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1. INTRODUCTION

Let G be a bounded and smooth, simply connected domain in R? and
let g : OG — S! be a boundary condition of degree deg(g,0G) = d > 0
(as we may assume without loss of generality). Consider a C? functional
J : R — [0, 00) satisfying the following conditions:

(Hy) J(0) =0 and J(t) > 0 on (0, 00),

(Hs) J'(t) > 0 on (0,1],

(Hs) there exists g > 0 such that J”(¢) > 0 on (0,70).

For € > 0 consider the energy functional

1
B.(u) :/ |Vu|2dx+—2/ J(1 = uf?) de (1.1)
G e Ja
over
Hgl(G,(C) = {ueHl(G,(C) cu =g on JG}. (1.2)
It is easy to see that minueH;(Gv(c) E.(u) is achieved by some smooth u.
which satisfies:

1. .
—Au, = 6—2j(1 — |ue/*)ue in G, (13)
ue =g on JG,

where j(t) := J'(t). The case J(u) = (1 — |u|?)?, corresponding to the
Ginzburg-Landau (GL) energy, was studied by Bethuel, Brezis and Hélein [1,
2] (see also Struwe [5]), where it was shown that:
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(i) For a subsequence ¢, — 0 we have,

d

; z—a; . -

Ue, — Us :e“bH \z—a]'| in CY(G\ {ay,...,aq}),
=1 !

where a1, ..., ag are distinct points in GG and ¢ is a smooth harmonic function
determined by the requirement u, = ¢ on 9G.

(ii) Ez(ue) = 2md|loge| + O(1) as € — 0.

The method of [1, 2, 5] can be adapted without difficulty to the case of
J satisfying (Hy) — (Hs) with a zero of finite order at ¢ = 0. This applies
for example to J(t) = [t|¥, for all K > 2. The main objective of the current
paper is to treat the case of J with a zero of infinite order at t = 0, having
in mind the examples

exp(—1/tF)  for t >0,
Ji(t) = 14
k(?) {0 for t <0, (14)

for any k£ > 0. It turns out that a convergence result, as in (i) above, holds
for such J’s as well. The main difference with respect to the usual GL-energy
is in the energy asymptotics. For J with a zero of infinite order the “energy
cost” of a degree-one vortex may be much less than the cost of 27 log% for
the GL-functional (see (ii) above). In fact, we shall see that this cost equals

1 -1
27r<log - I(—)),
€ €
where I(R) is a positive function satisfying I(R) = o(log R) as R — oo,
which is determined by the particular functional J. More precisely, the
function I(R) satisfies

_ 1 [d(mo) dt

I(R) = —/ itO™ L 0(1), asR— oo (sce Lemma 2.4). (1.5)
2 1/R2 t

So for example, for J; in (1.4) we find I(R) = 1loglog(R) + O(1) (see

Proposition 4.1 in the Appendix), and the asymptotics for the energies in

this case read:

1 1 1
E.(u.) = 2rd(log -3 log log g) + O(1).

Somewhat surprisingly, it turns out that we may have I(R) = O(1) also
for J with a zero of infinite order, as is the case for k € (0,1) in (1.4), see
Proposition 4.1.

Our first main theorem describes the asymptotic behavior of the minimiz-
ers and their energies.
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Theorem 1. For each € > 0, let u. be a minimizer for the energy E. over
H;(G,C) with G, g (of degree d > 0) as above and J satisfying (Hi) — (H3).
Then

(i) For a subsequence €, — 0 we have

d
. Z — Q5 —
e, — 1y = ¢ T[(E—L) in CM*(G\ {ar, ..., aa}),
. |Z — aj|
7j=1
where a1, ..., aq are distinct points in G and ¢ is a smooth harmonic function
determined by the requirement u, = g on 0G.

(ii) Setting, for R > \/ﬁ,

1 i) gt
=5 [T

we have
E-(u.) :27rd<logé —Io(§)> +O(1). (1.6)

We show in Lemma 2.4 below that the function Iy satisfies Ip(R) =
o(log R). This implies that the leading term in the energy is always of the
order |loge|. It is easy to see that Io(R) is a positive, monotone increas-
ing, concave function of log R (for large R). It is natural to ask whether
every function with these properties can appear in the second-order term
of the energy expansion, for some potential J. The answer to this “inverse
problem” turns out to positive, as shown by our second theorem.

