0,
b P o\U,, B(bip) P OV — JoB ;. ppna P OV

Using the fact that on 9Q\ U2, B(b;, p), we have %8% = ho X (ho)r and by the nor-
malization condition (2.5), we obtain that

10®
(3.2) / 10%0 g Z / (g % 97)Bo = X(p)
P B(bi,p)n0Q

Q\Uml+1B(b“p) p v
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where X (p) = O(plog %) in the case I and X (p) = 0 in the case II. We set

Sj(x) = @o(x) — d;p(b;) log |z — by.

We have for j =1,....m

109 1,0S;
S 29, = —(=£
8B (b;,p)NQ D ov 8B (b;,p)NQ P v

(3.3) sl b
- og |T
+djp<bg>gT><S + d;p(b;) log |z — by)).
For x € 9B(bj, p) N2, we have % 1. Using (3.3) we have
100 1 0S;
o],
dB(bj,p)NQ P v dB(bj,p)NQ P v
d;p(b;) / S; 198,
+ = ——|—dpb / ~—Zlogp
(3.4) p aB(b;,p)nQ P (b5) 0B (b;,p)n P OV
=2
N d;p(b;)? / log p
p dB(bj,p)n P

Let us estimate the first term of (3.4). By (2,7), (2.9) and (2.10) we obtain in the case I

1S [l (B(b;,p)=O() and || VS |[Le(B(b,,0)= O(1)

and in the case 11 .

155 112 50,00 = D Olog (=)
k#j
and for x € B(bj, p)
| VSj(@) [=O(C | b = a; | log - — +Z‘b_bk|
Thus we have in the case I
195

(3.5) / 955 5. = 0(p)

2B (b;,p)n0 P OV

and in the case 11

1 1
/ 195 —/ div(1vs,)s; + / v,
0B (v;.0) P OV B(b;p) P B(b;.p) P
(3.6) 2

1 p 1
:ZO(C’p|bj—aj|log|b'_b ]+\b~—b |2+02|bj_aj|2p210g2_)'
k#j J k J k P
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Next, we estimate the second term of (3.4). Let us prove that, respectively in the cases I
and II, we have

d;jp(b;) / 5 _ 2md;S;(b;) + O(p)
a7 p oB(bj,p)nQ P
' 1
:Zo(cp|b —aj | log — +rpb|+0p210g\b~——b|)'
k#j ’ ’ '

We first remark that we have respectively in the case I and in the case II

1 1
— = =O(C |z —b;|?), and
i b)) J
povom i =O0(C |z =bj [l bj—a; [+C |z —b; [7),
p(ac) p(bj) J J J J
this gives
d]p—(bj)/ 5 = d—J/ S; + O(Cp?) in the case I
P dB(bj,p)NQ2 P P JaB(bj,p)n
d.
= S; —l—ZO((C’p | b; —aj | +Cp?)log D0 |) in the case II.
P 0B(bj,p) k#j J k

Respectively in the cases I and II we have for x € 9B(b;, p)
| Sj(x) = 5;(b;) | = O(p)

(3:9) = 3°0(Cp | by —a; | log - +|b—pb|>>
. — Uk
k#j

We have proved (3.7). Now we use

Zde],b + " dip(bs) log [b; — by

i#]
to infer, in view of (3.7)
d;p(b;
(3.10) M/ 5 = 2nd; ZdR i) +2md; Y dip(b;)log [b; — bi|+ X (p),
P dB(bj,p)NQ2 P Py

where X (p) is equal respectively in the cases I and II to O(p) and >, O(ﬁ +Cp |
bj —a; | log% + Cp?log m). We estimate the third term of (3.4). We easily get
respectively in the cases I and II

- 198, 1
d;jp(b;) / ~ 5. logp = O(plog —)
(311) 8B(bj,p)ﬂﬂ p v P

1 1
=0(C|a; —b; | plog; + Cp?log ;)
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Finally, we evaluate the fourth term of (3.4). Using (3.8) we get in the case I

—2
2%p@02/‘ log p
0

— 1
= 27rd?p(bj)logp +0(p*log=), j=I1+1,...m
(3.12) P B(bj.p)n P P

1
= 47rd?p(bj)logp+ O(p? log;), j=1,..,1,

and, in the case II

2d2p(b;)? 1 1 1

Jinl:/ 2L — 4rd2p(b;)og p+ O(Cpélog — + Cp? log -

(3.13) P 9B(b;.p) 1 P P
+Cp210g;).

