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Abstract

In this paper we present diverse methods for estimating the cover-
ing number of a precompact subset of a Banach space when we already
know the entropy of the set of its extremal points. In the case of a
Hilbert space we estimate also the Gelfand diameters of the subset.

0 Introduction

Let (M,d) be a metric space and B(z,;¢) = {z € M |d(z,,z) < &} the
closed e-ball with centre z,. For a bounded set A C M let N(A;¢) be the
covering number of A by e-balls of M which means:

N
N(4;¢) := inf{N : 3z1,...,2xy € M such that A C J B(IEk;E)}.
k=1

We denote the entropy numbers of A by
en(A) :=1inf{e > 0: N(4;¢) <n}
and the (dyadic) entropy numbers by
en(A) i=em-1(A), n=12,...

We show in this paper how the rate of decay of entropy numbers &,(A)
of a precompact set A of a Banach space X reflects the rate of decay of
dyadic entropy numbers e,(co(A)) of the (symmetric) absolute convex hull
co(A) of A. We obtain optimal results for arbitrary Banach spaces and for
Hilbert spaces as well as for Banach spaces of type p,1 < p < 2. It will
be convenient to couch the arguments in a more general context and in the
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language of entropy numbers of operators. For a (bounded linear) operator
u: X — Y between two Banach spaces X and Y the n-th dyadic entropy
number e, (u) of u is defined by

en(u) := e,(u(Bx)) where By is the unit ball of X.

If /,(A) denotes the Banach space of all summable families of real numbers
(&)tca over the index set A with the norm given by

1EN = > 1],

tcA

then the entropy numbers of the absolute convex hull e, (co(A4)) of a bounded
set A of a Banach space X can be expressed in terms of entropy numbers of
operators

en(co(4)) = en(u)

where u : £1(A) — X is the operator defined on the canonical basis (e:)ica of
41 (A) by u(e;) = t. This problem can be embedded into a more general frame.
Namely, we investigate entropy numbers of operators u : £;(M) — X map-
ping ¢ (M) over a precompact metric space (M, d) into a Banach space X.
Furthermore, for some proofs we also consider the “dual” situation where we
study entropy numbers e,(u) of operators u : X — £, (M) from a Banach
space X into the space o (M) of all bounded number families over M with
the norm

(€I = sup [&].
teM

This situation is in so far universal that the entropy numbers e,(v) of a
compact operator v : X — Y between Banach space X and Y are always
shared by the entropy numbers e,(u) of a compact operator u : X — Cla, b
with values in the space Cla,b] of continuous functions over a bounded and
closed intervall [a,b] in the sense that
1
ien(v) < en(u) < 2e,(v).
This fact indicates why we also study the asymptotic behaviour of entropy

numbers of operators
u: X — C(M)

with values into the space of continuous functions C'(M) over a compact
metric space M. We will see how the geometry of the Banach space X, the
entropy numbers £,(M) of the underlying compact metric space M and the
smoothness of the operator u in terms of the modulus of continuity w(u; d)
of u,

w(u; 0) := sup sup{|u(z)(s) — u(z)(t)|: s,t € M,d(s,t) < &},

ll||<t



enter the estimates of the entropy numbers e, (u) of the operator u. The
problem of estimating entropy numbers of the convex hull co(A) is embedded
into this more general situation. Indeed, for the operator u : £;(A) — X with
u(et) =t we have that for the dual operator u* : X* — £ (A),

w(u*;d) < 4.

Hence, the problem arises now to relate w(u*;d) with the dyadic entropy
numbers e,(u) and e,(u*) of u. This problem of independent interest will
be studied in sections 2 and 3 and the applications to entropy numbers of
convex hulls will be given in sections 4, 5 and 6 where we also present some
alternative proofs and new approaches to entropy estimates as well. In this
process we refine and extend a result of Dudley [D] on the entropy of convex
hulls in Hilbert spaces. For our purpose we need some preliminaries. In the
following we always consider real Banach spaces X and denote by X* the dual
Banach space. For a (bounded linear) operator u : X — Y between Banach
spaces X and Y the n-th approximation number, the n-th Gelfand number
and the n-th Tichomirov number (symmetrized approximation number) of u
are defined by

an(w) = inf{|lu—v|| |v:X =Y, rank(v) < n}
co(u) = inf{|lu|g|]| | E C X, codim(E) < n}

and
tn(u) = a,(IyuQx),

respectively, where Iy : Y — {ly(By~) is the canonical embedding and
Qx : £1(Bx) — X the canonical surjection. We always have
th(u) < cn(u) < an(u) and t,(u) = t,(u*), an(u) < ap(u*) ,

where u* is the dual operator of u. Moreover, if u : £ — Y, we define
o) i= ([ lu(@)|Pdva(z)) ",
RTL

where 7, is the canonical Gaussian probability measure on IR", and for any
v: X — £3 we define

£*(v) := sup{|trace(vu)| ‘ u:ly = X, l(u) <1}

A Banach space X is called K-convex if there is a constant C' > 1 such that
for all integer n > 1 and all operators u : X — £3,

L(u*) < Cl(u) .



The smallest constant C'is called the K-convexity constant. Finally, a Banach
space X is said to have type p,1 < p < 2, if there is a constant C such that
for all finite sets (z;)%, C X,

L n n
J I ritailide < O3 aillr)
where (1;)$2, are the Rademacher functions. The smallest constant

(X)) =inf C

such that the above inequality is satisfied is called the type p constant of X.



1 Basic tools

In this section we give diverse inequalities for estimating entropy numbers
and approximation quantities. They will be very useful for estimating the
entropy of convex hulls in subsequent sections. We start with a general
inequality of [CH] in the refined version of [DJ].

Theorem 1.1 For every € > 0, there is b(e) > 0 such that for all Banach
spaces X, Y, all operators u : X — 'Y and all integer n > 1,

€[+ (1) < b(e) sup 27% (ﬁ tz‘(u)>1/k-

1<k<n i=1
As a consequence of this inequality we can reprove a well-known inequality
in the following theorem.

