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Abstract

In this paper, westudy the two following minimization problems:

(@, @) = inf /|Au|2 and  S(q, ) = inf /|Au|2.
ueHZ(2), lu+pllq=1/£2 ueH2(2), lu+pllq=1/£2

We prove that f@ a class of mapg, we haveSy(q, ¢) < $(q, ¢) and for another class, we ha®(q, ¢) = $(q, ¢).
(© 2005 Elsevier Ltd. All rights reserved.

1. Introduction

Let us consider the following two minimization problems:
s@o= it a7 (1)
ueHZ(2), llu+pllg=1J 2
and

S0 ¢) = inf /Q AU, (1)

ueHF (). llutgllq=1
where 2 is adomain inRN, N > 3if1 < g < ¢ = % andN > 5if g = gc. The functiong is given in
C(2) N LI(2) andHZ(2) = H2(2) N HF(£2).

Recall thatqc is the limiting Sobolev exponent in the imbeddihtj((z) — L"(2),1<r < g Note cee Van
der Vorst p] and [6]) that $ (qc, 0) = S(gc, 0) = Sis the best Sobolev constant ar®is not achieved.

* Corresponding author. Tel.: +33 1 45 17 65 73; fax: +33 145 17 16 49.
E-mail address: hadiji@univ-paris12.fr (R. Hadiji).

0893-9659/$ - see front matt@ 2005 Elsevier Ltd. All rights reserved.
doi:10.1016/j.aml.2005.08.019


http://www.elsevier.com/locate/aml

2 A. Beaulieu, R. Hadiji / Applied Mathematics Letters i (1111) INE-EEN

In [3] itis shown that if ¢ is not zero, then the infim& (q, ¢) (resp.S(q, ¢)) areachieved byy (resp.up), which
satisfyrespectively the following Euler-Lagrange equations:

—A%uy = Aglu 92y in £,
{ o = AolUp + ¢V (Us + @) (Es)

AUug=Uy =0 on ad{2,

and

%:uozo on 9{2, (Eo)
v
where/y (resp.Ap) is theLagrange multiplier associated tg (resp.up).
The interest in this type of equations comes from the fact that it resembles some geometrical equations involvin
the Paneitz operator, which is a fourth-order conformally covariant elliptic operatoi3ee [
SinceHZ(2) C H2(2) N H}(2), we haveSy (g, ¢) < So(q, ¢). It is atural to wonder ifS;(d, ¢) < S(Q, ¢)

and if the infimum orH2(2) N H}(£2) is achieved by a function dfiZ(£2).

[—A2U0=/10|U0+(P|q_2(uo+<ﬂ) in 2.

Remark 1. The signs of the Lagrange multipliers dependoiVe have (seed]),
if lellq < 1thendg > 0and4y > 0,
if lellq > 1thendy < O0andAg < O.

Our main result is

Theorem. Supposethat q € [2, dc] and that ¢ is not identically O.

(i) If lellg < 1 and ¢ has a constant sign on {2, then every minimizer of (l5) isnot in Hg(Q) and we have
@, ¢) < S(4, 9).

(ii) Let (HZ(£2))* be the orthogonal of HZ(£2) in the space HA(£2). If ¢ isin (HZ(£2))*, then every minimizer of
(Ip) isnotin HZ(£2) and we have S (q, ¢) < S(d, ¢).

(i) For q > 2,if [l¢llq > 1and ¢ isin HZ(£2), then $(d., ¢) = S(4, ).

We donot know if §(q, ¢) = S(q, ¢) in the other cases.

Proof of (i). Suppose thap > 0 andy is not identically 0. We will adapt the argument @] fo our situation. Lety
be any mimmizer of (15). We ague by contradiction. We suppose thatis in HOZ(Q).

Let v be the solution of the following problem:

—Av =|Aug| in £,

v=0 on a.n. (1)
We have
—A(v—ugp) >0 in £, @
v—Ug=0 on 91,
and
—A(w+uy) >0 in £, 3)
v+Up=0 on 9.
We deduce from the maximum principle applied {®) and(3) that eitherv > |ug| in 2 orv = —ug orv = uy. We
use(1) to see thatn both cases = ug andv = —uy the functionAuy has a constant sign. This fact together with
Up = %ﬁ = 0 ond {2 and with the maximum principle lead tg = 0 in {2, that is false Thus we have > |uy| in

{2. Using this inequality and the fact that> 0, we obtainug + ¢ < v+ ¢ in 2 and—uy — ¢ < v + ¢ in (2; thus
[ug + @] < |v+ ¢| in 2 and consequently we have

/ lv+¢|9> 1
0
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Now, let us consider the functiofi(t) = [, [tv + ¢|9 fort € [0, 1]. Sincef is continuous,f (0) < 1 andf (1) > 1,
there iss € [0, 1] suchthat f (s) = 1. Then we have

/lAUQIZSSZ/ Av|?,
2 k0]

that contradicts the definition of. The firstpart of the theorem is proved.