Combining (3.4), (3.5), (3.6), (3.7), (3.10), (3.11) and (3.12) we deduce that

1/ 109
el —Z 0,
2 8B (aj,p)nQ P v
(3.14) m

= wd;diR(b;,b;) + 7> did;p(b;)log |b; — bj| + 2md;d;p(b;) log p + X (p).
i=1 i#j

where X (p) = O(plog %) in the case I and X (p) =3, ; O(m +C | bj—aj|plog % +
Cp?log %) in the case I1. Using (3.1), (3.2) and (3.14), we are led to the proof of Proposition
1.

We define hj(z) = hj x (hj)T(m_pbj) for x € OB(bj, p). The proof of the following
proposition is a consequence of the proof of Theorem 1.4 of [BBH2].

PROPOSITION 2. Let @4 be a minimizer for the problem (E5). We have

1 N
/p|va2|2:/ Livar 2
Qb Qgp

P

where ég is the solution of the linear problem

| N
(div(=V®L) =0 in
p

1090}
(315) ga_Vp:?] on 8B(bj,p)ﬂQ,j:1,...,m
b
199

|8 = o (ho)e on OO\ ULy Bibys )
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with the normalization condition [y, (ho x (ho),)®? = 0.
Now we extend the function p by a function still denoted p such that in the case I, for
j=14+1,...m, p(x) = p(r(x)), where r is the reflection associated to the flat boundary

QN B(b;, B), and such that in the both cases p(x) = po, for | z | large enough. We define
bj
ny’ by .
((div(=V%) = 0 in R\dB(b;, p)
p
bj 7
1877,0 J
J

1
pov p

(

L 7721' bounded

=~ 1) on 9B(b;.p)

with the normalization condition |, OB(b;.p) ﬁjnzj = 0. In order to justify the existence of
'

ny in R?\B(bj,p), let us remark that by the inversion w(z) = ﬁz'j(bj + 2) (we use the

complex notation), the system that defines nzj is equivalent to

[ div(=Vw) = 0 in B(0,1)

pj
1 7.
Low My o0 0B(0,1)
Dbj Ov dj

where p;(z) = p(b;+2) and h;(z) = h;x (h;)-(z). Hence, the existence and the uniqueness
of ngj are assured by the existence of a unique w, that follows from standard results. For
Jj=1,...,m, we define 7; by

(A7) = 0in R*\S?

Oi;  h;

G 2 _qon 5t

ov d;

7; bounded

/ hyit; = 0.
\ JOB(0,1)

Let 7Y (z) = ﬁj(m_Tf)j), for z € R2\B(b;,p). We note that 7 is given by the explicit
representation (given in [CM])

1 -
—b; 2
my(z) = — log [z — 2" (hj(2) = 1)+ H
g 21p JoB(b;,0) ’

where H is a constant such that

/ hl = 0.
OB(b;.p)
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We also use

- 1 r—z -
Vﬁj ) = —— JER———— h z) — 1
p( ) P 8B(bj,p)|x_z|2( J( ) )
to infer that , for all z € R*\B(b;, p)
—b; p
3.16 nbﬂ x)—H|=0(——m—
(3.16) (@)~ H |= O( =)
and
2
b, p p
(3.17) | Vi () |[= O + )-

(o=t =p)F Tz ==

LEMMA 1. We have the following estimations, uniformly for (A1, ..., hy) in H7Yy in
the case I, for x € R*\B(b;, p)

2

» p p
3.18 Vnbi(z) |= O =)+ +0(Cp
(3.18) | V' () | ((|x—bj |2_p2)§) (|x_bj|_p)2) (Cp)
and for x € 9Q N B(bj, 3)\B(bj, p)
any’ p
3.19 — () |=0 =) 4+ 0O(Cp).
(3.19) | =, @) ((|m_bj |2_p2)§) (Cp)
In the case II we have for all x € R*\B(b;, p)
(320) | Vi) = O(——L P O(C by~ ay | +Cp)
(Jz—bj2=p2)z"  (z=b;]-p)
and
_ Cplb; —a; | +Cp?
(321) Vi (@) |= O(——2 )y o(Ce s 1 HCr)

Proof. We note here cq(z) =
w(z) = p(b;)i; (L) = p(b; )7 (b; +

div%V(w —D)(2) = —p(bj)(V%.Vw)(z) in B(0,1)

10(w—-w) B " 1)on
ooy ( 5 1)( = 1) on 9B(0,1).