Theorem 1.2 ([C1]) Let a > 0, then there is a constant p, > 1 such that
for all operators uw : X — Y between Banach spaces X,Y and all integer
n>1,

sup k%max{er(u);er(u*)} < po sup k% (u).
1<k<n 1<k<n

Proof. From the inequality in Theorem 1.1 we, in particular, get

ean(u) < b(1) sup 27 % (ﬁ ti(u)>l/k.

1<k<n i=1
Because
k k k k
It < (H i_a> (sup iati(u)> = (k)@ (sup iati(u)> ,
i=1 i=1 1<i<k 1<i<k
we infer
ean(u) < b(1) ( sup 2_%(15!)_%) sup ®t;(u)
1<k<n 1<i<n
< cqn™® sup *t;(u) for neIN.

1<i<n

The monotonicity of the entropy numbers and ¢;(u) = ;(u*) yield with a new
constant p, > 1 the estimate

max{e,(u); e, (u*)} < pon~® sup i%t;(u), n € IN,
1<i<n

and therefore the desired estimate

sup k® max{eg(u);er(u)} < pa sup £%i(u)
1<k<n 1<k<n

for all integer n > 1. O

We also need a further variant of the preceding theorem.
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Theorem 1.3 Let (b,) be a positive and increasing sequence with the prop-
erty that there exists a constant v > 1 and for all n € IN, by, < vb,. Then
there exists a constant c(vy) > 1 such that for all operatorsu : X —'Y between
Banach spaces X, Y and all integer n > 1,

sup breg(u) < c(vy) sup byty(u)
1<k<n 1<k<n

Proof. The inequality in Theorem 1.2 is equivalent to

sup 2% (u) < po(a) sup 29%y(u), N=1,2,....
0<j<N 0<j<N
Put a = log, v. Then by, < vb, = 2%b,, implies

9je oje 9(i+1)a

by = byn | by

b.;

is monotonously increasing. Hence,
2J

i.e. the sequence

2Ja
2N, (u) < pola) sup o Sup boitoi (u)
0<j<N Y25 0<j<N
2Na

< pol@)7— sup boitos(u)
bav 0<j<n

or

bovegn (1) < po(c) sup bojtyi(u), N =1,2,...
1<i<N

Now for arbitrary integer n we choose N such that 2¥~! < n < 2V and get
bnen(u) < b2N€2N—1(U) S ’YbQN—l@QN—l(U) S

< ypo(e) sup  baitei(u) <
1<j<N-1

< vpo(a) sup b;t;j(u) for n=1,2,...,
1<j<n
yielding the desired inequality

sup bje;(u) < p(vy) sup bjt;(u) for n=1,2,...,
1<5< 1<j<n

where p(v) = vpo(log, 7). O
The next theorem gives duality inequalities for entropy numbers.

Theorem 1.4 ([BPST]) Let X or Y be a K-conver Banach space, then
for every a > 0 there is a constant ¢ > 1 which may depend on « and the

K -convexity constant such that for all compact operators u : X — Y the
inequalities

1
— sup k%;y(u) < sup k% (u*) < c sup k%y(u)
C 1<k<n 1<k<n 1<k<n

forn=1,2,..., are satisfied.



A refined version of a Sudakov-type inequality is given in the following the-
orem.

Theorem 1.5 ([PT]) There is a constant ¢ > 1 such that for all Banach
spaces X, all integer n > 1 and all operators u : X — £y the inequality

Ko <e [ lu(@)dia(e) < etw)
holds for k=1,2,....
Moreover, we need the following inequality.
Theorem 1.6 ([P1]) If (Z1,...,Z,) is a finite Gaussian process, then

E sup Z; <C sup ||Z - Zl|(log n)"/?,

1<i<n 1<i#£j<n

where C > 1 is a universal constant.

Finally, the following theorem is a nonpublished result by B. Maurey the
proof of which can be found in [P2]. We use the formulation given in [C2].

Theorem 1.7 Let X be a Banach space of type p, 1 < p < 2. Then for all
integers such that 1 < k < n and all operators S : {7 — X the estimate

ex(5) < ) () s

is satisfied, where c, > 1 is a constant depending only on p.

Estimates of this type will be referred to as local estimates of entropy num-
bers. Furthermore, we say that a Banach space X is of entropy type 8 > 0 if
there is a constant ¢ > 0 such that for all integer n > 1 and all 4, ...,z, € X
the (dyadic) entropy numbers of the absolute convex hull co(zy, ..., z,) can
be estimated by

enlcolar, ) < on”? s fai|
In terms of operators this inequality states that for all integer n > 1 and all
operators S : ff — X,
en(S) < en”?||S]|.

From Dvoretzky’s theorem we infer that the parameter 8 is bounded by %
Moreover, by Pisier’s (cf. [P1]) characterization of K-convex Banach spaces
we can easily show that a Banach space of entropy type 8 > 0 is always
K-convex.



A characterization of weak type p spaces, 1 < p < 2, (for a definition see
[P1] or [DJ]) in terms of entropy numbers has been given in [Pa] for p = 2
and by Defant and Junge [DJ] for 1 < p < 2. They proved that a Banach
space is of weak type p, 1 < p < 2, if and only if it is of entropy type 8 with
B=1- %. Much more, Defant and Junge showed in [DJ] that in the case
0<pB< % a Banach space X is of entropy type § if there is a constant ¢ > 1
such that for all integer n > 1 and all operators S : £ — X an estimate as

in Theorem 1.7

n

log(™ + 1)\*
eﬂS)Sc(%) IS]l, 1<k <n,

is satisfied. In the case § = % such an estimate remains true at least for
Banach spaces of type 2 (see Theorem 1.7). Finally, we give local estimates

for entropy numbers of operators from X into £.

Theorem 1.8 Let 0 < 5 < % If X 1is a Banach space such that there is a
constant ¢ > 1 and for all integer n > 1 and all operators S : {7 — X™* with
values in the dual space X* of X the estimate

log(% + 1)\’
eﬂS)Sc(%) IS]l, 1<k<m,

18 satisfied, then for all integer n > 1 and all operators T : X — 03 the

estimate 5
log(%2 +1
om) < ¢ (PO e, 1<k,

18 true, where ¢ > 1 1s a constant which may depend on 8 and the K -convezity
constant of X . In particular, if X is a Banach space such that X* is of type p,
then this estimate s valid for =1 — %.

