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Abstract

This paper is composed of two parts. In the first part, via a reduction dimension
method, we derive a one-dimensional minimization problem involving S? valued maps
for a thin T-shaped multidomain. In the second one, we analyze this limit model.
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1 Introduction

This paper, composed of two parts, carries on the research we started in [9]. In the first
part, via a reduction dimension method, we derive a one-dimensional minimization problem
involving S? valued maps for a thin T-shaped multidomain. In the second one, we analyze
this limit model.

Let Q, C R3 n € N, be a thin multidomain union of two joined orthogonal cylinders:
r,© x [0,1] and | =3, 3[ x 7 (] =3, 5[ %] — 1,0[), where (0,0) € © C] — 1, 1[x] — 1, 1[ and
rn is a vanishing positive parameter (see Figure 1). We point out that the first cylinder
has constant height along the direction x3, the second one has constant height along the
direction x;, while both of them have a small cross section and are joined by the surface

{0} x r,©.
For every n € N and A € [0, 400, we consider the following minimization problem:

E, » :=min { / |DV (21, 29, 73)|2d (1, 72, 73)+
o (1.1)
+)\/ ’V(Q?l,l’g, Ll'g) - Gn(l'l,l'g, $3)|2d($€1,$2,l’3) Ve H1<Qn, SQ)},
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Figure 1:

where F, € L*(Q,,5?), and S? denotes the unit sphere of R®. Problem (1.1) comes from
the classical 3D system for the static isotropic Heisenberg model (see [19]), where V is the
spin-density with finite spin magnitude (i.e., |V| = V2 + V2 +VZ = 1) and G,, is an external
magnetic field. We recall that the Euler system associated to Problem (1.1) is

AV + |DV2V + AG,— < V,AG, > V = 0. (1.2)

System (1.2) is equivalent to the time independent spin equation of motion (see [14]).
The time dependent spin equation of motion was first derived by Landau and Lifshitz (see
[16]). We refer the reader to [12] and [14] about links between harmonic maps and the
Landau-Lifshitz equation of the spin chain.

For n fixed, in [13] it was proved that, for A large enough and for every function G,, €
H'(Q,,S5?) which can not be approximated by smooth maps, every minimizer Vy of (1.1) is
not regular, and energy F,, » is bounded. In this case, near each singularity xy, a minimizer
of (1.1) is of the type: Ré:ig‘, where R is a rotation. This description was first given in [4]
for minimizing harmonic maps. In [6], it was proved that, for A small enough and for every
function G,, € L*(Q,, 5?%), every minimizer V) of (1.1) is regular. Problems of this type were
also studied in [2].




The aim of our paper is twofold. Firstly, passing to the limit in (1.1), as n diverges,
we derive a one-dimensional static isotropic Heisenberg model for a thin T-shaped domain.
Secondly, we study the dependence on A of the limit model. Precisely, in the first part of
this paper, we prove that

E,
Jim =22

nr%

1 1
Ef”” ‘= min {|@|/ |w'(:p3)|2 dxrs — 2)\/ w(zs) (/@ f“(:vl,xz,xg)d(xl,xg)) dxs
0 0
. s (1.3)
—|—/2 |§/(x1)|2dx1 — 2\ ’ C(xq) (/ fb(xl,xg,xg)d(xQ,x3)> dzi+
- - 3,3 [x]-1,0[

1 1
2 2

+2(|6]+A) : weHY(0,1[,5%), (e H' (]-1.5[.5%), w(O):C(O)},

where w’ and (' stand for the derivative of w and ¢, respectively, and (f¢, f°) is the L2-
weak limit of the rescaled exterior field (see (2.5) and (2.9)). Moreover, we derive strong
H'-convergences for the rescaled minimizers (see Theorem 2.1 and Corollary 2.2).

The proof of this result is developed in several steps. After having rescaled the problem
on two fixed domains in the wake of [5], appropriate convergence assumptions on the rescaled
exterior fields enable us to obtain a priori estimates on rescaled minimizers. The first diffi-
culty arises in deriving w(0) = ¢(0) for the limit of rescaled minimizers. This limit junction
condition lies essentially on the compact embedding of H* (] —%, %D into C° ([—%, %D, and
on the fact that the small cross sections of the two cylinders scale down with same rate r,,.
Then, next steps of the proof are based on the main ideas of I'-convergence method intro-
duced in [7]. Precisely, as in [9] (see also [1] and [3]), working with a particular projection
from R? into S? and using the Sard’s Lemma, we construct a recovery sequence for smooth
functions with values in S?. Finally, developing a suitable density result approximating func-
tions of our limit space with more regular functions, and using l.s.c arguments, we achieve
the proof. Other scalings are discussed in Remark 2.4.

We recall that in [9] we treated the same minimization problem in a thin multidomain
composed of two cylinders attached together that shrink respectively to a one-dimensional
segment and to a bidimensional disc, but in this situation the limit problem is uncoupled,
i.e., without junction conditions.

If f¢is independent of (z1,z5), f° is independent of (x5, x3), |f¢| = 1 a.e. in |0, 1[ and



|f’=1ae. in]— %, 5[, then the limit energy in (1.3) may be rewritten in the following way:

ELm = min {|@’ /0 (\w’(x3)|2 + Alw(zs) — fa(xs)’2> drs+

.

we HY(J0,1[,82), ¢eH (]-11[,82), wm):qm}.