There exists a > 0 such that
1 I4 P
V-(bj+=)=0(C |bj —a; + =) f >
p(]—i_z) (C [ by a3+z|) or |z[>a
=0for |z <«
and for any second derivative of % denoted DQ% we have
21 P
D*=(bj +=)=0(C) for |z|>«a
p z
=0for |z [<a.
Thus )
| V=.V& ||i1(B(0,1) = O(Cp?) in the case I
p
= O(Cpd + Cp?) in the case II.
On the other hand we get

p(b;) _ h < hr _ _ 2\ -
Il (—]5 1)( - 1) ||H%(Sl) = O(Cp~) in the case I

= O(Cpé + Cp?) in the case II .

We deduce from standard estimates that

_ _ h x h,
| w = |lasBo1)< M| f a1 (B0,1) +M || (Br; — p(bj))( =

~ 1)1l oy
thus

| w = ||g3(p0,1)) = O(Cp?) in the case I

(3.22) 5
= O(Cpd + Cp?) in the case II.

In particular we obtain

| anﬂ —P(bj)vﬁl;,j 22 (Q\B(b;.p)) = O(Cp?) in the case I

(3.23) )
= O(Cpd + Cp?) in the case II.

By (3.22) we are led to

| VUZj —p(bj)Vﬁ',’f Lo (@\B(b;.p)) = O(Cp) in the case I

(3.24)
= O(Cd + Cp) in the case II.

Now we use (3.17) and (3.24) to get (3.18) and (3.20). If z € 9Q N B(b;, B)\B(b;, p), for
an appropriate choice of coordinates z = (21, 22) we set

Y )
/LA — 2 ()~ 1).

(2) = — S
v TP JoaB(b;,p) |z —2[?
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We denote z2 = psinf and we use | x — z |[>| x — b; | —pcos b to get

oy p
P
—_— p— O 1 ,
v (@) ((| r—b; |2 —02)5)

thus, using (3.24), (3.19) is proved. In order to prove (3.21), we first remark that (3.22)

leads to
1% = pb)N% |Lee @\ B(b;,0)) = O(Cp?) in the case I

= O(Cpé + Cp?) in the case II,

and this gives, in view of (3.16)

| n/‘;j (z) — p(bj)H | = O( p )+ O(sz) in the case I

b | —

(3.25) |z ; p
= O(—————) +O(Cpé + Cp?) in the case II.

|z —b; [ —p

Now we let for z € R?\B(0,1), v(z) = an (bj + px) and, for y € B(0,1), 9(y) = v(z + (|
x| —1)y). Standard estimates in B(0, 1) for the map v — p(b;)H give

| Vo(0) [< M || 0 = p(bj)H || (5(0,1)

thus
M
| Vo(z) |< (x| -1 | v —p(bj)H HLOO(B(x,%(|x|—1)) .

We set z = b; + px. We are led to

M
bj bj _ )
| V7 (2) |< b, [—p 1 ng? = (b)) H || e (B2, 1 (j2—b; - p))

and we use (3.25) to get (3.21).

We have the following Lemma

LEMMA 2. In the case I, that is if b; € Q and p(z) = po+C | x —b; |*> +o(| z —b; |?)
we have respectively when b; € Q and when b; € 09, uniformly for (hy, ..., hy,) € HY

1 1 , 1
5 |1Vl =T (k) + O(6®) + O(Cplog ),
s P d; p

and

1/ 1 b; 12_ Po 1 2 2 1
Vn |“= W*(h;) + O(p*) + O(Cp*log —),
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Now in the case I, that is if b; € G, | b;—a; |< § and p(z) = po+C | z—a; |* +o(| z—a; |?)
we have uniformly for (hq, ..., hy) € HY

[\]

2(1.
3 |3 v = 28w + o 0e 1) + 01cs) + o),

Oqlb

Proof. We first remark that the W?(h; ) j = 1,...,m are bounded uniformly for

(his ...y hm) € HY. Recall that ﬁgj( ) = 77]( ) We claim that, respectively for b; € 0G
and for b; € G,

1 1 1 1

3 [ | Vi B = W)+ O(2) +0(Cp o )
b .

(3.26) i po ’

1
LW (hy) + 0(p%) + O(Cplog =),
pOdj p

We only give the proof of the claim for b; € 0€2, since the case b; € 2 remains to [CM]. Using
the fact that h;(z) = h;(z) for z € S! we transform ﬁ% , by the inversion ¥(z) = ﬁf,(bj +2),
into the solution of the problem (2.6) and we transform B(b;, 3) NQ\B(b;, p) into the half
ring (B1—)\B(0, §), where B1— = {(21,22) € R? 22 + 22 < 1,25 < 0}. The domain
O\B(bj, ) is transformed into a domain D contained in B(0, %) We have, by (3.17)