Proof. Using the inequality of Theorem 1.4 with the parameter o = 23 we
immediately check the first assertion of the theorem. The remaining part
follows from Theorem 1.7. O

Remark. The assertion of Theorem 1.8 remains valid if X is a Banach space
such that X* is of weak type p with 1 < p < 2, (cf. [DJ]).



2 Entropy of C(M)-valued operators

As already announced in the introduction the entropy behaviour of a compact
operator is also reflected by a C(M)-valued operator on a compact metric
space M. So C(M)-valued operators are universal for our purpose. In the
sequel we relate the entropy of such operators with the modulus of continuity
of an operator. Recall that the modulus of continuity w(f;d) of a bounded
function f on a metric space (M, d) is defined by

w(f;0) = sup{[f(t) — f(s)| | ;¢ € M, d(s,t) < &}

for 0 < § < 0o, Given an operator u : X — C(M) from a Banach space X
into the space C'(M) of all continuous functions on a compact metric space
(M, d) we put
(1) w(u; 6) = Sup w(u(z); 0),

z||<1
calling w(u; ) the modulus of continuity of the operator u. This definition in
fact makes sense for all 4 > 0 since

w(u; §) < 2||ul|
By the Arzela-Ascoli theorem we have that u : X — C(M) is compact if and
only if

li :0) = 0.
(2) 51_1,%("’(”’ §)=0
Inserting the entropy numbers €, (M) of the underlying compact metric space
M, the rate of decrease of the sequence w(u;e,(M)) indicates the degree of
compactness of the operator u related to the degree of compactness of the

underlying metric space M. Moreover, the modulus of continuity w(u; ,(M))
dominates the approximation numbers of u by an inequality

(3) any1(v) S w(u;e,(M)), n=1,2,...,

for compact operators u : X — C(M) (cf. [CS]). If one omits the compact-

ness of the operator u one can replace the approximation numbers by the
Gelfand numbers (cf. [RS]),

(4) Cng1(v) Sw(u;e(M)), n=1,2,...

Combining this estimate with Theorem 1.1 we obtain a general inequality
dominating the entropy numbers by terms of the modulus of continuity.

Theorem 2.1 For every € > 0, there is b(e) > 0 such that for all Banach
spaces X, all compact metric spaces M, all operators u : X — C(M) and all
integer n > 1 the inequality

1<k<n

1/k
() max{erason),ecrom(u)} < 000) sup 2% (1] wlaieian)
is valid, where we put w(u;eo(M)) = |Ju]|.
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Remark. Theorem 2.1 remains true if we consider operators u : X — £, (M)
from a Banach space X into the space £, (M) over a precompact metric space.
Moreover, if we take into account the geometry of the underlying Banach
space X, the smoothness of the operator v and the rate of decrease of the
sequence (£,(M)) we are able to give much better estimates for the entropy
numbers e,(u : X — C(M)). Before we state a result for power decrease
of ,(M) we introduce the useful notion of a Lipschitz-continuous operator
(1-Holder continuous in [CS]). An operator u : X — C(M) is called Lipschitz-
continuous if

;0
lu| := supw(u’ ) < 00.

>0 O
The set
Lip(X, C(M))

of all Lipschitz-continuous operators becomes a Banach space under the norm

Lip(u) = max{]|u]; [ul}.

Now we can state the following theorem.

Theorem 2.2 Let M be a compact metric space and p, > 0 such that for
all integer n > 1,
(6) en(M) < pn~©

15 satisfied. Moreover, let X be a Banach space with the property that there
is a constant B > 0 such that for each € > 0 there is a constant c(¢) > 1 and
for all integer n > 1 and all operators S : X — L7 the local estimate

n
k
is valid. Then for u € Lip(X,C(M)) we have the estimate

U a(S) < @ISk (5)  Jor 1<k <n

(8) en(u) < en™P°Lip(u) for n=1,2,...,

where ¢ = ¢(p, a, B) is a constant depending on p,« and (.

As an immediate consequence of Theorem 2.2 we obtain the following result.

Proposition 2.3 Let M be a compact metric space with the property that
there are p,a > 0 and for all integer n > 1,

en(M) < pn7.

If X 1s a Banach space such that the dual Banach space X* is of type p,
1 < p <2, then for u € Lip(X,C(M)) we have the entropy estimate

(9) en(u) < en(-%)e Lip(u) for n=1,2,...

?
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where ¢ 1s a constant which may depend on p,a,p, and the K-convexity
constant of X. In particular, for X = Ly, 1 < g < 0o, we have

(10) en(u) < e~ mitl-gizl-e Lip(u) for n=1,2,....

Proof. The assertion follows from the local estimates of entropy numbers in
Theorem 1.8 and Theorem 2.2. O
Remarks.

1) The assertion of Proposition 2.3 remains valid if we replace type p by
weak type p for 1 < p < 2 (cf. Remark after Theorem 1.8).

2) Theorem 2.2 and Proposition 2.3 remain true if we consider operators
u € Lip(X,4s(M)) where M is a precompact metric space satisfying the
property (6) of Theorem 2.2.
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3 Entropy of operators from /(M)

In this section we give corresponding results to section 2 for operators u :
(M) = X from £,(M) over a precompact metric space M into a Banach
space X. The corresponding statement to Theorem 2.1 reads as follows.

Theorem 3.1 Let £ > 0, then there is a constant such that for all Banach
spaces X, all precompact metric spaces M, all operators u : £1(M) — X and
all integer n > 1,

1k
(11) €1ty (¥) < ble) Sup 20 ; (Hw (u*;e(M )
where we put w(u*,eo(M)) := ||u*|| = ||u].
Proof. The assertion follows from

ti1 (u) = tep1 (u*) < wlu®;ex(M))

and Theorem 2.1. O

Before we state a corresponding result to Theorem 2.2 we need the following
notion. Let (M, d) be a precompact metric space. An operator u belongs to
Lip(4;(M), X) and is said to be Lipschitz-continuous if

u* € Lip(X*, loo(M)).
This is equivalent to say that

luler) — u(e
S“p{ d(s,1)

| ‘s,tEM, s;«ét} < 00,
where (e;) is the canonical basis of ¢;(M). By

Lip(u) := Lip(u*) = max{||u||; |u*[}

the space Lip(¢;(M), X) becomes a Banach space. Furthermore, we need
also the following duality relations.