(1@ + Al¢() — £ ) dan (1.4)

K\J\»—-

In the second part of this paper, we study the dependence on A of the limit problem E{™
given in (1.4). We recall that in [9] we have studied the asymptotic behavior both of 2-
dimensional and of 1-dimensional problem of the kind (1.3), but without junction conditions.

If A =0, ELim = 0. Moreover it is easy to see that the function A € [0, 400[— E{™ is
increasing and 22" = |Q| fo lwy — £ dac3+f ‘Q\ - fb‘Q dxq, for X a.e. in ]0, +00], where

(wy, ¢y) is a minimizer of (1.4). Then, it remains to study the asymptotic behavior, as A
diverges, of EX™. 1f f* € H'(]0,1[,5?), f* € H' (]-3 —[ S?) and f*(0) = f*(0), it is easy

202
to see that limy_, o, E¥™ = |O)| “(fa)/”?L?(}OJDP + H (f%) H (12(-1, %D)s and every sequence of
minimizers converges to (f?, f*) weakly in H*(]0, 1, $*) x H* (]-1,1[,5%). In all remaining

cases, the energies diverge, as A diverges. Then, we examine some particular, but significant
situations. For instance, we Consider the case where f*=(1,0,0) and f°=(0,1,0), or

fe= (m P 0 0) and f* = ( =57 ) and we prove that energy F£™ is of order of VA,

for A large enough. Consequently, in these cases every sequence of minimizers converges to
(fe, f?) strongly-L? (but not weakly-H' x H?'), as \ diverges. To prove this result, we find
sharp lower and upper estimates. For obtaining the lower bound we introduce a suitable
scalar problem. For obtaining the upper bound we use particular test functions which take
into account the junction condition w(0) = ¢(0). In the case 6 < 0, the building of test
functions satisfying the junction condition is more complicated and, to do that, we introduce
more sophisticated arguments (see Proposition 3.3) which make use of the same projection
from R? into S? utilized in the recovery sequence.

For the study of rod structures and multi-structures we refer the reader to [15], [17], [18],
[20] and the references quoted therein. Results on T-shaped domain may be also found in [§],
[10] and [11]. Precisely, a quasilinear Neumann second order scalar problem was considered

n [8]. A fourth order problem was examined in [11]. The spectrum of a Laplace operator
was considered in [10].

2 First part: derivation of the limit model

In the sequel, z = (xy, Ty, x3) denotes the generic point of R3. If a,b,c € R3, then (a|b|c)
denotes the 3 x 3 real matrix having a’ as first column, b7 as second column, and ¢! as



third column. In according to this notation, if v € H'(A, R?) with A open subset of R?, then
Dv := (Dy,v|D,,v|D,,v), where D, v, i=1,2,3, stands for the derivative of v with respect to
Z;.

Let © C]— 1, 2[x] — 3, 5[ be an open connected set with smooth boundary such that the
origin in R? belongs to ©, and let {r,}, .y C]0,1[ be a sequence such that

limr, = 0. (2.1)

For every n € N, let Q2 := 7,0 x [0,1[, Q% := |1, 1 xr, (]-3,3[x] - 1,0]) and Q,, :=
QUL (see Figure 1).
For every n € N, let F, € L*(,,R3) and

J, U € HY(Q,,S?) —>/Q |DU (z)|*dx — Q/Q U(z)F,(x)dx, (2.2)

n

where S? = {z € R3: |z| = 1}. By applying the Direct Method of Calculus of Variations,
for every n € N there exists a solution U,, € H'(,, 5?) of the following problem:

Jo(Uy) = min{J,(U) : U € H'(Q,,,5%)}. (2.3)

Remark that energy (2.2) is more general of that considered in the Introduction. In partic-
ular, if F, = \G,, with G,, € L*(Q,,5?), problem (2.3) is equal to problem (1.1), up the
additive constant 2X[€2,,|.

As it is usual (see [5]), problem (2.3) can be reformulated on a fixed domain through

appropriate rescalings mapping the interior of Q¢ into Q% := ©x]0,1[ and Q2 into Q° :=
}—%, %[ X }—%, % [ x] — 1,0[. Namely, for every n € N by setting
ul(z) = Up(rpxy, rpza, x3), « a.e. in Q%

up(x) = (2.4)

ub (z) = Un(z1, 120, px3),  x ace. in QP

fi(x) = Fy(rpx, raa, x3), « a.e. in Q%

fulz) = (2.5)

fi(z) = Fp(x1, raxe, exs),  « a.e. in QP

Vii={ (v*2") € H(Q* 5%) x H'(Q,5?) :

(2.6)
v (1, T, 0) = v°(rnz1, 9,0), for (xq,25) a.e. in @},
1 1 2
jn ‘U= (Uaavb) € Vn I (’ <_D$1Ua’_DI2’UCL|DI3Ua> - QUQfS) dx+

Qa, 7“n Tn

(2.7)
1 1 2
-I—/ (' (D$1vb|—Dz2vb|—D$Bvb) — 21)be) dz,
Qb Tn 'n
it results that u,, € V), solves the following problem:
Jn(ty) = min {j,(v) : v € V,,}. (2.8)
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1
Remark that we have also multiplied the rescaled functional by —.
r

For studying the asymptotic behavior of problem (2.8), as n 5 ~+00, assume that
f*— f* weakly in L*(Q",R®), b — f® weakly in L*(Q°,R?). (2.9)
Moreover, set

Vo= {(w,¢) € H}(Q2,S%) x HY(QP, S?):
w is independent of (zy,xs), ( is independent of (z2,23), w(0)=(¢(0)} (2.10)

~ {(w,¢) € H'(]0,1[,5?) x H' (]—3,3[,5?) : w(0) =¢(0)},
% we HY(]0,1[,5?) —

1 1
o / ! (z3)| s — 2 / w(es) ( / f%xl,ms)d(m)) dz,
and
. 11
reeen (|33 5) —

/ ¢ () Py — 2 / (o) ([ y [fb<x1,x2,w3>d<x2,w3>)dxl,
- -} ~3310

1
2
where w’ and (' stand for the derivative of w and (, respectively.