1 1 1 1
o [V P o Vi Py [ vay P
2 Jas p 2po J{weq,p<|a—b,;1<8} 2po Jo\B(b;,8)
1 2
<o |V 2 +0(2).
2po J(B,-)\B(0,4) B2
Since h;(Z) = h;(z), we see that ¥(Z) = ¥(z), thus

1 1
— | VU |?= —
2po J(B,-)\B(0,% 4po JB1\B(0,4)

| VU 2.
This gives, using the definition of W (h;),

1 1 Y 1
5/ = | VY P< —= W (h;) +O(p?).
ap P 2p0dj

Now

1 1
s [ooivae=g [ S
2 Jay p 2 Jiveqp<io—b,1<py P

1
Z _/ t ‘ \YA' |2
2 J(Bi-)\B(0,4) P
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where p(z) = p(b; + 2) By the symmetry of w and p, we obtain

1 1 1
/ ¢|V\If!2=—/ VU2,
(Bi—)\B(0,5) P 4 JB\B(0,2) P

Since p(z) < po + C’% for all z € B1\B(0, §), we have

N

1 1 1
- / — | VIl P> ——= W (hy) + O(Cp*log 2) + 0(p?),

and this gives the proof of the claim (3.26). We use the claims (3.23) and (3.26) to get
the proof of the Lemma 2 in the case I. In the case IT we denote w’ (2) = Z,(%J.)??Zj (bj +2),
z € B(0,1) and we have, using (3.21),

1 1 1
v j
2%;pp()| e IF =

[ T P, Vi P
Bi\B(0,2) Db; 205 Jo\Bb,.5)

1 / 1 )
= Vwb |2 +0
2 JB\B(0,2) Py By | | (52)

l\.')lr—t

(3.27)

IN

where py, (2) = p(b; + £), and

1 1 1 1
(3.28) ! / L oppsl / Vb P2
2 Jay pp*(b;) P 2 JB.\B(0,2) Py

_paj) for x € 0B(a;, p) and we consider the

function 7,’ defined by

(= —1) on 0B(aj, p)

with the normalization condition faB(a' ») h;np’ = 0. Using (3.27) and (3.28), we deduce

1
- |V b; |2 / Vvn® 2
| s, 72 (55) | Vi | o~ 5 | Vg

1 by |2 12 P’
=|/ (=— | V™ |7 —— |Vw°”|)|+0(—2)
Bi\B(0,%) Pb, Da;

(%)

1 b2 L 12 P’
— J — a; O .
G [Vl [P |V ) +0()
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By the first part of the proof of Lemma 1, we have

| w¥ —w® [lg2B0,1) <l W =@ |la2(B01) + || 0% =& [lH2(B0,1)
=0(Cp|bj —a; | +Cp?).

where ©(z) = 7;(1). In particular we have
| Vob =V ||2(0.1y)= O(Cp | bj — a; | +Cp?).

Now

1 1 | 1 . 1 | o
15 G 1Vt P | Tut ) = [ (vt P T )

pbj ag B, bJ
1 1 a; |2
+ | (=— = =) Vw¥ [’=0(Cp | a; — b; |).
Bl pb] paj

Now we apply the result of the case I in the present Lemma and we see that

3!
2 Ja

and this gives the proof of Lemma 2.

1 a P 1
= | Vi [P= W (hy) + 0(0%) + O(CpPlog ),
p 3 p

a
P

Let nzj* be a solution in R*\@B(b;, p) of

oy 19ng

dry  p Oz
ang* _ 10ny
drs  p Oxy
b
The existence of 77 * follows from the fact that B B(b;.p) %8(;75] =0 and 77 * verifies
VEl

div(pVn*) = 0 in R*\0B(b;, p)

6772j* 1 ilj
or ,O(dj )Ona (37:0)

By (3.20), for any compact set K in R?\{b;} we obtain, in the case II

pdiam(K)

W + Cédiam(K) + Cpdiam(K)).

(3.29) max nzj* - m}%n 7723’* = O(
Now we claim that in the case 1

1
(3.30) max bjx min nzﬂ'* = O(plog ;)

n
aQ\U;'n:l+1B(bj7p) P 8Q\U;’n:l+1B(bj \P)
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Indeed, letting j =1+ 1,...,m and {zg,z1} = QN OB(b;, p), the symmetry of h; gives
f;ol(hj X (hj); —1) = 0, that is nzj*(xo) = ngj*(xl). Combining this fact with (3.19) we

obtain (3.30). Now we define 62 as the solution of the linear problem
( 1 —
div(—vq>f,) —0in Q0