Lemma 3.2 Let X be a Banach space and 8 > 0. Then the following esti-
mates are equivalent:

(i) For each € > 0 there is c(e) > 1 such that for all integer n > 1 and all
T:00 = X,

ex(T) < c(s)||T||k—ﬂ(%)6 for 1<k<n.
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(i) For each e > 0 there is c(e) > 1 such that for all integer n > 1 and all

T:07 — X*,
ex(T) < c(s)||T||k—ﬂ(%)6 for 1<k<n.
(iii) For each € > 0 there is c(e) > 1 such that for all integer n > 1 and all

T:X*—
en(T) < c(s)||T||k—ﬂ(%)6 for 1<k<n.

Proof. First we show that (i) is equivalent to (ii). Indeed, because of
ex(T : 07 > X) < 2ep(T™ : £7 — X*),
property (ii) implies (i). The converse implication follows by Lindenstrauss

and Rosenthal’s principle of local reflexivity (cf. [LT]) as follows: given
T : {7 — X**, then there exists an isomorphism

ST = XoC X with ||S||S7Y]

Let Ty : £f — T(£}) the restriction of T with T = I To, then by (i) we
infer

< 2.

ex(T)

IA

er(Ty) = ex(S™'STy) < |7 |ex(STy) <
n
215~ lex(Ix,STo) < 2[1S~"[le(e) | 1%, STollk™"(1)°

IA

n

< 2 ISTISIIToIE(7)°

IA

4c(s)||T||k—ﬂ(%)6 for 1<Fk<n,

where [ ))((0 : Xo — X stands for the canonical embedding. The equivalence
of (i) and (iii) follows from Theorem 1.4 if we choose for € > 0 the parameter
a=[p+e. O

Now we are able to formulate the corresponding theorem to Theorem 2.2.

Theorem 3.3 Let M be a precompact metric space such that there are p, o >
0 and for alln € IN,

en(M) < pn™°.
Moreover, let X be a Banach space with the property that there is a constant

B > 0 such that for each € > 0 there is a constant c(e) > 1 and for alln € IN
and all operators S : {7 — X,

(12) ex(S) < ()| k—ﬂ(%)s for 1<k<n.
Then for u € Lip(¢1(M), X) we have the estimate
(13) en(u) <en P Lip(u) for n=1,2,..,

where ¢ 1s a constant depending on p, and 3.
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Proof. By Lemma 3.2 we get that the estimate (12) is equivalent to the
estimate (7) of Theorem 2.2. Therefore, by Theorem 2.2 and the Remark at
the end of section 2 we obtain for the dual operator u* € Lip(X™*, £, (M)) of
u the estimate

en(u*) < en P Lip(u*) = ¢ n 7P~ Lip(u)

for n = 1,2,.... Finally, using the duality inequality in Theorem 1.4 with
the exponent 8 + a we check the desired estimate for the entropy numbers
of u,

en(u) < enP®Lip(u), n=1,2,...,

where ¢ is a constant which may depend on p,«, 8 and the K-convexity
constant of X. However, an alternative but direct proof of this inequality
can be given along a similar line as in the proof of Theorem 5.10.1 in [CS] by
taking Lemma 5.10.2 of [CS] in a dual version. The advantage of this proof
is that it yields a constant ¢ not depending on the K-convexity constant of
the Banach space X. O

Remark. If X is a Banach space of entropy type § with 0 < 8 < %, then by
section 1, X guarantees the entropy estimate (12) of Theorem 3.3.

As an application of Theorem 3.3 we get a corresponding statement to Propo-
sition 2.3.

Proposition 3.4 Let M be a a precompact metric space such that there are
p,a > 0 and for all integer n > 1,

en(M) < pn™°.

If X is a Banach space of type p, 1 < p < 2, then for u € Lip(£;(M), X) we
have the entropy estimate,

(14) en(v) < en P Lip(u), n=1,2,...,

where ¢ is a constant which may depend on p, o, p and 7,(X). In particular,
for X =L, 1< g < oo, we have

(15) en(u) < e~ mitl-gizl-e Lip(u), n=1,2,....

Proof. The assertion follows from Theorem 1.7 and Theorem 3.3. O

Remark. Proposition 3.4 remains true if we replace type p by weak type p
in the case 1 < p < 2 (cf. section 1).
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4 Entropy of convex hulls in Banach spaces

This section is devoted to entropy estimates of dyadic entropy numbers
en(co(A)) of the absolute convex hull of a precompact subset A C X of
a Banach space X by the entropy numbers ¢,(A4) of A. We can give the
following general inequality.

Proposition 4.1 For every € > 0 there exists a constant b(e) > 1 such that
for all Banach spaces X, all precompact subsets A C X and all integer n > 1
the following inequality is true,

1<k<n

1/k
€[(14¢)n] (CO(A)) < b( sup 27 k (H Ez > )
where g9(A) 1= sup ||£]]-
€

Proof. Define an operator u : £1(A) — X by
u(er) =t for te A

Then
u*(a)(t) = (t,a) for t€ A and a€ X"
Because of
|u*(a)(t) — u*(a)(s)| = [{t — 5,0)| < ||t — 5| [|all
we get

w(u*;8) = sup sup{|u*(a)(t) — u*(a)(s)| : s,t € A, [|s—t|| < I} <o

llall<1

Consequently,
wu;en(A)) <en(A), n=1,2,...,

and the desired inequality follows from Theorem 3.1 with
w(u®;€,(A)) = [lul| = sup [|z]]
teA

O

Proposition 4.2 . Let (b,) be a positive increasing sequence with the prop-
erty that there exists a constant v > 1 and for alln € IN, by, < vb,. Then
there exists a constant c(vy) such that for all Banach spaces X, all precompact
subsets A C X and all integer n > 1 the inequality

sup byer(co(A)) < c(y)(bysup ||t]| + v sup brex(A))
1<k<n tcA 1<k<n

holds.
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Proof. For the operator u : ¢;(A) — X defined as in the proof of the
previous proposition, u(e;) = t, we have already

te () < w(u'sep(4)) < ex(4).

combining this estimate with the inequality of Theorem 1.3 and using b, 1 <
b2n < 'Ybn we get

sup brep(u) < c(vy) sup btr(u) <c(y) sup betp(u) <
1<k<n 1<k<n 1<k<ntl
< cly (bl“U“ + Sllp bk+1tk+1( )) <

IA

c(7)(by sup ||t|| n sup bry1€k(A)) <

IA

(
(
(
c(y (blsup||t||+’Y SUP bkEk(A))

As a consequence of the previous proposition we get the following result.