Theorem 2. Let h € C?[0,00) satisfy, for some T > 0,

B'(t) >0, h"(t) <0, fort>T >0, (1.7)
and
lim 1(t) = 0. (1.8)

Then, there exists a functional J satisfying (Hy) — (Hs), such that the min-
imizers {uz} over Hgl(G, C), for E. defined by (1.1) and g of degree d as
above, satisfy

E-(us) = 27rd<log§ — h(log é)) +O(1).

2. A STUDY OF AN AUXILIARY OPTIMIZATION PROBLEM

Let us begin by explaining the main idea of the proof of Theorem 1 and by
showing how it leads to a certain optimization problem which is the object
of the current section. It is natural to estimate first the energy cost of a
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degree-one “vortex” in a disc, say the unit disc By = B1(0). In the case of
the Ginzburg-Landau energy, it is easy to guess the energy cost, by taking

v (1) = f.(r)e? with f. given by:

I for0<r<e
pr— € - ’
fe(r) {1 fore <r<1.

A simple computation gives
1 1
/ Vol + 551~ el?)? = 2rlog — + 01,
B €

which turns out to be the optimal estimate, up to an additive constant,
although the proof of this fact is far from trivial (see [2]). When looking
for the right upper bound for the energy in the general case, we keep the
formula v (r) = f-(r)e?, and try to optimize over the function f. (since we
do not know a priori what form it should take, for our particular J). What
we can assume a priori on that function is that it satisfies

Es(vsaBE) = 0(1)7 (2'1)
and

5 [ J0- ) = o). (22

Indeed, for a minimizer both (2.1) and (2.2) should hold, thanks to the
estimates (3.1) and (3.2) that we shall verify below. Assuming then that f.
is chosen in such a way that (2.1)—(2.2) are satisfied, we get for the energy
of vg:

1
Ee(va):27r/0 ((f) +f—€+ J(l—fz))rdr

(2.3)

_ 1
:27rlog§ —27r/ fE dr—l—/ (fH2rdr 4+ O(1).

r
In order to get minimal energy (up to an O(1)-term), we shall look for
fe which mazimizes the term f fs dr (representing the gain of energy

with respect to the “usual” cost of 27r log E) under the constraint fg J(1—
f2)rdr < Cp. Here we did not take into account the contribution of the
term f;( )2 rdr, but as we shall see below, this term is bounded for the
solution of our optimization problem.
Rescaling by a factor of €, we are led naturally to define the following
quantity:
R 1— fQ

I(R,c) = sup{/1 —dr /1R J1 - fyrdr < c}, (2.4)
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for any R > 1 and ¢ > 0.
(R)

Lemma 2.1. For every R > 1 and c > 0, there exists a mazimizer fo = [
in (2.4) satisfying 0 < fo(r) < 1, for all v, such that fo(r) is nondecreasing.

Moreover, if ro = ro(c) is defined by the equation

¢— J(1)(’“32_ Y. (2.5)

then there exists 7o = 7o(c, R) € [1,ro] such that

=0 ifrell,R] andr < 7o,
2.6
fO(T){>O if v > 7. (2:6)
Furthermore,
R
/ J(1 = f2)rdr =c, for R>rg, (2.7)
1
and
. 1 -
j(l—fg(r)):w, T > T, (2.8)

for some A = A(R,c) > 0.

Proof. We may consider only admissible f satisfying 0 < f < 1. Indeed,
note that replacing f by |f| does not change the value of the integrals appear-
ing in the target functional and in the constraint functional. Furthermore,
if the set {r : f(r) > 1} has positive measure, then replacing f(r) by 1 on

this set would strictly increase the value of the target functional, | 1R I_TJQ dr,
without violating the constraint.

Moreover, we may assume that f is nondecreasing by applying Schwarz
symmetrization to the function f(z) = f(|z|) (with respect to the Lebesgue
measure on R?, setting first f = 0 on By(0)). Then, using Helly’s selection
principle we obtain the convergence almost everywhere of a subsequence of
a maximizing sequence { f,} to a limit fy which is a maximizer. Clearly, for
R < rg the maximizer is fo = 0. On the other hand, for r > ro we must
have fo(r) > 0. This implies the existence of 7y satisfying (2.6).

