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Abstract

In this paper, westudy the two following minimization problems:

S0(q, ϕ) = inf
u∈H2

0 (Ω),‖u+ϕ‖q=1

∫
Ω

|�u|2 and Sθ (q, ϕ) = inf
u∈H2

θ (Ω),‖u+ϕ‖q=1

∫
Ω

|�u|2.

We prove that for a class of mapsϕ, we haveSθ (q, ϕ) < S0(q, ϕ) and for another class, we haveSθ (q, ϕ) = S0(q, ϕ).
c© 2005 Elsevier Ltd. All rights reserved.

1. Introduction

Let us consider the following two minimization problems:

Sθ (q, ϕ) = inf
u∈H2

θ (Ω),‖u+ϕ‖q=1

∫
Ω

|�u|2 (I θ )

and

S0(q, ϕ) = inf
u∈H2

0 (Ω),‖u+ϕ‖q=1

∫
Ω

|�u|2, (I 0)

whereΩ is a domain inR
N , N ≥ 3 if 1 ≤ q < qc = 2N

N−4 and N ≥ 5 if q = qc. The functionϕ is given in

C(Ω) ∩ Lq(Ω) andH 2
θ (Ω) = H 2(Ω) ∩ H 1

0 (Ω).

Recall thatqc is the limiting Sobolev exponent in the imbeddingH 2
0 (Ω) ↪→ Lr (Ω), 1 ≤ r ≤ qc. Note (see Van

der Vorst [5] and [6]) that Sθ (qc, 0) = S0(qc, 0) = S is the best Sobolev constant andS is not achieved.
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In [3] it is shown that ifϕ is not zero, then the infimaSθ (q, ϕ) (resp.S0(q, ϕ)) areachieved byuθ (resp.u0), which
satisfyrespectively the following Euler–Lagrange equations:{−�2 uθ = Λθ |uθ + ϕ|q−2(uθ + ϕ) in Ω ,

�uθ = uθ = 0 on ∂Ω ,
(Eθ )

and 


−�2 u0 = Λ0|u0 + ϕ|q−2(u0 + ϕ) in Ω ,
∂u0

∂ν
= u0 = 0 on ∂Ω ,

(E0)

whereΛθ (resp.Λ0) is theLagrange multiplier associated touθ (resp.u0).
The interest in this type of equations comes from the fact that it resembles some geometrical equations involving

the Paneitz operator, which is a fourth-order conformally covariant elliptic operator (see [4]).
SinceH 2

0 (Ω) ⊂ H 2(Ω) ∩ H 1
0 (Ω), we haveSθ (q, ϕ) ≤ S0(q, ϕ). It is natural to wonder ifSθ (q, ϕ) < S0(q, ϕ)

and if the infimum onH 2(Ω) ∩ H 1
0 (Ω) is achieved by a function ofH 2

0 (Ω).

Remark 1. The signs of the Lagrange multipliers depend onϕ. We have (see [3]),
if ‖ϕ‖q < 1 thenΛ0 > 0 andΛθ > 0,
if ‖ϕ‖q > 1 thenΛθ < 0 andΛ0 < 0.

Our main result is

Theorem. Suppose that q ∈ [2, qc] and that ϕ is not identically 0.
(i) If ‖ϕ‖q < 1 and ϕ has a constant sign on Ω , then every minimizer of (Iθ ) is not in H 2

0 (Ω) and we have
Sθ (q, ϕ) < S0(q, ϕ).

(ii) Let (H 2
0 (Ω))⊥ be the orthogonal of H 2

0 (Ω) in the space H 2
θ (Ω). If ϕ is in (H 2

0 (Ω))⊥, then every minimizer of
(Iθ ) is not in H 2

0 (Ω) and we have Sθ (q, ϕ) < S0(q, ϕ).
(iii ) For q ≥ 2, if ‖ϕ‖q > 1 and ϕ is in H 2

0 (Ω), then Sθ (q, ϕ) = S0(q, ϕ).

We donot know if Sθ (q, ϕ) = S0(q, ϕ) in the other cases.

Proof of (i). Suppose thatϕ ≥ 0 andϕ is not identically 0. We will adapt the argument of [6] to our situation. Letuθ

be any minimizer of (Iθ ). We argue by contradiction. We suppose thatuθ is in H 2
0 (Ω).