Proposition 4.3 Let (s;,) be a positive decreasing sequence with the property
that there exists a constant v > 1 and for alln € IN, s, < vsa,. Then there
exists a constant p(vy) such that for all Banach spaces X and all precompact
subsets A C X satisfying the estimate

en(A) < sp forall ne N,

the inequality

81 tcA

1 1
en(co(4)) < p(1) (—suputu ; ,Y) JA), n=1,2...,
18 true.

Proof. The sequence b,, := i guarantees the property by, < %bn of Propo-
sition 4.2. Hence, we infer by this proposition that

1 1,1 1
—ep(co(A)) <c(=)(—sup ||t]| + —
—ealeo(4)) < e()(sup ]+ )
yielding the desired inequality. O

Remark. The estimate in Proposition 4.3 is asymptotically optimal. Indeed,
for the set
A={spe,:mn€N,n>1} Cl,

where (s,) is the sequence of Proposition 4.3 and (e,) the canonical basis
of ¢1, we have £,(A) < s,. By a result of Gordon-Ko6nig-Schiitt [GKS] we
immediately check

1
isn S en(CO(A)) S CSp, N = 1,2

y PRI y
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for some universal constant c.

As an application of the previous proposition we get, for example, the fol-
lowing result.

Corollary 4.4 Let A C X be a precompact subset of a Banach space X with
the property that for some >0, 8 >0,

en(A) < n7%(log(n + 1)) for n=1,2,...
Then there ezists a positive constant c, g depending on o and B such that

en(co(A)) < capn *(og(n+1))Pfor n=1,2,...

In the case of rapidely decreasing sequences £,(A) we can check the following

Corollary 4.5 Let A C X be a precompact subset of a Banach space X with
the property that for some v, > 0,

en(A) <2770 for n=1,2,...

Then for each € > 0 there exists a constant b(e) such that for all integer
n>1,

1
Ly(2e;) 7 nFIT]

cfean (€o(4)) < b(e)27(1 + sup )21+
€

Proof. By Proposition 4.1 we obtain

1/k
e[(l-l—s)n](CO(A)) < b(E sup 2 3 (H Ez > <

1<k<n

k—1 1/k
b(o)(1-+sup ) sup 2°F (1_11@@4))

< <
1<k<n
- k
_n_ i
< be)(L+sup )27 sup 27 TE <
1<k<n
inf 247 ; i"]
< b(e )(1+Sup||15||)272 el =
Because of
2
Y p . n Y e
— - > — >
121;35”[1@ Trx ] = 1%113271[]@ ot ] =
1 Yo o o
> (14— 741
- ( + 0) (a-l— 1) e

17



we get the desired estimate. O

Remark. The estimate in Corollary 4.5 is asymptotically optimal. Indeed,
again by Gordon-Koénig-Schiitt [GKS] we get for the precompact set

A={277t% sne IN} C 4

of £, that
en(4) < 9—(n+1)7

and L
¢2 TR < g (co(A)) < o2 DT T

where ¢,, c; > 0 are positive constants not depending on n.

18



5 Entropy of convex hulls in Hilbert spaces

In this section we first consider the entropy behaviour of the convex hull
co(A), as well as its Gelfand numbers, in the case where the covering number
of A is of power type. If A is a precompact subset of a Hilbert space H,
we define the operator u : ¢,(A) — H by u(e;) =t for t € A and we set
cn(co(A4)) = ¢, (u). The following proposition is an improvement over results
from [D], [BP] and [T].

Proposition 5.1 Let A C H be a precompact subset of the unit ball of a
Hilbert space with the property that there are constants p,a > 0 such that
en(A) < pn™® for n=1,2,...

Then there exists a positive constant c, o such that we have the estimate
max{cy(co(A)); en(co(A)} < c,qn 2% for n=1,2,...
Consequently, if the covering number is of power type
N(4;¢e) < CoE”w for 10,

then ,
In N(co(A);¢e) < crg” ™2 .

Proof. For the operator u : ¢1(A) — H defined by u(e;) =t for t € A we
have as in the proof of Proposition 4.1 that

w(u*;d) <4

and therefore

Lip(u) = max{[|u]: sup 3 < max{sup |¢];: 1}.
>0 0 teA

Since a Hilbert space has type 2 we infer from Proposition 3.4 the desired
estimate

en(co(A)) = ex(u) < cn~3® Lip(u) < cmax{1;sup ||t||}n_%—a_
teA
Now from a result in [PTJ], for o > 0,

sup n*tic, (u) < cq sup n*tie, (u)
n> n>

where ¢, depends only on «. This gives the estimate for Gelfand numbers.
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The above result is asymptotically optimal. Indeed, for the precompact sub-
set
A={n"%,:ne€ N} C ¥y,

where (e,) is the canonical basis of {2, we have

en(A) <n™®
and ) )
con 2 % <ep(co(Ad)) <en™27% n=1,2,...,
with positive constants ¢y, c; > 0 (cf. [BP] or [C3)). O

Now we turn to the case where the decay of ¢,(A) is of logarithmic type;
(In(n+1))~*, or the covering number is of exponential type. For this purpose
we give two general results.

Proposition 5.2 Let A be a precompact subset of the unit ball of o Hilbert
space H, then there exists an absolute constant C > 0 such that for allk > 1,

we have
\@%wwmscgﬂmeMA®w+¢&y

Remark. By the same method we can prove the next inequality concerning
the covering numbers:

Wmmmm@gqﬂMNwaw

Proof of Proposition 5.2.

Let u be the operator defined in the beginning of this section. For any integer
v >0,let A, be a 27¥-net of A with card(A4,) = N(A;277). For every ¢t € A,
let ¢, (t) be an element of A, such that ||(,(t) — t|| < 277.