In order to prove (2.7), assume by negation that the inequality

R
/ J(1 = f2)rdr < c
1

holds for some R > rg. We can then choose a small enough interval where
fo is positive, and redefine f to be zero there, thus increasing the value of
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the target functional, without violating the constraint

R
/ J(A = f2)rdr < c.
1

This is a contradiction. Finally, note that the maximizer fy satisfies the
following Euler equation associated to (2.4):

, fo
foi(l=f5(r) = 5, r€[LA, (2.9)
where A is a Lagrange multiplier. For r > 7y we may divide both sides of
(2.9) by fo(r) to obtain (2.8). O

Lemma 2.2. There ezist two constants 0 < a(c) < b(c) such that
a(c) <A <b(c), R>ryg+ 1.
Proof. First, applying (2.8) for r = r( yields

1 ) .
5 =i = f00) <78 max j(6) — Aza(0). (210)

In order to prove the upper bound for A we distinguish two cases:
(1) 1 - f5(7o) > mo,
(i) 1 = f3(70) < 10,

where we denoted fy(7p) = limr\far fo(r).
In case (i) we simply have

(1 — f2(7)) > min j(t) :=ag >0
t€[no,1]

(by (H2)). Using the last estimate in conjunction with (2.8) yields

1 1
< —.

A< —5 <
0507'0 (7))

In case (ii) we argue as follows. Since by (Hs) the function j is strictly
monotone increasing on [0, 7], it has an inverse function that we denote by
v = j~1. We may rewrite then (2.8) as

1 .
1_f§(7“):7(w>a r € (7o, R]. (2.11)
Using the constraint (2.7) we obtain
R 1 72 -1
C:/fo J(V(W)) rdr + —5—J(1). (2.12)

We use the right-hand side of (2.12) to define a function of two variables

F(\t) = /fl&'y(%)) rdr + -1

J(1).
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A simple computation gives

Fy(\ 1) = —[Rj(v(ﬁ))v’(ﬁ) %
1 1

R , dr
- [ G 3 = o (G ) <0 @3

provided that ¢ < R. In particular, A is uniquely determined by (2.12) as a
C!-function A = [(t) in a neighborhood of ¢ = 7. Note also that

R0 = =0 (v(50g) 1+ 17(0) = 1 (70) — T - B(0). (2.14)
Next, using (2.11) we get that
R T
I(R,c) = log 7y +/~ ’Y(l(fj)r” d7 := H (o). (2.15)

Since ¢t = 7y is a maximum point for the function H(t), we must have
H'(7%) = 0. (2.16)
Using (2.16) and (2.13)—(2.14) we obtain

"(F R , r
0= 600 =5 ()5~ we L, (o)

< % +1'(Fo)l(Fo) Fx(I(Fo), o) = % — U(70) Fy, (1(0), ) (2:17)

= — — l(fo)fo(J(l) - J(l - fg(fo)))

7o
From (2.17) it follows (using (ii) and (H3)) that

1

A=1(79) < ——+—,
J(1) = J(no)
and the result follows in this case as well. OJ

Remark 2.1. The proof of Lemma 2.2 actually shows that the bounds for
A are uniform for c lying in a bounded interval.

Lemma 2.3. For every ¢ > 0 there exists a constant C = C(c) such that
for every 0 < c1,c2 < ¢ we have

II(R,c1) — I(R,c2)| < C, VR > 1.
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Proof. Let fl(R) and fZ(R) denote, respectively, the maximizers for I(R,cp)
and I(R,cz). By Lemma 2.1 we have

. 1 .
](1 - fzg(r)) = W? L= 1727 r> max(ro(cl),ro(@)),
for the Lagrange multipliers A\ = A (R) = A(R,c1) and A2 = A(R) =
A(R, c2). Recall that by Lemma 2.2 we have
0<a<A® AP <b<oo, VR>max(ro(er), rolea)) + 1,

for some positive constants a and b. By Lemma 2.1, Lemma 2.2 and Re-
mark 2.1 it follows that there exists Ry = Ro(c) such that 1 — f2(r) <
Mo0/2, 1 = 1,2, for r > Ry. Therefore, for i = 1,2 we have

Ry 2 R dr
I(R,ci):/l idr:/ j‘l($)7+0(1) (2.18)

T Ro
1
1 [NRZ _q,,, dt
== — 1).
5 [ o
\;R?