1a<1> d; ,
, 8y _?jon IB(bj,p)NQ,j=1,....m

\ 55 = hy X (ho) on 89\ Uj:l+1 B(bjap)

with the normalization condition [, (ho X (hO)T)q) = 0. The function (IJ is equal to the

function (i)g in the particular case where h;(x) = (|I| )9, We write
b m
(3.31) =3, + ) dimb +1),

thus 772 is the solution of

( 1
div(];VnZ) =0in Qg

10 -1
— 77p_ de— 77 on 0B(bj,p)NQ,j=1,...m

p Ov oy p Ov
10nm° UL 1 nbr
I_) 8; = Z P on aQ\ UJ +1 B(b37p)

\

with the normalization condition [, (ho X (ho)-)1) = = Y27 dj [0 (ho X (ho)s )N

We have the following Lemma

LEMMA 3. In the case I

1
/ Vi 2= O(p* log? 1)
Qb p

P

| vk = o),

P

and in the case I1

Proof. We have, for j =1,...,1

1 on® 1
/ " _ / div(=Vl*) = 0,
OB (b;,0) P OV B(bj,p) p
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and consequently

10
/ 7”3 =0, j=0,1,..,1L
pay

Thus we may define 772*. We set in this proof n, = ng. First let us prove that we may
choose n;, such that

1
| 7, [z (e,) = O(plog —) in the case I
p

(3.32)
= O(p) in the case II.
We have 8 5
,r]p np .
= —£ =0 =1,...,1
81/ ’yj 87_ ) j 9 Y

hence we are in position to apply Lemma 1.4 of [BBH2] in order to infer

l
maxnp — mlnn Z maxnp — mmnp) + I%axnp — ngmnp

For j =1,...,1, there exists  and y € v; such that

max 1, — minn, = n,(z) —7,(y)
Vi Vi

We have

max 1, —mlnnp / )
v y

Using respectively (3.18) and (3.20), we get respectively in the cases I and 11

max 1), — minn, = O(p?)

i i
and )
p
ma — min O(Cpd + —).
ax g, — ming, = O(Cpd + °)
Let z and y be such that max,,n; — min,, 7, = n;(x) — n,(y). Let us consider the

case I. If z and y are in the same connex component of 9Q\ UTL, , B(b;,p), we use
(3.19) to get n;(z) — ny(y) = O(plog%). If there exists j such that x and y are in
0B(bj, p) NS, we conclude as in the previous case. Now, in the case II, we use (3.21) to get
n,(z) —m,(y) = O(p). Hence we have (3.32). Let us define A%p , = B(bj,2p)\B(bj, p) NG.
Let us prove that in the both cases I and II we have

1
\V4 co( A = O(log —) in the case 1
(3.33) 1V [l (g, ,) = Ollog 7)

= O(1) in the case II.
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First we consider the case I and j =+ 1,...,m. Recall that we may assume that 92N
B(bj, ) is the axis x5 = 0. We extend q> — q) to a map still denoted <I> - q)p, defined in

B(bj, B)\B(bj, p) by (&, — ®,)(r(z)) = (<I>p - <I>p)( x), r being the reﬂectlon associated to
the axis zo = 0. Let

U(x):(q)p—ap—ajnp )(bj + px) = den +n,)(b; + px).
k#j

Since we have 252l = 0 on 90 N B(b;, 5), the map v is in W2?(B(0, £)\B(0, 1)) for
all 1 < p < oo and verifies

div(%Vv) =0 in B(0, g)\B(O, 1)

181}

where p(z) = p(b; + px). Thanks to (3.18) we may choose 772’“* such that
(3.34) 10" e ag, )= O(0%), for k # j

and we may define v*(z) =, + > 1, noe* (b + px). It verifies

div(pVe*) = 0 in B(0, g)\B(O, 1)
v* =C(p) on 0B(0,1),

where C(p) is a constant that verifies by (3.32) and (3.34) | C(p) |= O(plog %) Standard
elliptic estimates give

| Vo* |Lo<>(B(0,2)\B(0,1))§ M [v* = C(p) ’LOO(B(O,S)\B(O,I)) .
The constant M is independent of p because p is bounded uniformly in p. But we have
v(r(z)) = v(z), so, using (3.32) and (3.34) we obtain

| v* [z (B(0,3)\B(0,1))=| 1, + Z??p | Lo (B(b;,30)\B(b;,p)n02)= O(plog ;)-
k]
We are led to
* « 1
PV Iwiag, = OO+ D VI |y, )= O(plog ).
k#j ’