Let N € IN, we define an operator uy : £1(A) — H by un(e;) = (n(t), t € A.
Then v = uy +u — uy and

VEkcp(u) < VEep(un) + VEe (v —uy) < Veep(uy) +VE2TY.
Theorem 1.5 gives

Vkci(un) < Cl(uy) = C sup |Z,

tEAN

where (Z;)ic4 is a centered Gaussian process with ||Z; — Z||z, = ||s — ]|
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Then Z; = Zeywy + Yovet Zeo(t) — Zey_r(t) - Since Zgyry does not depend on ¢
(the diameter of Ais < 1) we have

N
IE sup |Z,| <> I sup | Ze,) — Ze,_ . 1))-
tcAn —1 CAN

From the symmetry of the random variables and Theorem 1.6, we get

Esup|Zew — Ze, ] < C'lln(card(4,)card(4,_1))]7 (27 + 27 ¥~1)

tcA
2 v

(NI

< 3C'12InN(4;27)]

where C' > 0 is an absolute constant. This implies that

N
E sup |Z;| < 3v2C' Y /In N(4;2-7) 2~
tEAN v=1

Let now 0 < ¢ < 1 and define N € IN by the relation 27V < g < 27N+1

then we have )
E sup |Z| < 6\/50'/\/111 N(4;6)dé

tEAN s

ry

The last inequality gives that there exists C' > 0 such that for all € > 0 and
all integer k£ > 1 we have

Vi ex(co(A C/\/lnNAédé—i-\/_s

O

Proposition 5.3 Let A be a precompact subset of a Hilbert space H, then
there exists an absolute constant C' > 0 such that for all integers k,£ > 1, we

have
ex(A)

\/chH (co(A)) < C / VInN(A4;e)d
0

Proof. Let us write for simplicity €, instead of £,(A). We shall prove the
proposition for a finite set A. We fix k € IN and consider A; C A an g;-net
of A such that card(Ag) < k. Let ¢ € A and denote by ((t) an element of
Ay, approximating ¢ in the sense that ||((¢) — t|| < &x. Define the operator
v: 4 (A) = H by v(e:) = ((t), t € A. Since rank(v) < card(4x) < k we
have

crre(t) = crre(u — v +0) < 1 (V) + c(u —v) = ¢o(u — v).
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Theorem 1.5 gives

Veciip(u) < CL((u—v)*) = IEsup |2, — Zgo),
€

where (Z;)ica is a centered Gaussian process with ||Z; — Zi||n, = ||s — t||.
Now we follow the chaining method from Dudley’s inequality. For any v > 1,
consider an ;2 "-net of A with card(A,) = N(A;e,27"). For every t € A,
let ¢, (t) be an element of A, such that ||(,(¢) —£|| < e€x27". Put ¢, = ¢, then
we have

Zs — Zewy) < D012y — Zeya -

v=1

Therefore

Esup|Zy — Zewy| < Y IEsup | Ze,wy — Ze, 1))
tecA €A

v=1 t

Using the symmetry of the random variables and Theorem 1.6, we obtain

Esup |Ze,) — Ze,o 9] < C[ln(card(A,,)card(A,,_l))]% (ex277 4,27 7))
teA

< 3C12InN(A;5,27)]2 427,

This implies that

o] €k
Esup|Zy— Zey| < 30\/2 In N(A4;e,277) 277 < 60/ \V2In N(A;¢) de,
tcA v=1 0

which finally gives that for all integer ¢ > 1,

Ve cppg(u) < 6\/507\/(1n N(A;¢))de.

This accomplishes the proof. O

Let us give an application of the previous propositions.

Proposition 5.4 Let A C H be a precompact subset of the unit ball of a
Hilbert space H such that for some constants p, > 0, we have

en(A) < p(ln(n+1))"* for n=12,...
Then there exists a positive constant c, o, such that we have the estimates
max{cs(co(A)); en(co(A))} < ¢pan™ 7 (In(n + 1))27°
for a > % andn=1,2,..., and
max{cy(co(A));en(co(4))} < ¢pan™
forO<a< % andn=1,2,...

These estimates are asymptotically optimal.
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For the proof of Proposition 5.4 we will use the following lemma which is
actually a consequence of Theorem 1.2 or 1.3 (cf. [CP]).

Lemma 5.5 Let 3, > 0, there exists dg, such that for any compact oper-
ator u between two Banach spaces, we have

: 8
(1) (1n(n—|—1)) en(u) < dgy SUP (ln(,fT))ka(u), n=12...

(ii) nP(In(n +1))7e,(u) < d[g,,y sup k°(In(k + 1))7ce(u), n=1,2,....
1<k<n

Proof of Proposition 5.4.

First we treat the case @ > 1. The relation ,(A4) < p(In(n + 1))~ implies
that N(A4;¢) < exp(g)i. Using Proposition 5.3 with £ = k, we obtain

x(4) (In(i+1))
kZco(co(4)) < C/ (InN(A;€))Y2de < Cp / e de
0 0

Cp

- 1(1n(k+ 1)),

Therefore 5
ex(c0(4)) < Cp g k™ H(in(k +1))37°,

To get the estimate for entropy numbers, observe that A is contained in the
unit ball of H. Then Lemma 5.5 (ii) applied to the operator u associated to
A, as above, implies that

2 (In(n 4 1))z~

U
-
zo|»-‘

en(co(4)) = en(u) < Cp

forn=1,2,....
The results are asymptotically optimal. Indeed, let

A={(In(n+1))"%, : n€ IN} C £y,
where (e,) denotes the canonical basis of £5. Then
en(4) < (In(n+ 1))~
and for A, = co({(In(k + 1)) %ex, : n < k < n?}) we have

cn(co(4)) > cn(An) > (In(n? 4+ 1)) e (id : £ = ™)

AV

2 _
27%In(n + 1))_acn_% (In u)1/2
n

AV

c27% 2" 2(ln(n—i—l))2 ~“forn > 3,
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since by a result of Garnaev and Gluskin [GG], we have
ealid s £ — £7) > en~ 7 (In(= +1))3
n

for In(m + 1) < n < m and where ¢ > 0 is a numerical constant. The
same reasonning shows that the estimate is also optimal for the entropy
numbers. In this case, one use a result of Schiitt [S] for the entropy numbers
enlid : 0" = ™),

Now we turn to the case 0 < o < % We use this time Proposition 5.2 and
we get forall0 <e <1land k > 1,

)al)% 6 + Ve < Coe' "% + Vke.

| =

Vkeg(co(4)) < C/(ln exp (

1

By choosing € = 7,

we get the desired estimate for £ > 1
cr(co(A)) < cok™®

where ¢, is a positive constant depending only on .