Using max(g j(y,/2)] j~(t) < C4, for some constant Oy, we obtain from (2.18),

oy dt
I(R.c1) — I(R, e2)| < ]/R i 0 %]+ o)
A1 R2
A1 b
< Cl\log(A—)] +0(1) <y log(a) + O(1). O
2
In view of Lemma 2.3 it is natural to set:
I(R) :=I(R,1). (2.19)
For any fixed ¢y > 0 we have then:

|[I(R,c) — I(R)| < C(cp), VYe<co, VR>1. (2.20)

Next we prove, by the method of proof of Lemma 2.3, an explicit estimate
for I(R). In the sequel we shall denote by fy a maximizer for I(R) = I(R, 1)
as given by Lemma 2.1.

Lemma 2.4. We have

7 (10)
I(R) = %/}; j—l(t)%+0(1), VR > \/jl(To) (2.21)

In particular,
lim I(R) =
R—oo lOg R

(2.22)
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Proof. By Lemma 2.1 we have j(1 — f2(r)) =
Lemma 2.2 we have

A= A(R) € [a,b], for R>rp(l)+1, (2.23)

for r > ro(1) and by

)\r2

for some two positive constants a and b. Using hypothesis (Hs) we conclude
that

1 1
1—fi(r) = 1()\7“2)’ for R > r > pg := max (ro(1),

V aj(no))'

(2.24)

It follows that
R 1 \dr 1 [i0m) dt
_ —1(_L yar _ 1 N
1w = 57 (5) 5 o0 2/11# 0% + o).

In order to get (2.21) it suffices to notice that

’/ 3(mo) dt /J(no . ‘ ’/

< C\ log A\| < C'max(| logb\,\loga]) =0(1).
Finally we note that (2.22) follows easily from (2.21) since j71(0) =0. O

The next lemma provides an estimate that we shall use in the proof of the
upper bound for the energy in subsection 3.2.

Lemma 2.5. We have

R
[ Gprar<c. R >, (2.25)
1o

for a as in (2.23) and po as defined in (2.24).

Proof. Differentiating the equality (2.24) yields for r > uy,

1 2
=6 () (- 55)
fofo=0G"") N2 INEDA
which implies
1 1
/ < N
fn <™ (535) 5
with b given by (2.23). Therefore, denoting by C' different positive constants,
we get,

s e [ @) e 216
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1 —1/_1
Rl v ilcl N ]-,((?) dg.  (2.26)
ez (7' ()) i gz)
It is elementary to verify that
1B _y (2.27)

im =
-0t j'(8)
Indeed, if J”(0) = j/(0) > 0, then
i) .. J(B)
m = = lim =0,
-0t (B) -0t J"(P)
since J'(0) = 0 by (H;), while if J”(0) = 0 then by L’hopital’s rule
B G I6)

s (B e TR(B)  pee T(B)

since by convexity J(3) = foﬁ J'(s)ds < 8J'(B) for 3 < ng. Therefore, (2.25)
follows from (2.26) and (2.27). O

We next study a similar functional to that of (2.4). It will serve in the
proof of the lower bound of the energy in subsection 3.3. For any R > 1 and
c > 0 set

I(R,c) :sup{/lR(l_f2 +4(1_f2)2>dr:/1RJ(1—f2)7'dr:c}.

r r
(2.28)
Lemma 2.6. There exists a constant C = C(c) such that
II(R,c) — I(R,¢)] <C, VR>1. (2.29)

Proof. The existence of a maximizer fy = ~(§R)
function on [1, R] satisfying 0 < fo < 1, follows as in the proof of Lemma 2.1.
Moreover, there exists 7 € [1,7q] (with ro given by (2.5)) such that fo(r) > 0
for 7 > 7 and fo(r) = 0 for r < 7. The Euler-Lagrange equation for fo
reads

, which is a nondecreasing

2fo _ 16fo(1 — f§)

r r

=Xrj(l - f3)(—2fo), 1<r<R

Thus,

i(1— f2 1
Ja=fo) _ —, T<r<R (2.30)
9-8f3 AT
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Setting j(t) = Sjt(—i)l, we may rewrite (2.30) as

~ = 1 -
](1_f(?)zw, 7“6<7“§R.