We have proved (3.33) in the case I, for j =1+ 1,...,m. The proof of (3.33) in the case
I with j = 1,...,1 is the same, without the reflection . In the case II, thanks to (3.29)
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we choose || n)** HLOO(Aép’p): O(% + Cpé), and the same proof as above, without the

reflection r, leads to (3.33). So we have (3.33) in the both cases. We claim now that we
have in the case I, for x € 9Q\ UL, | B(bj, p),

3.35 A O(ma plog
(3.35) | 77p(93) |= (Jlil%m)

and in the case II, for x € 012,
(3.36) | Vi, () |= O(p).
In order to prove (3.35) and (3.36), we define

m
u(@) =n,+ > _dm}.
j=1

We may define u* = ny + Z;n:l Eljnzj*, and due to (3.30) and (3.32) we may choose, for
all z € 0O\ UL, | B(bj,p), in the case I

. 1
| u*(z) |= O(plog —).
p
In the case II, for all z € 02 we may choose, due to (3.21) and (3.32)

| u*(2) |= O(p).

In the case I, let j =1+ 1,...,m, x € 002N B(b;, 3)\B(b;,p), and A =| & —b; | —p. We
define
() =u"(z+Ay) y€B1+.

We remark that % = 0 on 9N\ UJL,,, B(bj, p), thus u* is equal to a constant C(p) in

the connex component of 90\ U7, B(bj, p) that contains x. We have C(p) = O(plog %)
The map @* — C(p) verifies

div(pV(a* — C(p))) = 0 in By +
" —C(p) =0on I(B1+) N (z2 =0).

Standard elliptic estimates in B+ give
(3.37) | V™ [ poo (o, 1)1y S M | 0" = C(p) |Lo=(B,+),
where the constant M is independent of p, since p(y) = p(z + py) is bounded uniformly on

p. The proof of (3.35) follows directly from (3.37). Now in the case II we have C'(p) = O(p)
and a similar proof, gives (3.36). We write

m
/|V77p|2=/ !WZ|2+Z/, e 2,
QZ Qgp j=1 A%pyp
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where

Qgp = Q\ U;nzl B(bj7 QP)
Thanks to (3.33), we get

1
/ | Vi, > = O(p?log® =) in the case I
Al P

= O(p?) in the case II.

Now
m

] o, oy,
/b p|Vn, |2=/ pa—ypnﬁZ/ P

2p

By (3.32), (3.33),(3.35) and (3.36) this is O(p? log® %) in the case I, and O(p?) in the case
II. We have proved Lemma 3.

LEMMA 4. We have in the case I

_ 1
| 198, — vy = 0% 10g )
b

P

and in the case 11

2
_ 1
/b | Ve, — VO, |*= 0(§—2) + O(C?6%p? log? ;).

e

Proof. Let u = Ep — ®q. It verifies
( 1

div(Z;Vu) =0in QI[’)
10u
pov
1ou d; 10%

pov = " pa OBl AN =1 m
\

10u
S0, =1,
[Yjpau ’

so we may define u*. Moreover, by (2.7) and (2.10), we have on 0B(b;,p)NQ, j =1,...,m,
respectively in the cases I and II

= 0 on 90\ Uy, B(bs, p)

We have
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As in the proof of Lemma 3, Lemma 1.4 of [BBH2] gives in the case I

maxu* — minu* = O(p)
0 Qy

and in the case I1

L p
* _minu* = O(Cpdlog -~ + 2
rrg)azxu minu (Cp ng+5)

P

and we choose respectively in the cases I and 11

| w” |L<><>(Qg) = O(p) and

3.38
(3.38) :O(g—i—Cp(Slog%).

The same proof as for (3.35) and (3.36) gives in the case I, for x € 0Q\ UL, | B(bj,2p)

* _ m p
(3.3 VU (@) = Ol ——f——)

while in the case II, for xz € 012,
. P 1
(3.40) | Vu™(z) |= O(g + Cpd log ;)

Now let us prove that in the case I we have for all z € 9B(b;,2p) N €,
(3.41) | Vu*(z) |= O(1)
and in the case II we have for all z € 0B(b;, 2p),

(3.42) | Vu'(x) |= O(; —l—Célog%).

In the case Ilet j =14 1,...,m and z¢ and =1 be the two points of 02 N B(b;,2p) and

K = 0B(b;,2p) N \B(xo, 5)\B(w1, ).

Using the change of variable x = b; + py and standard estimates we get
Then, = being in 0Q N IB(b;,2p) we let @*(z) = u*(z + py). We remark that u* is equal

to a constant C'(p) on 92N B(bj,0)\B(bj, p), and that by (3.38) we have | C(p) |< O(p).
Thus u* verifies

div(pV(a* — C(p))) = 0 in B+
" —C(p) =0on I(B1+) N (z2 =0).
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We use the following estimate

| Va© |L°°(B%+)§ M| @ = C(p) |L=(B1+),
to get
(3.44) | VU™ | Lo (B(ao, 2)ne) < M.