The estimate for entropy numbers now follows using Theorem 1.2.

The results are asymptotically optimal. Indeed, take again
A={(In(n+1)) %, :ne€ N} C L,.
Then if A, = co({(In(k + 1)) "%, : n < k < 2"}) we get as before :
en(co(4)) 2 ca(Bn) 2 (In(2 + 1)) en(id : 67" — )

> 9= (In(ET))1/2

> 2" 3cn~® for n >3
where c is the constant above. Again, as before, the result is optimal for the
entropy numbers, using similar estimates for entropy. O
Remarks.

1) What happens in the remaining case o = %? Is the estimate of Proposi-
tion 5.4 still valid for o = %?
2) We say that A satisfies the entropy condition of Dudley if

+0oo

/ (In N(4; €))7 de < oo.

0

There exists a subset A of a Hilbert space such that A satisfies this condition
but co(A) does not. Indeed, take

1 3
Az{(ln(n—i—l))_aen:neﬂ\f}CKQ for §<C¥<§

The first part of Proposition 5.4 implies that A satisfies the entropy condition
of Dudley but its convex hull does not.

24



6 Entropy of convex hulls in Banach spaces
of type p

The first result is again devoted to the entropy behaviour of the convex hull
co(A) in case the covering number of A is of power type. The corresponding
result to Proposition 5.1 for type p spaces is the following proposition.

Proposition 6.1 Let A C X be a precompact subset of the unit ball of a
Banach space of type p, p > 1, with the property that there are constants
p,a > 0 such that

en(A) <pn™® for n=1,2,...

Then there exists a positive constant c,qp such that for the dyadic entropy
numbers of the convexr hull we have the asymptotically optimal estimate

en(c0(A)) < Cpayn TP for n=1,2,...
This is equivalent to say that if the covering number is of power type
N(4;¢e) < CoEa for €10,

then .
InN(4;e) <cre 't

Proof. Similarly as in the proof to Proposition 5.1 we get by Proposition
3.4 the desired estimate. The result is asymptotically optimal. Indeed, for

A={n"%,:neIN} C¥{, 1<p<2,
we have €,(A4) < n~® and
con_(l_%)_a < en(co(4)) < cln_(l_%)_a
for n =1,2,... with positive constants ¢,,c; > 0 (cf. [C3]). O

An alternative but direct proof of the above result can be given using a
method similar to that in [BP].

Proposition 6.2 Let A be a precompact subset of the unit ball of a Banach
space X of type p, 1 < p < 2, and let us assume that

en(A) < (In(n+1))"* for n=12,...,

for some o > 1— 1 . Then there exists a constant c(c, p), depending only on

« and on p, such that for every n > 2,

en(co(A)) < c(a, p)n~ 7 (Inn) 5,
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To prove this proposition, we first study a special case.

Lemma 6.3 For every integer N > 1 and every finite subset A of the unit
ball of a Banach space X of type p, 1 < p < 2, with card(A) < N and
satisfying

en(A) < (In(n+1))"% for n=1,2,...,

for some a > 1 — %, there exists a constant C,p depending only on « and p,
such that

1

en(co(4)) < Cpp, N o (In N)™@,

Proof. We proceed by induction on N. Let K > 1 be a universal constant
1

which we shall define later and let C; = K~ #(In K)®. Since A is in the unit

ball of X, we have

1

en(co(A)) < C,N s (In N)~@

whenever card(4) < N < K.
Now let us assume that N > K. Let C be a constant to be defined later
and m = [¥] + 1. There exists a 2&,,(A)-net I'; of A, such that ' C A and
card(I'y) < m. For any ¢t € A let us choose ((t) an element of I'; such that
IC(t) — t]| < 2e,(A) and set

Ty ={t—((t): t € A}.
If C < VK < +/N, then

sup [[t] < 2(nm)™* < 2(In([Z] +1))7°
tels C
< 2(1n(%))—a <(In N—InC)=® < 2°+(In N)=.
Now Theorem 1.7, for K > 6 and r = [T] gives

ln(%

_|_
—_

1-1
) P
) sup [|¢]| <
tely

1-1
+ 1) P 2a+1
(In N)e

er(coTs) < em(X) (

=3
‘2%

(

9

<

< Tp(X) (

|2

) 1_’_1’ 2a+1
< np(X) (In N)e <

(16) < e (X)2T(3(In6)) TP N (In N) @,

e
2

—
=
w|2|

w|z

where ¢, and 7,(X) are the constants appearing in Theorem 1.7.
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On the other hand, since card(I';) < m < N the induction hypothesis implies
that .
em(co(T))) < Cupm ™7 (Inm).

For C > 6, we have r = [§] > & — 1 > m and by a well known inequality
concerning entropy numbers (see [BP] Lemma 3), we obtain

e-(co(l)) < 8-27 mem(co( 1)) £ Cop8- 1Jr%(lnm)_o‘

< Cop8-2 A (1) E(In(%] +1)

_r N 141 N —a
Cap8- 277 (F) 5 (In(F))

< Cop8-27mC' 5 22N "5 (In N)~@

IA

For N > C, we have

so that
(17) er(co(T'y)) < Cop, 8C' 5 27§ 22N~ F5(In N)~@

)
So by summing (16) and (17) we obtain

(1
en(co(4)) < eT(co(Fl))—i-eTl(co(FQ))

C ™ r
< (86;,,2“ 5 + ¢, (X)2°TH(31n 6) "~ ) N5 (In N)™
6

Now we are in position to define the constants We choose C' an integer big
enough so that C' > 6 and 8- 200159 § <3 L and we take K = C?; hence
(16) and (17) are satisfied.