We claim that there exists 7o > 0 such that j is strictly monotone increasing
on [0, 7]. Indeed, this is a direct consequence of

(J0y _ (B2 D0 -850
8t + 1 (8t +1)2

and (2.27). We can then repeat the argument of Lemma 2.2, with j and
7o taking the place of j and nyg, respectively, to conclude the existence of
a(c),b(c) such that 0 < a(c) < A < b(¢) < co. We can then apply the
argument of Lemma 2.3 to deduce (2.29). Indeed, we only need to notice
that j(t) = j(t) + o(t) implies that j7'(t) = j71(t) + o(t). O

By using the above arguments we also obtain the following result.

Lemma 2.7. For every cyo,a > 0 there exists a constant C(co, o) such that

{ |[I(aR,c) — I(R)| < Ci(c, )
~ (2.31)
|[I(aR,c) — I(R)| < Ci(c, )

for R >max(1,1) and c € (0, co).

3. PROOF OF THE MAIN RESULTS

In this section we shall give the proof of our main results Theorem 1 and
Theorem 2. We begin with some basic estimates for the minimizer u., which
follow as in the case of the GL-energy (see [1, 2]).

3.1. Some basic estimates for u.. The next lemma provides L*°-estimates
for u. and its gradient.

Lemma 3.1. Any solution u. of (1.3) satisfies:
C
el <1 and Vel ) < - (3.1)

Proof. The first estimate follows easily from the observation that replacing
ue () by us(x)/|us(x)] on the set {z € G : |us(x)| > 1} strictly decreases the
energy if the latter set has a positive measure. The second estimate in (3.1)
follows from a simple rescaling argument and standard elliptic estimates as
in [1, 5. O
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In the case of a starshaped G the following Pohozaev identity holds for u.
(actually it is valid for any solution of problem (1.3)). The proof is identical
to the one for the GL-energy in [2], so we omit it.

Lemma 3.2. If G is starshaped then
1
g/GJu ) < Cp, Ve > 0. (3.2)
We shall show later that the assumption of starshapeness of the domain
can be dropped, by applying an argument of del Pino and Felmer [4].

3.2. The upper bound for the energy. This subsection is devoted to the
proof of the following proposition which provides the upper bound assertion
of Theorem 1. Recall that u. is a minimizer for E. over Hgl(G,(C). We
assume without loss of generality that d > 0.

Proposition 3.1. We have

E.(u) < 27rd<10g (é) - IG)) +O(1), Ve > 0. (3.3)

Proof. We treat only the case d > 0 since the case d = 0 is trivial. We
shall define U, € H, (G, C) for which E,(U.) satisfies the bound (3.3). Fix d
distinct points by,...,bg € G, and let p satisfy

1
0<p< 1 min (Hin |b; — bj|, min dist(b;, 0G)).
i#£] i

Fix any & € {1,...,d}. Let fo(r) be a maximizer for I(£) as given by
Lemma 2.1, see (2.19), and let §; denote a polar coordinate around by. Next
we define U on By, (by) as follows:

L0l fo (j10) e on By (br),
Us(w) = { fo(22ed)e on B,(bk) \ Buoe (b,

(Fo(2) + (==2=2) (1 = fo(2)) )™ on Bay(be) \ B (bw).

We claim that
1 1
Eo(Us, Bay(by)) = 27r(10g (g) - I(g» +0(1). (3.4)
Clearly,
Ee(Us, Byue(bi)) = O(1). (3.5)
Next, by the same computation as in (2.3) we obtain

/e 2
Eo(Ue By (00)\ Buoe(be)) =27 [ (492 + 2%+ 51 = 33)) e

o
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ple 1 _ 2 ple
=2rlog <L> 27r/ L= fo dr+27r/ (fo)2rdr +0O(1)
Ho& Ko r o

= A1 — Ay + Az + O(l), (36)

where we used the constraint satisfied by fy. Clearly, A1 = 2w log(1/e) +
O(1). By the definition of fy and Lemma 2.7 we get that Ay = 271(1/e) +
O(1). Moreover, As = O(1) thanks to (2.25). Therefore, (3.4) will follow
from (3.5) and (3.6) once we show that

E. (U, Bap(bi)\B, (b)) = O(1). (3.7)
In order to verify (3.7) we write, on Ba,(by)\B,(bx),

Uelb ™) = 2(r)e™ with =) = o(5) + (—2) (1= fo(2)

and compute

2p
/ VU, |* dx = / 22| VO? + 277/ (") rdr
Bap(br)\Bp(br) Bap (b )\ By (br,) P
1— 2 [2p
—0(1)+ QW(M) / rdr = 0(1). (3.8)
p p