(2.11)

(2.12)

2.1 Convergence results when n — 400

The following result describes the asymptotic behavior of problem (2.8) when n — +oo.

Theorem 2.1. For everyn € N, let u, = (u®,ul) be a solution of problem (2.6)-(2.7)-(2.8),
under assumptions (2.1) and (2.9).

Then, there exist an increasing sequence of positive integer numbers {n; }ien and (u®, u’) €
V' (depending on the selected subsequence) such that

u, — u® strongly in HY(Q*, S?), ug — u® strongly in H'(Q°, S?), (2.13)
as i — 400, and (u®,u’) solves the following problem:
74(u) + 7°(u*) = min {j*(w) + j°(C) : (w,{) € V'}, (2.14)

where V', % and j° are defined in (2.10), (2.11) and (2.12), respectively. Moreover,

1 1
— Dy u® — 0, —Dgu® — 0 strongly in L*(Q% R?),

ra " n
(2.15)
1 1
—Dgub — 0, —Dyul — 0 strongly in L*(Q°,R?),
rn n



as n — +oo. Furthermore, the energies converge in the sense that
im j (un) = j*(u") + 5 (). (2.16)

As regard as the asymptotic behavior of original problem (2.3), as n — +oo, from the
rescaling (2.4)-(2.5) and Theorem 2.1, the result below follows immediately.

Corollary 2.2. For everyn € N, let U, be a solution of problem (2.2)-(2.3), under assump-
tions (2.1) and (2.9) with { f,}nen defined by (2.5).

Then, there exist an increasing sequence of positive integer numbers {n; }ien and (u®, u’) €
V' (depending on the selected subsequence) such that

1
lim [—/ (|Uni —uf + |D$1Uni|2 + |D$2Uni|2 + D, Uy, — Dm3ua|2) dm] =0,
Tn,; ©%]0,1[

>+ Dy, Uy,

lim %/ <|Un — ub’2 + \DmUm — Dzlub’2 + | Dy, Uy,
b Tne J1-3. 3 x-S [X] =y 01

27 2

2) dx] _0,

lim = (") + ("),
and (u®,ub) solves problem (2.14).

Remark 2.3. If problem (2.14) admits a unique solution, then all previous convergences
hold true for the whole sequence.

Remark 2.4. We have assumed that the small cross sections of the two cylinders scale down
with same rate r,,. Well, if one scales down the cross section of the second cylinder with a
different parameter h,,, i.e. Qb = ]—%, % [ X hp, (] —%, %[ x] —1, 0[), then it is not difficult to

show that (compare Theorem 2.2 and Theorem 2.3 in [9])

thn n —mm{] ((): (e H 55 , S , thrrlnrn—vLoo,

In(Un)

2
L

= min {j*(w) : w € H'(]0,1[, 5%}, if li}ln@ =0.

lim
n ’f‘n
Proof of Theorem 2.1. The proof of Theorem 2.1 will be performed in several steps.
1) A priori estimates. Being ((0,0,1),(0,0,1)) € V,, for every n € N, by virtue of (2.9),
there exists a constant ¢, independent of n, such that

In(tn) < —2/ (0,0,1)fdx — 2/ (0,0,1)fPdx < ¢, VneN. (2.17)

Ob

Consequently, by taking into account that |u,| = 1 a.e. in Q4 JQ° for every n € N and
(2.9), there exist an increasing sequence of positive integer numbers {n; };en, u® € H'(Q2, S?)



independent of (21, z2), u® € H'(Q°, 5?) independent of (zq, x3), £ = (£§,£5) € (L*(Q,R3))?
and € = (£3,&3) € (L*(2",R?))? such that

ul — u® weakly in H'(Q", S?), qu — u? weakly in H'(Q°, S?), (2.18)
iDmun — &y iDm u — & weakly in L*(Q%,R%),

b " (2.19)
iDmug — &, iDm ul — & weakly in L*(Q°,R?),

as i — +oo. Remark that u® € H'(]0,1[,5?) and u* € H'(] — %, 1], 57).
2) Limit junction condition. For asserting that (u®,u®) € V, it remains to prove that

u®(0) = u(0). (2.20)

The proof of (2.20) will be performed in three steps. The first step is devoted to prove the
existence of three constants ¢ €]0, 40|, T3 €] — 1,0[ and T, €] — £, 1[, and of an increasing

22
sequence of positive integer numbers {i }ren such that

2

1
/ —Dmuz_ (x1,29,T3)| d(x1,20) < ¢, VkeN, (2.21)
1=5.32 | Tniy *
and -
uzik(.jg,fg) — u® strongly in C° <{—§, 5} ,Sz>, (2.22)

as k — +o0o. To this aim, for every 7 € N, set

pi s x3 € —1,0[—

/]; 7[2 <|Dx1 n 1'171’?;'%'3)}2_‘_ r

From Fatou Lemma and (2.18)-(2.19), it follows that

1 2

— Dy, ub (1,22, 23)

ng

2
+ |up, (21, 29, 75) | ) d(z1, ).