Then the induction proof is running provided

Ca,p = maX{CI; 2Cpr(X)2a+1(3 In 6)1_1_11}_

O

Proof of proposition 6.2: Let ¢ be a positive integer to be defined later.
Set r = [log,n — 1], for every integer i, 1 <4 < r there exist a 2¢, ;i (A)-net
A; of A such that A4; C A and card(4;) < n2°

To each t € A let us associate (;(t) an element of A; such that

1€i(t) — 2| < 2¢,,10 (A).

We set
By = AO, B;, = {Cz(t) — Ci—l(t) 1t e A}, 1<:<r,
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and

Then we have

C={t—-¢l(t):te A}

ean(co(4)) < e%(é co(By)) + ex(co(C)) .

Let us observe that

sup [|z]| = sup||t — ¢ ()| < 2ep2ra (A)
zeC tcA

< 2(1n n2—2q+qlog2n)_a —9. 22qa(nq In n)—a_

For ¢ > ;)Lal, this implies that

(18)

e1(co(C)) = sup |lal| <
zeC

We also have

ean (D co(B;)) < eq(co(

2. 22qa 2. 22qa

<
ni®(lnn)e —

r

=0 i=1

Now by Lemma 6.3

(19)

By)) + en(3 co(By))

n'"r (In n)a_z% '

en(€0(By)) < Capn ™ #(Inm) ™ < Capn™ o (lnm) =+

Also by a well known inequality concerning entropy numbers, we have

r

en(3-(co(B) < X et (co(B)).

i=1

Since by Theorem 1.7

IA

IA

IA

IA A

4.29% ¢, 7, (X )20V 5)gliet VA=) gigay, -

24+qanTp(X)2i(1_]1_’+q(1_%_a))n_1+’1_’ (In n)l— I-a

28
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we have

T ot (X) .
€n (Z(CO(BD) < Ze[%](CO(Bi)) < CpT;n( ) Z2z(1_%+q(1_%_a)).

1-1 —1+ite
i=1 i=1 n r(lnn)” TP o

-~

Now, let us take ¢ > —2=1__ Since a > 1—%, we have 1—%+q(1 —a) <0.

1
ap—p+1° P
Therefore,

Y 9il-fHl—j-a) < g |
i=1

for some positive constant C; = C1(p, ¢, @), which in turn implies that

(20) en (; CO(BZ')> <

C, 29,7, (X)

nl_%(ln n)a_“’zl?
The assertion of the proposition follows by summing (18), (19) and (20). O

Proposition 6.4 Let A be a precompact subset of the unit ball of a Banach
space X of type p, 1 < p < 2, such that for some 0 < a<1— %,

en(A) < (In(n+1))"* for n=12,....
Then there exists a constant c(c, p), depending only on « and on p, such that
en(co(A)) < cla,p)n™® for n=12,....

Proof. We define an operator u : £,(A) — X by u(e;) =t for t € A and we
prove that for all n > 1,

en(u) < cla,p)n™ .

For any integer ¢ > 0, let A; be a 27"-net of A with card(4;) = N(4;27%) <
exp(2¥/®). For every t € A and every integer i > 0, let (;(t) be an element
of A; such that ||t — ()| < 27%. For every integer ¢ > 0, denote by u; :
£1(A) — X, the operator associated to A; in the sense that u;(e;) = (;(t) for
all t € A.

Let N € IN, since u = uy + u — uy, we have

1

(21) K e (u) < k' rey(uy) + k' 27N

N
Put Uy = ug and U; = u; — u;_1, ¢ = 1,..., N, so that uy = 3. U;. Since
=

)

SUDPg>1 kl_%ek( -)is a s-norm with s =1/(2 — %), ([BP], lemma 4), we have :

1 N 1
(sup kl_%ek(uN))2‘% < Z(supkl_%ek(Ui))2‘%_
k21 i=0 k=1
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The entropy of the operator U; is the entropy of co({¢;(t) —(;_1(t) : t € A}),
which is the absolute convex hull of at most exp(2¥/®) + exp(2¢~1/%) points of
X of norm less than 2% 4+ 2-(-1 < 2742 Applying Theorem 1.7, we get

i -1 . 1-1
[ In Zee2) )7 1o [Inexp(2atl)) 7
U;) < co 2|k SO A i — A
ex(Ui) < k = k

where C' depends only on p and on the type p constant of X. Using the fact
that 0 < <1 — %, we arrive at

1
1 1-1 g1

- L q N 1 ] 2%-1—1 Tp ) I
> (SUP kl_gek(Ui)> < Y | Csup k'e (%) 9—i+2 <
i=0

k>1 =0 E>1

=0
N
< (023_117)1/(2_’1_’) Z 2[z(§(1—%)_1)][1/(2_%)] <
=0

< oy 2NGO-PD]I/C-P)

where c, 5 is a positive constant depending only on « and p.
This implies that for all k£ > 1,

(22) K reg(uy) < (Cap)? » 2V09)7D),

Formulae (21) and (22) give that for every N € IN and every integer k > 1,
B rer(u) < (cap)’ s 2V0T07 g1 po7 N,

We choose N = [alog,k + 1] which gives the assertion of the proposition. O

Remark. The assertion of the Proposition 6.1, 6.2, 6.3 and 6.4 remain valid
if we replace type p by weak type p in the case 1 < p < 2 (cf. section 1).
What happens for Banach spaces of weak type 27 What happens in the
remaining case o = 1 — %? Is the estimate of Proposition 6.4 still valid for
a=1-— %?

Corollary 6.5 Let A C L;, 1 < g < o0, be a precompact subset of of the
unit ball of an L, space with the property that there are p,o > 0 such that
en(A) <pn™® for n=12,...
Then we have the asymptotically optimal estimate
en(co(A4)) < Cpagn™™ -zl for n=12,..,

where ¢, o4 depends only on p,a and q.
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Proof. Since L,, 1 < ¢ < o0, is of type min{g;2} the estimate follows
immediately from Proposition 6.1. The optimality for 1 < ¢ < 2 is already
given in the proof to Proposition 6.1. In the case 2 < ¢ < oo we take the set

A={n"%,:ne N} C{,

where the z,, are the normed one vectors of the Littleword matrix (cf. [C3]).
Then we have ¢,(A4) < n™® and

con” T < en(co(A)) < an 2 for n=1,2,...,

with positive constants cg,c; > 0 which may depend on q. O
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