As for the second term of the energy, we obtain, using again the inequality
J(t) <tj(t), (2.8) and Lemma 2.2

1 C .
- J1- ) < S / G- (39)
€% J By (bi)\ B, (br) €% J By (bi)\Bp (br)
- _ ) = — < (. .
= 2](1 fO(E)) - )\.(5)2 <C (3 10)

Therefore, (3.7) follows from (3.8)—(3.9).

We use the same construction on each of the annuli By,(by), k =1,...,d,
and finally on G\ U{_; Ba,(by) we set U. = w where w is a fixed smooth
S1-valued map which is equal to e?* on each 0B3,(b;;) and to g on dG. The
result follows since clearly E.(uc) < E.(Us). O

3.3. The lower bound of the energy and the convergence result.
The following simple lemma, which is a variant of [3, Theorem 3], is a basic
tool in the proof of the lower bound.

Lemma 3.3. Let u € C1(S', C) satisfy |u(z)| > 5 on S* and deg(u/|ul) = d.
Then,

/ (107 + (1~ [uP) + 401~ [u)?) dr > 27, (3.11)
Sl
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Proof. We may write u = pe'(®*%) with ¢ € C*(S*,R). We have
[u'* = (p)* + p* (d* + 2d0 + (¥)?).

Integrating over S!, using the equality

/Sl pry = /51(02 1)y’

and the Cauchy-Schwarz inequality gives
| WP P )z 2w [ 2 - 10+
St St
1
> ond— [ (1174 WP - 20) 2 20 - [ a1,
g1 4 S1
and (3.11) follows. O

An immediate consequence is a lower bound on an annulus.

Proposition 3.2. Let Ar, r, denote the annulus {R1 < |z| < R2} and let
u € Cl(ARhRQ,(C) N C(ARl,Rza C) satisfy:

deg(u,0BR;(0)) =d, j =1,2, (3.12)
1
5 <l|u| <1 on AR, R, (3.13)
and )
— J(1 = |ul?) < ¢, (3.14)
Ry ARy Ry

for some constant cy. Then, there is a constant c1, depending only on co,
such that

R R
Vul? > 21d?(log (=2) — I(=2)) — d2¢,. 3.15
/ARlaRQ U| = <Og(R1) (Rl)) “ ( )

Proof. The rescaled version of (3.11) reads (with v’ := %)

/ (]u'\Q + d—2(1 — |ul?) + 4d—2(1 — yuP)?) dr > zwd—2. (3.16)
0B,(0) r? r? T

Integrating (3.16) over r € (Ry, Ry) yields

1—|ul2  4(1 —|ul?)?
/ Vul? > 27rd210g(@) —d2/ ( Z” L X |;" ) )d
A,y Ry Ap,ry N 12l |z|

Consider the rescaled map @(z) = u(Rjz) on the annulus
AL Rry/ry = {1 <o < Ry/Ru}.

(3.17)
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Let f denote the symmetric nondecreasing rearrangement of o with respect
to Lebesgue measure on R?. We have

1—|u? 4(1— |ul?)? 1—la* 41— |af*)?
/ (Aol & 'g“)dx:/ (Aol -ty
Apymy N 1] |z Aspyymy 17 |z

<or /RQ/R1 (1 7P 40 |f!2)2> dr. (3.18)
1

T T

We have also

. i 1
/ J(l—\f|2)dx:/ JO = |af2) dz = ﬁ/ J( = [uf?) dz < co,
A1 Ry/Ry A1 Ry/Ry 1 J ARy Ry

(3.19)
by (3.14). Therefore, from (3.18)—(3.19) and Lemma 2.7 we conclude that

1— ) 4(1 2\2 ~
/ ( ‘U| ( |’LL| ) )dx < l(RQ/RlacO) <I(R2/R1) Cc1,
Ap. R ‘ﬂf|2 |$’2

1,v2

with ¢; depending only on ¢, which combined with (3.17) clearly implies
(3.15). O

We next use Proposition 3.2 in order to establish a lower bound on a
more general perforated domain. The proof uses a variant of an argument
of Struwe [5].