Proof of (ii). Let us distinguish two cases.
Casel. Let us suppose théip|lq > 1 and thatp is in (Hg(Q)) L. Letuy be any solution ofly). Multiplying (Ep)
by uy and integrating by parts, we obtain

/|Au@|2+/ AlUg - Ag = Ay.
0 0

Since|l¢llq > 1, we havedy < 0, and thus(,, Aug - Ag < 0, which imgies thatuy is not in Hg(Q), and then we

conclude tha& (q, ¢) < S(q, ¢).
Case 2. lflpllq < 1, let us suppose first thgt= qc. Fora € 2, setus . = {Ua ¢, Whereg is a snooth function,

suchthat¢ is equal to 1 neam andU, ((xX) = (92+|i7—a|2)¥' We have, seed], that [, |ua¢|* = B + o(1), and
foAUas|?> = A+0(1), suchhat-5 = S,
Bd

Sincellgllq < 1, there existg, > 0 such that|¢ + c.ua.|lq = 1. Using the Brezis-Lieb identity (sed]) we
obtain

cq=B[ /|¢|ﬂ+o<1>

whereo(1) tends to 0 ag tends td0. Direct computations give

2
Se(qu)icgf |AUg ¢ [? —S[ /I(ﬂlq} +0o(D).

As ¢ tends to0, we find
2
q
$@.9) < S<l—/glwlq) : 4)
On the other hand, multiplyin@Ey) by (ug + ¢) and integrating yields

S, 9) = 4o /Q ug + @19 (Ug + @)Uy,
and therefore the &lder inequdity gives

$(d, ¢) < Agllugllg. (5)
Using (5) and the Sobolev inequality we find that

1 L\ 2
S@9 =4 (g [ 18ul)". (6)
9]
Combining(4) and(6) we see that
1
Ag 2 q
$(0.¢) < S [1—/ |¢|ﬂ : (7)
Sz Q
Now, multiplying (E¢) by (us + ¢) and integrating we obtain

/Q Aug.Ap = Ap — $(q, ¢). (8)
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Finally, combining(7) and(8) we are led to
/ Aug.Ap > Ag[1— (1—/ leq)%] > 0.
Q Q

This means thaty is not in HZ(£2).
The case wherg < (; can be obtained as this last case.

Remark 2. The same argument as below shows thap ifs in H&(Q), then everysolution of (1) is not in the
orthogonal oﬂ-|§((2). The seond part of the theorem is proved.

Proof of (iii). Letp be in HOZ(Q). We renark first that for|¢|lq > 1, we have

S, ¢) = inf / |Aul?. )
ueH92<9) N
lu+ellg<1

We have a aorvex problem. We are going to use a method of duality. We refeB}ddr this proof. For allp € L2(12),
let us define

Bo = sup pAuU and Bo= sup pAuU.

ueHez(.Q) Q ueHg(Q) Q
lut+gllg<1 lut+gllg<1
We have
Bp = sup pAv—/ pAg.
veH2(@2) V2 2
lvllg=1

Let us pove that we have for every e L2(12)

Bo = Po. (10)

First,we remark thaBy andgg are finite. This follows from the blder inequdity |f9 pAv| < ||pl2llAv]2, together
with (9). We deluce that the linear operator

L:HZ(2) - R
v—>/ pAv

?
q

is continuous for thelL9(£2) topology. Thus there existp € L3-1({2) such that for all v € HQZ(Q) we have
L(v) = [, Pv. We deluce that

Bo = sup ﬁv—/ PAg; Bo= sup ﬁv—/ pPAg. (11)
veHZ(%2) 2 2 veHZ(2) 2 2
lvllg=1 llvllg=<1

On the other hand, it is easy to prove that, forfak L% (£2), we have

sup | pu=sup | po=sup | pv=1plla,. (12)
veH2(2) Y 82 veld(2) J 2 veH2(92)

0 lvllg<1 0
lvllg=1 a= lvllg=1

Thus we have prove@0). Now, in the case whergp|lq > 1, let us pove that

1 1
>%(@.9)= sup —5/ Ipl>—  sup pAuU (13)
pel2() 2 ueHZ(2) 2
lut+gllg<1
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and
1 1 )
Esj<q,¢>= sup —5/ |pl— sup pAU ¢ . (14)
peL2($2) 2 ueH@2) /2
lu+elq=<1

Let us define, foip € L2(£2) and foru € H2(£2),

1
L(u, p)z—if |p|2—f (Au)p.
9] 9]
We can see easily that

1 2
sup L(u, p) = —/ |Aul“. (15)
peL2(2) 2Ja

By (9) and(15)we have

1 .
ESe(q, @)= inf sup L(u, p). (P)
ueH2(2) pel2(£2)
lut+ellg<1
Let us pove that(P)= (P*) where(P*) is the dual poblem of(P), that is
sup inf  L(u, p). (P*)
pel2(2) ueHZ(9)
lut+ellg<1

Let us define
A= {ue HZQ): |u+olq <1},
let uy be a minimizer that realize$ (q, ¢) and letpy = —Aug. By (15), we have
1
Lup. p) < sup L(ug, p)==S(.¢) forall pe L3). (16)
pel2(12) 2
Now, for allu € A we have

1
L(u, p) > —5/ |pel®> —sup | (Au)py,
(9] ueAJ

that gives, usingAug = 0 ona {2,
1
L(u, ps) = —5/ |pal® — sup [ u(Apy).
0 ueAJ 2
Thus we have, usin(iL1),

1
L, po) > —5/ IPol2— APl o +/ b A, (17)
0 g-1 o}
But the Eule equation(Ey) for uy gives
IAZull 0 = |45]. (18)

On the other hand, multiplying the Euler equatidy) by us + ¢, we obtain
Ay = / |Aug|? +/ AUgAg. (19)
Q Q
We know that4y < 0, thus(18)and(19) give

APl o, +/ PoAg = S, ). (20)
q-1 I?)
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Now we obtain by(20)and(17)that

L(u, pg) = %Se(q, ) forallu € A. (21)

It is classical (see]]) that(21) and(16) infer that(P)= (P*).
The same proof remains valid férso(q, @) instead of%&(q, ¢), thus we have prove(l 3) and(14). Now let us
use(10)in order to conclude tha® (g, ¢) = S(q, ¢). This ends the proof of the theorem. O
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