0 0
/ lim inf p;(z3)dzs < lim‘inf/ pi(z3)drs < 4o00.

-1 -1

Consequently, there exist two constants ¢ €0, +oo[ and T3 €] — 1,0[, and an increasing
sequence of positive integer numbers {i }reny such that

pi.(T3) <c VkeN,

i,e., estimate (2.21) holds true and, by virtue of the second convergence in (2.18), it results
that

11[?
ufllk(, ., T3) — u’ weakly in H' G —3 5[ ,52>, (2.23)

8



as k — 4o00.
Now, for every k € N, let

1
11 2
Ok X2 € } 55 [ — /_ (‘Dmufhk (71, 72,73)

1
2

2

b
T Jut,

2
) dl’l.

X1, x27E3)

From Fatou Lemma and (2.23), it follows that

/

Consequently, there exist two constants ¢ €]0, +oo[ and Ty €] — %, %[, and a subsequence of
{ir }ren (not relabelled) such that

limkinf o (xe)dxe < limkinf/2 ok (zg)dry < 400.

N

1 _1
2 2

O'ik(fg> <c¢ VkeN.

Hence, taking into account (2.23), one derives that
b N g b . 1 1 1 2
umk(-, To,T3) — u’ weakly in H ~3'3 .52,

as k — +o00, which provides (2.22).
The second step is devoted to prove that

liin/ uzk (T, T1, T2, 0)d (1, 22) = |0]u’(0). (2.24)
o ik
To this aim, the integral in (2.24) will be split in the following way:

/UZ- (7, X1, 22,0)d(x1,29) =

o Mk Mk

/@ (ufuk (Tnikﬂm, Tg,0) — u’;lk (Tnikml, :Eg,f;),)) d(zy, z2)+

/@ (qu (T, T1, 02, T3) — uflk (rnikml,@,@)) d(zy, x2)+ (2.25)

/@ub(rnikxl)d(ml,xg), Vk € N,

and one will pass to the limit, as k diverges, in each term of this decomposition.



By virtue of the last convergence in (2.19), there exists a constant ¢ €]0, +oo[ such that

lim sup
k

lim sup
k

/@ (Uf@k (7n;, 1, 2,0) — ng (Tnikxhxmf:a)) d(z1,29)

/ (/ ng ni, Tnz $1,9€27$3)d9€3) d(ﬂflafz)

<

1
3
Q2% |21im sup (/ |Dy,ul, (kaxl,xg,atg)Fd:p) <
k

1
|Qb|% lim sup (—
k

1
]Qbﬁcli’gn Ty,

2

|Dy,ul, (xl,xz,x3)|2d$> <

T'nik Qb

=0.

By virtue of (2.21), there exists a constant ¢ €]0, +oo[ such that

lim sup
k

lim sup
k

lim sup (/
k _1 1[2

/@ (Ulﬁk (T'n;, T1, T2, T3) — Uzk (Tnikthz,f:%)) d(z1,72)

IA

/(/ Db U, (7, $1,1’27$3)d9€2> d(z1,t)

’ 2

[N

d(l‘l, ZEQ)

IN

b _
Daytiy, (Tn,, 21,72, T3)

10

(2.26)

(2.27)



By virtue of (2.22), it results that

/@ (uzlk (rn;, 1, T2, T3) — ub(rnikx1)> d(zy,z2)

lim sup <

k

lim sup /
k =

(ulf)izk (rnikxlyf%f?;) - ub(rnikiﬂl)) ) d(ilfl, .Z'z) =

ot (2.28)
) 1 b — = b
limsup | — [ .~ (un (x1,T2,T3) —u (a:l))‘d(xl,:cg) <
ke \Tny J]-gk kx50 Y "
hiﬂ ||Uzik('7f2,fz) - Ub(')HLoo(]_%,%[Z) =0.
Since u* € C° ([—1,4],5?), it results that
lgpl/gzﬁ(rn%aq)d(xl,xg)::\(ﬂzﬁ(O). (2.29)

By passing to the limit in (2.25), as k diverges, and taking into account (2.26)-(2.29),
one obtains (2.24).
Finally, junction condition (2.20) is obtained by passing to the limit, as k diverges, in

/u“(xl,mg,O)d(azl,xQ)—/ub(rnxl,xQ,O)d(xl,xg),
e

S}

and using the first convergence in (2.18) and (2.24).
3) Recovery sequence. Let (w,¢) € C([0,1],5?) x C*([—3, 1], S%) such that w(0) = ¢(0).

272
This step is devoted to prove the existence of a sequence {v, }neny with v, € V,, such that

lim j (va) = 5% (w) + 5°(C)- (2.30)

Since the proof of (2.30) is very similar to the proof of (2.31) in [9], we recall its framework
for the sake of clarity, and we refer the reader to [9] for the details.
For every n € N, let

w(xs), if z € ©x]r,, 1],
gn(z) = w(rn)? + C(rn:ﬂl)mr_ 9(:3’ if x € © x[0,r,], (2.31)
C(z1), T ifreqn

Of course, g¢ € HY(Q%), ¢¢ € HY(Q), and ¢%(x1,22,0) = ¢°(rpx1,22,0) ae. in O; but
lgn(z)| < 11in ©x%]0,7,[. Then, g, is not an admissible test function for problem (2.6)-(2.8).
To overcome this difficulty, for y € B1(0) = {z € R3 : |z| < 3}, introduce the function

y(y — ) + /(Y@ — )2 + |z — yP(1 — [y[?)