Proposition 3.3. Let z1,...,x, be m points in B,(0) satisfying
|z; —xj| > 46, Vi #j and |z < %, Vi,

m

with § < 0/32. Set Q = B,(0)\ U Bs(z;) and let u be a C'-map from Q

j=1
into C, which is continuous on 0S), satisfying

1
3 <l|u| <1inQ and deg(u,0B,(xj)) =d;, Vj,

and
1

2
Then, denoting d = "_, d;, we have

g

/Q\WF > 2n(d|(log = — 1(3)) = €, (3.20)

with C = C(K,m, 7" |d;]).
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Proof. We use induction on m. The case m = 1 follows from Proposi-
tion 3.2. Suppose we are given m such points and that the assertion holds
for any smaller number of points satisfying the above conditions. Put

d()—dj,xg) zj, Vj and R = 4§ mM =m and JO —{1 m}.

Set rM) = L min,; \mgl) — mgl)\ and Ag-l) = B(xg-l),r(l)) \ B(m}l),R(l)), V3.
By Proposition 3.2 we have

(1) (1)
2 (W) Ty () -
/u 0 Vaul? > 27{; (d <log(R(l)) I(R(l))) C
=1 J (3.21)
(1) (1)
r r

Next, define R as the minimal number R € [r("), (3/4)0] for which there
exists a subset J(2) ¢ JM) such that:

U Bpro(x 1 U Bra(z 51 and |ZL‘Z(11) - 1‘521)| > 4R, iy # iy in J@.
ieJ (@)
(3.22)

If no such R® exists, then necessarily () > ao for some a = a(m) > 0
and the result follows from (3.21). So assume in the sequel that R does
exist. In that case we have

R® < rM | for some constant 8 = B(m)

We relabel the points {ZL’Z(-I)},L-EJ(Q) by {m } 1 " with m( = |J@. 1f R® >
0 /8, then we stop the construction with k=2. Otherw1se, we continue and
define

2 _ {%mm#j o 2] i) 22, (3.23)

2 if |J?)| = 1.

Continuing the above construction yields
R(l) < 7-(1) < R(Q) < 7"(2) < e <& R(kil) < T(kfl) < R(k) < 0,

where k is the first index for which, either R(*) exists and satisfies R*) > o /8,
or R*) does not exist, and then we set R®) = co. At each stage R®
is chosen to satisfy an analogous condition to (3.22), and similarly, r®) s
chosen according to an analogous condition to (3.23). Note that we have

=1 > ag,  for some o = a(m) > 0. (3.24)
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For each [ denote the resulting set of points by {x(l }m< )

degrees are
dg-l) = deg(u,@BR(l)(xy))), j=1,....mW, 1=1,.. k-1
Note that

The corresponding

m®
l
Sdl=d i=1,... k1. (3.25)
j=1
Using the induction hypothesis together with (3.24), (3.25) and (2.31) yields

mk—1)

Vul? > / 2 3.26
JACE Ol A (3.26)
(k—1)
m (k=1) (k—1)
> or Z ) (10g (=) — () - ¢
> 27r]d|(log (5)-1(5) -c. 0

3.4. Proof of Theorem 1. Let R > 0 be large enough so that G C Br(0).
Fix any smooth map U : Br(0) \ G — S! such that Ulsg = ¢ and let
g = Ulppy(o) (Which has necessarily degree d). Denote for each ¢ by . a
minimizer for E. over H 1(B r(0),C). Clearly,

[ vl G- jap) (3.27)
Br(0) €

1
= / \Vu€\2+—2j(1— \u5\2)+/ IVU‘Q = E.(ue) + C.
G € Br(0\G

Since Br(0) is star-shaped, we know from Lemma 3.2 that the estimate (3.2)
holds for .. Since (3.1) also holds for 4. we may apply the argument of
[2] to obtain the existence of an integer N and of a real A > 0, such that
for each ¢ there exists a collection of discs { By-(z5)}Y,, with N, < N, such
that

Ne
rad 1
Se:={x € Br : |u:(x)| < 5} C L__JB)\E(%)
and
|zf — 2%| > 8\e, Vi, j, such that i # j.