The estimates (3.43) and (3.44) give (3.41). Now, in the case II, we use the change of
variable x = b; 4+ py and standard estimates together with (3.38) to prove (3.42). Next we
write, using (3.38)-(3.42),

J

1
= O(p?log ~) in the case I,
p

* |2 au* * - au* *
p|Vu"[*= p—o—u* — p—=—u
O\UT, B(b;,20) OV — JoB @, 2000 OV

b
2p Vi

(3.45)

1
= O(g + Cpélog ;)2 in the case II.

In order to achieve the proof of Lemma 4, we prove that, respectively in the cases I and II

| 1vur=o

2p,p

(3.46) and

P’ 2 921 21
:0(5—2+C’p5 log ;)

In the case I, let j =1+ 1,...,m. We have by (3.37), (3.38) and (3.41)

div(pVu*) = 0 in A

2p,p
| u* |= O(p) on 8A%p’p
ou* ;

| 5 |=0O(1) on 8A§p7p.

Thus, letting f(x) = u*(b; + px),

le(ﬁVf) =0in A271+
| £ 1= O(p) on 9(Az,1+)

9L 1= 0(p) on 9(4014),

where As 1+ = B(0,2)\B(0,1) N (z2 > 0) and p(x) = p(a; + pz). We use an extension
theorem, valid for domains with lipschitz boundary (see[G]) to get a map v € H'(Az 1+)
having the same trace than f on 0(Az;+) and such that

| v |Era,, S M| f ’H%(8A2,1+) '
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We have
[ BIvG-0P= [ e v
Ag 1+ Az 1+

| Vi ’LQ(A2,1+)§ 2 | Vo |L2(A2,1+)§ Mp,

that proves (3.46) in the case I, for j =1+ 1,...,m. In the case I with j = 1,...,1 , the
proof remains to [CM]. In the case II we have

and thus

le(];Vf) =0in A2 1
1
| f \_ ( + Cpd log ,0) on O(Az 1)

1
— |=0(= log — A
] (97 O<(5 + Cpd ogp) on 9(A21),
thus )
p
5 s an S M1 g3, = O +Codlog ).

We have proved (3.46) in the both cases. By (3.45) and (3.46) we have proved Lemma 4.

LEMMA 5. We have in the case |

1
(3.47) / Vnp V&, =O0(plog® -),
Qb P p
, 1
3.48 'y V®, = O(plog® -
(3.48) o, 7 . (plog p)
and
1 .
(3.49) Vn,f Vit = O(plog =), j#k,
Qb P p

while in the case II we have

1
3.50 $,=0 Cpsl
(3.50) /prvnpv (5+ p ng)
2
1
3.51 / Vib.V®, = O(Cpdlog = + p+ —1o
(3.51) prnp (Cp gpp(sgp)
and
1 2 .
(3.52) —nkivnl = 0% +p), G # ke
Qb P 0
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Proof. We begin with the proof of (3.47) and (3.50). We denote u = ®, — ®3. Lemma
4 and Cauchy-Schwarz inequality give

1 11
—Vnzj.Vu = O(plog? —) in the case I
Qv P P
P L.
= O(E + Cpdlog —) in the case I.
P
Moreover ) ) )
—Vngj Vo, = —Vnzj Vu + —an,j NVo,.
Qb P Qv P Qv P

By (3.19), we have in the case I,

1 anﬁj "= Jlogr | 51
(3.53) —— =% =0(p ——51dr) +0(p) = O(plog” ).
o\, B(by,0) P OV r=p (r2—p?)> p
In the case II we have by (3.21),
1 Onbe
3.54 - —L®y = O(p).
(354) | w0 =00)
For k # j, (3.18) and (3.20) give
b.
1 J
/ L Onp ®y = O(p) in the case I
9B (br,p)n P OV

p? 1 1. .
= O(T log; + Cpé log ;) in the case II.