Py (z—y) € 5% (2.32)

my s x € Bi(0)\{y} — y+

11



projecting z € B1(0) \ {y} = {x € R® : |z| < 1} \ {y} on S? along the direction x — y (see
[3] and [1]). The idea is to choose y € B%(O) opportunely, and to define v,, = 7, 0 g,,. To
do that, one has to be careful that the set {x : g,(z) = y} is "sufficiently small”. By set-
ting G = U {y € B%(O) : o € ©x]0,r,[ with g,(z) =y and rank((Dg,)(z)) < 3}, Sard’s

neN
Lemma assures that meas(G) = 0. Moreover, for every n € N and for every y € B%(O) \ G,

the set G, = {x € ©x]0,7,[: g,(z) = y} has dimension 0. Consequently, for every n € N
and for every y € B 1 (0)\ G, the function 7,0 (g”\n\cn,y) is well defined. By arguing as in the
proof of (2.36) in [9], one can prove the existence of a sequence {y, }neny C B 1 (0) \ G such
that (crucial point!)

2
dz = 0. (2.33)

lim
" J(©x10,rnD\Gn,yn

(-2 (79001 01D, (1)

n

Now, for every n € N set v, = m,, o ( ). Then, by virtue of (2.31) and of the fact

that m,(z) = x, Vo € S?, it results that

gn‘Q\G7L7yn

w(zxs), if x € ©X|ry,, 1],
valz) =4 7, (w(rn)? 4 Q(rnxl)rnr_ ””3) if 2 € (8 x [0,7,]) \ Gy, (2.34)
), T dtreon

It is easy to see that v, € V,,. Moreover, j,(v,) can be split in the following way:
(o) = [ (Dl —200f2) dz — | (D 20 ar
a O x]0,ry,

2

= 2(my, o %)féf) dr+  (2.35)

1
/(@ | e (‘ (T_Dzl <7Ty" o gn) |0|D$3 (7Ty" o gn))
x 0,7y, nun n

/ (1DuiCP = 2f?) do, Vn €N,
Qb

Finally, passing to the limit, as n diverges, in (2.35) and using (2.9) and (2.33), one
obtains (2.30).
4) Density result. Let (w,() € V. This step is devoted to prove the existence of a

sequence {(w, ¢) bren C CH([0, 1], 5%) x C*([—3, 3], 5?), with w,(0) = (x(0) for every k € N,
such that

(wy, Cx) — (w, ) strongly in H'(]0, 1[, %) x H* G —%, % [,52) : (2.36)
Let {(iy, Gx) bren C CY([0,1],R?) x C*([—1, 1], R?) be a sequence such that
(10, Cx) — (w, ¢) strongly in H'(]0,1[, R®) x H* G —%, % [,R3) : (2.37)

12



and, for every k € N, set @y, = 10y, — 0 (0) +w(0) € C([0,1], R?) and ¢, = . — ((0)+¢(0) €

C'([—3,%],R?). Then, convergence (2.37) provides that

— 11
(wb(k) - (U}, C) Strongly n Hl(]07 1[7 R3) X Hl (:| _57 5 |i7R3) ) (238>
and consequently, since |w(z3)| = 1 for every x5 € [0,1] and |{(z1)| = 1 for every 21 € [—13, 1],
it follows that B

h]?l [@k | oo = 1 11]£n ICkll -1 1y = 1. (2.39)
Then, by setting 7 : € R® — {0} — & € R® — {0}, it is evident that, for k € N
sufficiently large, the functions wy = m o Wy, and (, = 7 o (, are well defined, (wy, () €

C*([0,1],5?) x CY([-3,%],5?%) and wy(0) = ((0). Moreover, it is obvious that

202
11
(wg, Cx) — (w,¢) strongly in L*(]0,1[,S?) x L? G ~33 {,82) )
For obtaining (2.36), it remains to prove that
11
(w), ) — (w',¢') strongly in L*(]0, 1[,R?) x L? G ~5'5 {,RB’) . (2.40)

By virtue of (2.38) and (2.39), there exist ¢ €]0, +00[, g1 € L']0,1[ and g, € L'] — 3, 1[ such
that, passing eventually to a subsequence, it results that

( lilgn wy(13) = lilgl (Dr(wy) - wy,) (z3) = (Dm(w) - w')(z3) = w'(x3), a.e. in |0, 1],

[wi(a3)[* = (D (wy) - W} ) (ws)|* < elw(ws)]” < cor(s), ae. in ]0,1
and for k£ € N sufficiently large,

1
9’

I

DO | —

lim Gi(e1) = lim (D7(C) - ) (1) = (D7(C) - ¢)(an) = C'(ar) e in }—

- = 2 - i 11
Gl = (D7) Ge| < sl < emlen), ne. in |55
and for k € N sufficiently large.