We fix Ry > 4R and consider an S!-valued extension Uy of U to Bg, (0) \
Bg(0), of class C!. This induces an extension of each @. to Bg,(0) (only a
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constant is added to its energy). Applying Proposition 3.3 yields

. Ry Ry
E.(u., Bg,(0)) > 27Td<10g SV I(ED - C.
It follows that
E.(us,G) > E.(te, Br(0)) — C > E.(t., Bg,(0)) = C (3.28)

> 27rd(log§ = 1(%)) Yol

The energy estimate (1.6) is an immediate consequence of (3.28) and the
upper bound (3.3).

An argument of del Pino and Felmer [4] can now be used to show that (3.2)
holds without the assumption on the starshapeness of G. In fact, applying
(3.28) for 2¢ instead of € yields

1 1
/G Vel + 1y T (1= Juel?) > /G Vel + 3 T~ unc?) (3.29)

> 27rd(1og2i8 - I(i)> - C.

On the other hand, by the upper bound (3.3),
1 1 1
2 212
/G|Vu5| + 62J(1 — |uel?)* < 27rd(1ogg - I(g)) +C. (3.30)

Subtracting (3.29) from (3.30) yields the result (3.2).

Having the estimate (3.2) on our hands, we can now follow the bad-discs
construction of [2] and complete the convergence assertion of Theorem 1.
Since the arguments are identical to those of [2], we omit the details.

3.5. The inverse problem (proof of Theorem 2). In view of Theorem 1,
it is enough to find a C?-functional .J, which is strictly convex on some
interval (0,n9), such that j = J' satisfies

dt

S h(log R
3/, 57 0F = o)

Setting § = %, we obtain the equivalent condition
1 (™ | dt 1. 1
= i~ (t)— = h(=log=).
5[ OF = hGoe3)

Differentiating with respect to § gives

L —wteg by (L
i 0) = H(5log 3) - (—57)
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Therefore,

iH0) = h’(% log %). (3.31)

In order to be able to recover j, and then J, from (3.31), we shall verify
that the right-hand side of (3.31) is a strictly increasing function, for § small
enough. Indeed,

d 1 1 1 1 1

2 (W1 —):——h”—l ) >0 foro<e
7 (M(Glog ) == (G (3log 5) >0 for g <™,

since h"(t) < 0 for t > T by (1.7). Note also that j(0) = j~(0) = 0 by
(1.8). Therefore, we have constructed J such that j = J' satisfies (3.31) on
an interval [0,79], with ny = e727 so that (Hj) is satisfied. Finally, it is
easy to see that J can be extended to all of R as a C2-functional satisfying
(H1) — (Ha).

4. APPENDIX

In this Appendix we compute the energy cost of a degree one vortex for
the functionals Ji, k > 0, that were defined in (1.4). In view of Theorem 1
it suffices to compute for each k£ > 0:

1 k) gt
Iox(R) == 5/1/32 ]kl(t)? (4.1)

with ji = J| and n, = (ﬁ)l/k (a simple computation shows that J;/ > 0
on (07 ﬁk))
Proposition 4.1. As R goes to infinity, we have:

0(1), 0<k<1,
Io(R) = { zloglog R+ 0(1), k=1, (4.2)
. -
27E%(10g(R))

F+0(1), kE>1.
Proof. The change of variable s = j,~ L(t) gives

Tox(R) = l/j"’“ Q. %/ﬂm (ﬁk —(k+1))ds. (43)

2 Ji-ta/rey Jr(s) Cl(1/R2) \S

If k < 1, then it follows immediately from (4.3) that Iy ;(R) = O(1).
For k > 1 we obtain from (4.3) that

(R = 5 (607 () +0(), m
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Set a = a(R) = jk_l(%). Since ji(a) = (#) exp(—1/a¥), we have
1 k %
Taking the logarithm of both sides gives

—2log R =logk — (k+ 1)loga — for k > 0. (4.5)

ko
o
By (4.5) we have limpg .o 2a* log R = 1, which we plug into (4.4) to obtain
the case k > 1 in (4.2).

Finally, if k£ = 1, then by (4.3) we have

M
LM(R):%/ (1-2)ds=—1log (jl’l(%)>+0(1) = —3loga+0(1),
jr ' (1/R?)
(4.6)

with a = jfl(%), as above. In our case (4.5) gives limp .o 2alog R = 1,
which implies that loga = log(ﬁ) + o(1). Plugging it in (4.6) gives the
result (4.2) for k = 1. O
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