Now we use the same notations as in the proof of Proposition 1 and (3.9) to get for
x € 0B(bj,p) NQ

Po(x) =logp+ S;(bj) + O(p) in the case I

1
=logp+ S;(b;) + O(C’pélog; + %)) in the case II

and we are led to

1ny
/ = e Py = O(p) in the case I
2B(b;.p)n0 P OV

1
= O(Cpdlog — + g) in the case II.
P

We have proved (3.47) and (3.50).
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Let us prove (3.48) and (3.51). We set

1 1 Ou
Vn Vu-/ / —1p—
b P O\UT, | B(b;,2p) p" 3” Z OB(br2p)n P OV

I+1

We use Lemmas 3 and 4 and (3.32), (3.39)-(3.42) to get in the case I

1
L1V = O(p log? )
Qb P P

and in the case II

2
P 2 1

Vn,.Vu = O(— + Cp~dlog —)).
/pr Tp- (5 +Cpidlog )

Now

1 10 1 0nY
SV V=3 / LAY / L9 g,
b P O0\U; B(b;,p) P OV ZnJoB o0 P v

For j # k we have by (3.18), (3.20), (2.7) and (2.9)

1 0 1
/ 77p g = O(p*log —) in the case I
OB (by,p)N2 P ov P

1 2
= O(Cpblog ) + 0(% log ) in the case II.

We use (3.53) and (3.54) to complete the proof (3.48) and (3.51).
Let us prove (3.49) and (3.52). Let k # j.

b
1 87) 1 0n,
SV = | EA Y S
Qb P o\U™,  B(bi,p) P OV dB(b;,p)n P OV

For i = j we get respectively in the cases I and II, in view of (3.18) and (3.21)

b b;
/ l%nbk :/ 1%(77% _ T]bk(b,))
oB(bs,pna P OV P oB(bs,pna P O P



For i # j we have, using (3.18) and (3.21), respectively in the cases I and II

E }pbj b 2
AB(bi,p)ﬁQ p 6 v

p
=0(53)
Moreover, in the case I we have by (3.19)
Lang = p 1
=T b = 0(p +O/ P )= 0O(plog -
/BQ\UZ’;ZHB(bi,p) p ov * )+ 0 r=p (r? — p2)5) ( p)

and in the case II, by (3.21)

13772j b
ZZ0p pbe — 0
/mp 5, I (p)

We have proved (3.49) and (3.52).

Proof of Theorem 4. We have, using (3.31)

= - |V, "= = - | Vo += — | Vn, |© + g d; -V, Vn

P

P
1 - 1
+/ “V®,.Vn, + d-/ —Vnb .V

1 —2 1 , 1 - = 1 .
LIS / Loy P4t S g / L .
7 Q, P 2 Q, P

N |

We use Lemma 5 and Lemma 3 to obtain

11, _. 1
— [ —|V®,|*= =
(3:55) 2/Qpp‘ 2 2/9

where X (p) = O(plog® %) in the case I, and

P

1, _— 1 e=—2 1
—|V®, > += d-/—anj2—|—Xp,
51V, | 2j§=1jjﬂpp| 51 +X()

1
X(p) = O(Cpdlog + £)

in the case II. Moreover we have

1 = 1 1, _—
/ ]—?|vq>p|2:/ ]—9|V<P0|2+/ ]—?|vq>p—vq>0|2
(3.56) e e e

1 —
+2 [ -V(@, - V).V,
Q, P
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and

1 9(®, — Do)
-V(®, — 0y).VP / —@ —t
/Q ( 0) °” Z OB (b; ° v

(3 57) i,0) N D

b)d; 10 ). d;
:/ (I)O(p( )————O)—l-/ Dy (1 — )—.
OB(bs,p)NQ p p pov OB(bs,p)NQ pp

We estimate separately the last two terms. Using the proof of Proposition 1 ((3.5), (3.6)
and (3.11)) give

b;)d; 10®
[ aead Lo,
dB(b;,p)NG p p pov

1 1
(3.58) = —/ 95 “(S; 4+ dip(bi)log | z — b; |) = O(plog =) in the case I
8B (bi,p)nG P OV p

2

1
= O0(Cpé log + §2)

in the case II.

On the other hand we directly estimate, by the use of (3.8)

/ Dy (1 — o ))— = O(p?log ~) in the case I
8B (b;,p)NG p p P

(3.59) 1
= O(Cpdlog ;) in the case II.

Combining (3.57)-(3.59) we obtain

1_ — 1
/ -V (¢, — ®y).V®y = O(plog —) in the case I
, D p

(3.60) )

1
= 0(Cpilog _ + §z>

in the case I .

We conclude by (3.56), (3.60) and Lemma 4 that

1 — 1 1
/ - | Vo, ]2:/ ~— | V® |+ O(plog —) in the case I
Q, P p P

P Q,
2

1
O(§2 + Cpdlog p) in the case II.

We are led to
2 ve, P== | S Ve PN d [ S| Vb 24X (p),
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where in the case I X(p) = O(plog® %) and in the case II X (p) = O(Cpélog% + £). We
use Lemma 2 and Proposition 1 to prove Theorem 4.
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