Let v be the solution of the following problem:{−�v = |�uθ | in Ω ,

v = 0 on ∂Ω .
(1)

We have{−�(v − uθ ) ≥ 0 in Ω ,

v − uθ = 0 on ∂Ω ,
(2)

and {−�(v + uθ ) ≥ 0 in Ω ,

v + uθ = 0 on ∂Ω .
(3)

We deduce from the maximum principle applied to(2) and(3) that eitherv > |uθ | in Ω or v = −uθ or v = uθ . We
use(1) to see that in both casesv = uθ andv = −uθ the function�uθ has a constant sign. This fact together with
uθ = ∂uθ

∂ν
= 0 on∂Ω and with the maximum principle lead touθ = 0 in Ω , that is false. Thus we havev > |uθ | in

Ω . Using this inequality and the fact thatϕ ≥ 0, we obtainuθ + ϕ < v + ϕ in Ω and−uθ − ϕ < v + ϕ in Ω ; thus
|uθ + ϕ| < |v + ϕ| in Ω and consequently we have∫

Ω
|v + ϕ|q > 1.
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Now, let us consider the functionf (t) = ∫
Ω |tv + ϕ|q for t ∈ [0, 1]. Since f is continuous,f (0) < 1 and f (1) > 1,

there iss ∈ [0, 1] suchthat f (s) = 1. Then we have∫
Ω

|�uθ |2 ≤ s2
∫
Ω

�v |2,

that contradicts the definition ofuθ . The firstpart of the theorem is proved.

Proof of (ii). Let us distinguish two cases.
Case1. Let us suppose that‖ϕ‖q > 1 and thatϕ is in (H 2

0 (Ω)) ⊥. Let uθ be any solution of(Iθ ). Multiplying (Eθ )

by uθ and integrating by parts, we obtain∫
Ω

|�uθ |2 +
∫
Ω

�uθ · �ϕ = Λθ .

Since‖ϕ‖q > 1, we haveΛθ < 0, and thus
∫
Ω �uθ · �ϕ < 0, which implies thatuθ is not in H 2

0 (Ω), and then we
conclude thatSθ (q, ϕ) < S0(q, ϕ).

Case 2. If‖ϕ‖q < 1, let us suppose first thatq = qc. Fora ∈ Ω , setua,ε = ζUa,ε, whereζ is a smooth function,

suchthat ζ is equal to 1 neara andUa,ε(x) = ( ε

ε2+|x−a|2 )
N−4

2 . We have, see [3], that
∫
Ω |ua,ε|q = B + o(1), and∫

Ω |�ua,ε|2 = A + o(1), such that A

B
2
q

= S.

Since‖ϕ‖q < 1, there existscε > 0 such that‖ϕ + cεua,ε‖q = 1. Using the Brezis-Lieb identity (see [1]) we
obtain

cq
ε = B

[
1 −

∫
Ω

|ϕ|q
]

+ o(1),

whereo(1) tends to 0 asε tends to0. Direct computations give

Sθ (q, ϕ) ≤ c2
ε

∫
Ω

|�ua,ε|2 = S

[
1 −

∫
Ω

|ϕ|q
] 2

q + o(1).

As ε tends to0, we find

Sθ (q, ϕ) ≤ S

(
1 −

∫
Ω

|ϕ|q
) 2

q

. (4)

On the other hand, multiplying(Eθ ) by (uθ + ϕ) and integrating yields

Sθ (q, ϕ) = Λθ

∫
Ω

|uθ + ϕ|q−1(uθ + ϕ)uθ ,

and therefore the H¨older inequality gives

Sθ (q, ϕ) ≤ Λθ‖uθ‖q . (5)

Using(5) and the Sobolev inequality we find that

Sθ (q, ϕ) ≤ Λθ

(
1

S

∫
Ω

|�uθ |2
) 1

2

. (6)

Combining(4) and(6) we see that

Sθ (q, ϕ) ≤ Λθ

S
1
2

S
1
2

[
1 −

∫
Ω

|ϕ|q
] 1

q

. (7)

Now, multiplying(Eθ ) by (uθ + ϕ) and integrating we obtain∫
Ω

�uθ .�ϕ = Λθ − Sθ (q, ϕ). (8)
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Finally, combining(7) and(8) we are led to∫
Ω

�uθ .�ϕ ≥ Λθ [1 − (1 −
∫
Ω

|ϕ|q)
1
q ] > 0.

This means thatuθ is not in H 2
0 (Ω).

The case whereq < qc can be obtained as this last case.

Remark 2. The same argument as below shows that ifϕ is in H 2
0 (Ω), then everysolution of (Iθ ) is not in the

orthogonal ofH 2
0 (Ω). The second part of the theorem is proved.

Proof of (iii). Let ϕ be in H 2
0 (Ω). We remark first that for‖ϕ‖q ≥ 1, we have

Sθ (q, ϕ) = inf
u∈H2

θ
(Ω)

‖u+ϕ‖q ≤1

∫
Ω

|�u|2. (9)

Wehavea convex problem. We are going to use a method of duality. We refer to [2] for this proof. For all p ∈ L2(Ω),
let us define

βθ = sup
u∈H2

θ
(Ω)

‖u+ϕ‖q ≤1

∫
Ω

p�u and β0 = sup
u∈H2

0 (Ω)

‖u+ϕ‖q ≤1

∫
Ω

p�u.