\

Consequently, using the dominated convergence Theorem, one obtains (2.40).
5) Conclusion. By using a l.s.c argument, from (2.9), (2.18) and (2.19) it follows that

L VG IR o) ) & (S8 ) de < it ). 41
Qa 0 i

On the other hand, by virtue of step 3, for every (w,¢) € C*([0,1], 5%) x C*([-3,1],5?)
with w(0) = ¢(0), there exists a sequence {v, tneny with v, € V,, such that

lim sup jp, (n;) < Hmsup jn, (05;) = lim jp (0n) = j*(w) +7°(¢). (2.42)

2 K3
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Then, by combining (2.41) with (2.42), one obtains that

| (st 165 do ) 0 + [ (P + €0F) do < timind g, (u,) <

(2.43)
lim sup Ji, (un,) < j*(w) + 47" (¢),

)

for every (w,¢) € C*([0,1], 8%) x C*([—1,1],5%)) such that w(0) = ¢(0).
Step 4 provides that inequality (2.43) holds true for every (w,({) € V. Consequently, it
results that

=0, £&=0, (2.44)
(u®, u) solves problem (2.14) and

limn ji, (n,) = j°(u®) + j° (). (2.45)

Really, convergence (2.45) holds true for the whole sequence (so (2.16) is proved), since
74(u®) + 3°(ub) is independent of the selected subsequence, being the minimum of problem
(2.14).

Finally, by combining (2.9), (2.18), (2.19) and (2.44) with (2.45), and by using the Rellich-
Kondrachov compact embedding Theorem and the uniform convexity of the space L?, it is
easy to see that convergences (2.18) and (2.19) occur in the strong sense, i.e., (2.13) and
(2.15) hold true. O

3 Second part: analysis of the limit model

For every n € N and A € [0, +00], consider the following problem:

Jun U € H'(,,5%) — / DU () Pdz + A / U(x) - Fu(o)Pde,  (3.1)

n

where F, : Q,, — S? is a measurable function.
Remark that J, y has the same minimum points of the functional:

Jon: U € H(Q,,5%) — [ |DU(x)|?dx — 2X / U(z)F,(z)dz,

Qn

since J, A(U) = jm,\(U) + 2X|Q,], for every U € H'(Q,, 5?). Consequently, after a rescaling
as in Section 2, by passing to the limit as n — +00, one obtains all the results of Subsection
2.1 with

js(w) =16 /0 /(o) daa - 22 /01w<x3> (Lf%“’””‘”’)d(x““)) ot (3.2)

+2M0], Yw e H'()0,1],5?),

14



J3(¢) = /_2 ¢ ()] dy — 2 /_2 C(z1) (/] T fb(I1,I2,$3)d(I2,$3)> dxi+

(3.3)
where f¢ and f° are given by (2.5) and (2.9). Remark that, since |f%(x)| = 1 a.e. in Q% and
|fo(z)] = 1 a.e. in Q for every n € N, weak convergences in (2.9) are always satisfied by a
subsequence.

If |f(x)| = 1 ae. in Q% f*is independent of (z1,x2), |f2(x)| =1 a.e. in Q° and f° is
independent of (9, x3), then functionals (3.2) an (3.3) can be rewritten as follows:

5w =101 [ () 4 Auteg) ~ ) e, o € B0, (3
3 (¢) = /_ (|C’(a:1)|2 FA|¢(x1) - fb(azl)|2> dvy, V¢ € H! G —%,%{,52). (3.5)

In the sequel, (wy,()) € V denotes a solution of the following problem:

() +35(¢) = min {|@| | (1l + Alwtan) = £2Gaa) ) ot
(3.6)

1

+ [

where V' is the space defined in (2.10).

Remark that, if A = 0, the solutions of problem (3.6) are the constants (c,c) € R? x R3
such that |c| = 1 and j§(wo) + j3(¢o) = 0. Moreover (compare the proof of (3.16) in [9]) the
function A € [0, +0o[— j§(wy) + j4()) is increasing and

d(h(w*) +‘7* (&) |@\/ lwy(z3) — f(x3)|* das + /21 |G (1) = fb(xl)fdf’;lv

2

(1P + Al¢(e) = fan)]) dey + (w,0) € v},

(S

for A a.e. in 0, +oo[. Then, it remains to study the asymptotic behavior, as A — +o0, of
problem (3.6).

3.1 Convergence results when A\ — 400

If (fe, f*) € V, choosing (w, () = (f¢, f°) as test function in (3.6), it is easy to see that

(wy,, ) — (f% %) weakly in H'(]0,1[,S?) x H* Q ; ;{ 52)

for any diverging sequence of positive numbers {\,},cy. Consequently, using a l.s.c. argu-
ment, it follows that (compare Subsection 3.1 in [9])

,\EIJPOO (% (wy) + ji(C)\)) = 6| H(fayu?m(]o,l[))?’ + H(fb)lnzﬂ(f%,%[))g '

15



Interesting situations occur when (f¢, f°) ¢ V, since in this case it results that

Jim (75 (wa) +3(6) = +oo. (3.7)

In fact, by arguing by contradiction, if (3.7) does not hold true, then there exists ¢ €]0, +-00|
and a diverging sequence of positive numbers {A; }ren such that

Consequently, it follows that

N | —

(w,, ) — (f% %) weakly in H'(]0, 1[, 5?) x H* G —

1 2
7§|:7S>7

as A diverges, and, in particular, one obtains that (f¢, f*) € H'(]0,1[, S*) x H' (]—3,3[,5?)
and, by virtue of the Rellich Theorem, f*(0) = f°(0). But this statement is false, since

(f, ") ¢ V.
Now, we examine some particular, but significant cases. At first, consider the case
f“=(1,0,0) and f*=(0,1,0). Remark that (fe, f*) € H'(]0,1[,5?) x H' (]-1,1[,$?),

272
but (f2, f°) ¢ V since f*(0) # f°(0). In this case, the following a priori estimates hold true:

Proposition 3.1. For every A\ € [0,4o0[, let (wyx, () be a solution of problem (3.6) with

f*=(1,0,0) and f* = (0,1,0),
Then, there ezist two constants ¢y, ca €]0, +00[ such that

VA < 58 wy) + 736 < VA, for A sufficiently large. (3.8)

Proof. We adapt, to our coupled problem, a technique we introduced in [9].
For every t €]0, +o0], let (wy, ;) be the couple of functions defined by

1 11
W : T3 E]O, 1[—> = (.’Eg,t, 0) S SQ, Gy €:|—§,§ |: — (O, 1,0) € 52

x3 + t?
Since (wy, (¢) € V, it results that
gi(wx) +33(¢) < df(we) + 53(G) = ji(ws) vt €]0, 400, VA €]0, +o0]. (3.9)

Consequently, being

J(we) = (6]

1 t arctan(t) 2 2V1+4¢t?
ey ) (22457 )]

2+ 1) 2

Vt €]0, +00f, VA €]0, +oc],

P
lim t N arctan(t) _ E’ lim 2 2V1+¢ Lo —o,
ot \2(£2 + 1) 2 1

t t



d t arctan(t) d (2 2V1+1¢2
@ Sl el BN /
o <2(t2+1)+ 5 )<0, dt( + > <0, Vt€]0,+o0],

one derives that

1
jg(w)\) +J§\(C>\) S |®| (%; + 2/\t) ) vt 6]07 +OO[7 VA G]Oa +OO[’

which provides the upper bound in (3.8).
To prove the lower bound in (3.8), at first remark that

Js(wa) + j3(¢y) > min {!@! /01 ((U'(ﬂf3))2 + A (v(xs) — 1)2) drs+
n / : ((z'(xl))2+)\(z(x1))2> dz; - (3.10)

(v,2) € H'(0,1/,R) x H' Q _%, % [,R) C0(0) = Z(O)}.

For every A\ €]0, o0/, the last minimum is attained in the solution (vy,¢y) € H'(]0, 1[,R) x
H! G 11

515 [,R) of the following problem:

N

2

vy — vy ==X, in]0,1],

(3.11)

U,\(O) = Z)\ (0) s

[ ©]03(0) = 23,(07) = 24(07),

i.e., in (vy, ()) given by

ux(z3) = —

(62\/X6713\/X+€1‘3ﬁ) 4 1

. ,in]o,1[,  (3.12)
[E] (1+eﬁ> +2(1 + e2V2)

17



( 5] (1 + eﬁ)

2
[E] <1 + eﬁ> +2(1 + e2VA)

1
(e‘wlﬁ + 6\&6“\&), in } —g5 0 {,

z(21) =
o] (1 + M)

2
[ 101 (1+ %) 421 + %)

1
(e pemVAy i } 0, 3 [
Then, combining (3.10) with (3.11) and (3.12), it follows that

35(w3) + 34(6) 2 min {|@| / (@) 4 A (olan) 1) g
—l—/_é <(z’(:c1))2 + )\(z(xl))2> dwy :

(0.2) € 1 0ALR) x 1 (|53 R ) L o(0) = z<0>} _

2/0](* ~ 1)

- oy
[E] (1 + eﬁ) +2(1 + e2V2)

1
—|@‘)\/ U)\dxg + ’@P\ =
0

Consequently, taking into account that

2 VA 2
lim 1©](e ) 2|6

2 - )
At g (1+eﬁ) +2(1 4 e2V}) 6] +2

one derives the lower bound in (3.8). O

Remark 3.2. The proof of Proposition 3.1 gives also an estimate of c; and cs.

Proposition 3.1 holds again true if one assumes that f* and f° have the unit on the same
component. For instance, if one assumes f* = (1,0,0) and f* = (—1,0,0), one obtains the
upper bound by performing previous proof with

11 1
wy : xg €]0, 1[— (z3,t,0) € 52, t:xle]— {—>—(—|x1|,t,0)652.

1
Vs + t? 272 \Va? + t?
While the estimate of the lower bound is obtained by performing previous computations with
A(z1(21))? replaced by N(z1(x1) + 1)? in (5.10), and the second line and third line of (3.11)
replaced by 2§ — Az, = A.

Consider, now, the case: f* = (%——’YV 0, O) and f° = (|$1 — §| , 0, O), where v €]0, 1]
g T —
and 0 €] — 5, 5[.

N [=
N[
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Proposition 3.3. For every A €]0,+oc[, let (wy,(\) be a solution of problem (3.6) with
- -
fo= (M,O, 0) and f° = ( l ,0,0), where v €]0,1[ and § €] — %, %[
|23 — 7] |71 — 0|
Then, there exist two constants c1,ca €]0, +0o| such that

AV < 8 wy) + 720 < eV, for X\ sufficiently large. (3.13)

Proof. To prove the lower bound in (3.13), it is enough to remark that

T3 =7
|3 — 7|

drs :

olzs) ]

ga(wy) + 53 (6) > |®|min{/0 |v’(9:3)|2d563+A/O
(3.14)

v e HY(]o, 1[,R)}, VA €]0, 400l

and to use the estimate of the lower bound of the right hand side of (3.29) given in [9].

To prove the upper bound in (3.13), first we consider the case § > 0 and then the general
case.

If 6 > 0, for every t €]0,4+00], let (wy, (;) be the couple of functions defined by

( 1
: 3 €0, 1[— —7,0,t) € 5%,
wy : a3 €] [ (@5 — ) + 22 (w3 — )
(3.15)
11 1 ,
Ctil‘le —5,5 — (’)/(.Tl—(S),O,t(S)ES .
\ V2 - 82 + (19)?
Since (wy, (;) € V, it results that
75 (wx) + 58 (6) < 5w + 5R(C) Yt €]0,+00, VA €]0, +00]. (3.16)

Then, arguing as in the proof of (3.13) in [9], one obtains an upper bound of j§(w;) and
7%(¢;) which provide the upper bound in (3.13).

If § €] — 3,0], it is not possible to use test function (3.15), since it does not satisfy the
junction condition. Then we have to use a more sophisticated argument whic works also for
0 positive.

Let A €]0, +00[ be sufficiently large (it is enough to choose A > %), and set

( 1 1 . _1
\/(x3—7)2+)\—1 (xg—’y,O,)\ 2), 1fx3€])\ 2,1[,
) = § ol (Vg0 ) 4
SRS EIE
1
+(1— Ayc_?’l)m(—a,xé,()), if 2y € 0,075
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1
\/(ZEl — 5)2 + AL
At first, remark that

o(x) =

1 ) 11
(x1—5,/\_5,0), lfl‘l €:|—§,§|:

1
A2
/0 0 (23) [ diy < ANE. (3.17)

Of course, vy € H'(]0,1[,R?), z) € H'(] — 3, 3[,5%), and v5(0) = 2x(0); but [vy(z3)] < 1
for every x5 €]0,A\"2[. Then, (vy, zy) is not an admissible test function for problem (3.6).
To overcome this difficulty, for y € B1(0) = {z € R® : |z| < 3}, let m, be the function

3
introduced in (2.32) projecting z € B1(0) \ {y} = {x € R? : |2| < 1} \ {y} on S* along the
direction x — y. Since

Je €]0, +oo] : |Dmy(z)* <

ToE WEBO), Ve B0\ {y),

from (3.17) it follows that

1
A2
2
/ 1 / |(7Ty(UA(933)))/‘ dxsdy <
By (0)\vA (01" 2]) J0

AT2 1 1 1
E/ / 1 Qdy |U;($3)|2dx3 <c / —QdZ 42,
0 By O\er (0272 [UA(23) = Y| B0 |2

where / 2| dz < 4+00. Consequently, there exist a constant C' > 0 and y, € By (0) \
B3(0)
2

A2
/O

Point out, that C' is independent of A! For instance, since |v)(]0, A~2[)| = 0, one can choose
e 5.0 ﬁdz
[B1\2(0)]
Finally, set uy = 7, owy. That is, being m, () = x for every x € S?,

vx(]0, A~2[) such that

(7, (vx(xa)))"2 dry < OAZ. (3.18)

( 1
VeSS

([L’g—")/,o,)\_%>, ifasge})\’%,l[,

1
ua(s) = wyk< (7 =m0a7)

T3 1 1 . 1
(1= 7)o ’0>)’ ity € Jox 4]



Since, now, (uy, z)) € V' it results that

J(wa) + 73(0) < Js(un) + 58(2n) =

1 1
AT 2 AT 2
2 2
I@\/0 |uj(w3))| dfﬁ:ﬂrl@lk/0 Ju(s) + 1| das+ (3.19)

1

1
|@|/ 1 |UI>\(ZL‘3)|2dg(;3 + |@|)\/ 1 |U)\<CL’3) - fa($3)|2d£(]3 +]§\(2>\>
AT2 A

-2

By virtue of (3.18) and of the fact that |uy(x3)| = 1, one has that

Ah A2
/ [y (w3)|” s + >\/ lur(xs) + 117 dag < C\Z + 4\2 (3.20)
0 0

Moreover, in [9] we proved the existence of a positive constant ¢, independent of A, such that

1 1
| P s [ usta) - )P+ ) <l 32D
AT 2 AT 2

By combining (3.19) with (3.20) and (3.21), one obtains the upper bound in (3.13). O

Remark 3.4. The proof of Proposition 3.3 gives also an estimate of ¢; and cs.
Proposition 3.3 holds again true if one assumes that f* and f° have the singularity on dif-
T3 — ry—0
ferent components. For instance, if one assumes f* = |3—7|, 0,0} and f* = (0, |1—5|,
T3 — 7 L1 —
one obtains the lower bound as before. While the estimate of the upper bound is obtained by

performing previous computations with

r 1 B | B}
\/(3;3_7)24_)\71 (353—%0,)\ 2), foge])\ 271[7

T3 1
ATV O =g A

I3 1 1 ) 1
(-3 mets0. ey

1 1 11
A 2,21 —6,0), ifxie|—=,=|.
T nnm o0, i } 22{

The last results immediately provide the following convergence result:
Corollary 3.5. For every A € [0,+00], let (wyx, () be a solution of problem (5.6) with f*
and f° satisfying the assumptions in Proposition 3.1 (see also Remark 3.2) or Proposition

3.3 (see also Remark 3.4).
Then, it results that

ux(z3) =

(A F=m0x7%) +

\

zy(xy) =

! 3
/0 |wy(z3) — fa($3)|2d$3 < |@T—2\/X’ /% k(xl) - fb($1)|2d371 < %,

for X sufficiently large.

21
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Obviously, if {\, },en is a diverging sequence of positive numbers, {w,,, (), }.en does not

converge weakly in H'(]0,1[, 5%) x H'((—1,1),5%), since (f*, f°) ¢ V.
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