We have

βθ = sup
v∈H2

θ
(Ω)

‖v‖q≤1

∫
Ω

p�v −
∫
Ω

p�ϕ.

Let us prove that we have for everyp ∈ L2(Ω)

βθ = β0. (10)

First,we remark thatβθ andβ0 are finite. This follows from the H¨older inequality | ∫Ω p�v| ≤ ‖p‖2‖�v‖2, together
with (9). We deduce that the linear operator

L : H 2
θ (Ω) → R

v →
∫
Ω

p�v

is continuous for theLq (Ω) topology. Thus there exists̃p ∈ L
q

q−1 (Ω) such that for all v ∈ H 2
θ (Ω) we have

L(v) = ∫
Ω p̃v. We deduce that

βθ = sup
v∈H2

θ
(Ω)

‖v‖q≤1

∫
Ω

p̃v −
∫
Ω

p�ϕ; β0 = sup
v∈H2

0 (Ω)

‖v‖q≤1

∫
Ω

p̃v −
∫
Ω

p�ϕ. (11)

On the other hand, it is easy to prove that, for allp̃ ∈ L
q

q−1 (Ω), we have

sup
v∈H2

θ
(Ω)

‖v‖q≤1

∫
Ω

p̃v = sup
v∈Lq (Ω)

‖v‖q≤1

∫
Ω

p̃v = sup
v∈H2

0 (Ω)

‖v‖q≤1

∫
Ω

p̃v = ‖ p̃‖ q
q−1

. (12)

Thus we have proved(10). Now, in the case where‖ϕ‖q ≥ 1, let us prove that

1

2
Sθ (q, ϕ) = sup

p∈L2(Ω)




−1

2

∫
Ω

|p|2 − sup
u∈H2

θ
(Ω)

‖u+ϕ‖q ≤1

∫
Ω

p�u




(13)
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and

1

2
S0(q, ϕ) = sup

p∈L2(Ω)




−1

2

∫
Ω

|p|2 − sup
u∈H2

0 (Ω)

‖u+ϕ‖q ≤1

∫
Ω

p�u




. (14)

Let us define, forp ∈ L2(Ω) and foru ∈ H 2
θ (Ω),

L(u, p) = −1

2

∫
Ω

|p|2 −
∫
Ω

(�u)p.

We can see easily that

sup
p∈L2(Ω)

L(u, p) = 1

2

∫
Ω

|�u|2. (15)

By (9) and(15)we have

1

2
Sθ (q, ϕ) = inf

u∈H2
θ

(Ω)

‖u+ϕ‖q ≤1

sup
p∈L2(Ω)

L(u, p). (P)

Let us prove that(P)= (P∗) where(P∗) is the dual problem of(P), that is

sup
p∈L2(Ω)

inf
u∈H2

θ
(Ω)

‖u+ϕ‖q ≤1

L(u, p). (P∗)

Let us define

A = {u ∈ H 2
θ (Ω); ‖u + ϕ‖q ≤ 1},

let uθ be a minimizer that realizesSθ (q, ϕ) and letpθ = −�uθ . By (15), we have

L(uθ , p) ≤ sup
p∈L2(Ω)

L(uθ , p) = 1

2
Sθ (q, ϕ) for all p ∈ L2(Ω). (16)

Now, for all u ∈ A we have

L(u, pθ ) ≥ −1

2

∫
Ω

|pθ |2 − sup
u∈A

∫
Ω

(�u)pθ ,

that gives, using�uθ = 0 on∂Ω ,

L(u, pθ ) ≥ −1

2

∫
Ω

|pθ |2 − sup
u∈A

∫
Ω

u(�pθ ).

Thus we have, using(11),

L(u, pθ ) ≥ −1

2

∫
Ω

|pθ |2 − ‖�pθ‖ q
q−1

+
∫
Ω

pθ�ϕ. (17)

But the Euler equation(Eθ ) for uθ gives

‖�2 uθ‖ q
q−1

= |Λθ |. (18)

On the other hand, multiplying the Euler equation(Eθ ) by uθ + ϕ, weobtain

Λθ =
∫
Ω

|�uθ |2 +
∫
Ω

�uθ�ϕ. (19)

We know thatΛθ < 0, thus(18)and(19)give

−‖�pθ‖ q
q−1

+
∫
Ω

pθ�ϕ = Sθ (q, ϕ). (20)
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Now weobtain by(20)and(17) that

L(u, pθ ) ≥ 1

2
Sθ (q, ϕ) for all u ∈ A. (21)

It is classical (see [2]) that (21)and(16) infer that(P)= (P∗).
The same proof remains valid for1

2 S0(q, ϕ) instead of12 Sθ (q, ϕ), thus we have proved(13) and(14). Now let us
use(10) in order to conclude thatSθ (q, ϕ) = S0(q, ϕ). This ends the proof of the theorem. �
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