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Abstract

We prove the result announced in the title.

Introduction

A well known conjecture states that there exists a constant v > 0, such that for every inte-
ger d > 1, and every centrally symmetric convex body C in IR?, there exists an hyperplane
H of R® such that if | . | denotes the volume in IR¢ and in H,

[HNC| 20T .

This problem is equivalent to the boundedness of the isotropy constant Lo of C defined
by

2d
L% = min{m;g ellipsoid , || = vd}
d|C|**a

where vy denotes the volume of the Euclidean unit ball. It was proved by J. Bourgain
([Bo]) that one has always Lo < di In(d), and several authors showed that the conjecture
is true for various classes of convex bodies C, in the sense that there is a constant v¢ > 0
such that Lo < 7¢ for every C' € C (see [Ba], [J], [M-P]). The unit ball B(S}) of the
Schatten trace class S;’ does not belong to any of these classes (for 1 < p < 2), and it was
a natural candidate for a counter-example. It was shown by S. Dar (see [D]) that in that

case Lo < c4/In(n); we prove here:

Theorem. There exists a constant ¢ > 0 such that for all n > 1 and p € [1,+],
Lpsn) < c.

Although some computations are different, the method of proof of the theorem relies on
the same method in the real and in the complex case. This paper is organized as follows :
after some notation and some calculations of volumes, we prove the theorem, and state
some remarks.

Notations

The spaces IR? and €% are equipped with their canonical Euclidean structure. The spaces
M, (IR) and M,,(C) of n x n matrices with real or complex entries are equipped with the
associated Euclidean structure defined by ||T'||3 = Trace(T*T) for any T € M,,, embedded
in R™ or IR2"" endowed with the Lebesgue measure denoted by dT'. For any Borel set
A C RY, we denote by |A| its Lebesgue measure in its affine hull. We say that two positive
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quantities A and B are equivalent, and we write A ~ B, if the ratio A/B is bounded from
above and below by two positive universal constants (independent of all parameters).
For 1 < p < 400, let

1

B = {z = (1,...,0n) € R ||z||p := ZW’ )? <1},

and
Bgo = {:E = (161, .. .,wn) € ]Rn; ||$||oo = - slup |$Z| < 1}
i=1,...,n
We denote by v, the volume of the Euclidean unit ball B3'.

For any n x n matrix T' € M,,(IR) or M,,(C) we denote by s(T')
decreasing arrangement of the singular values of 7' and for any 1

= (51(T), ..., s,(T)) the
< p < 400, we define

n

op(T) = [|s(D)llp = Q_ lsi(T)I)*/?

=1

and for p = +o0,
0o (T) = ||8(T)]|o0 = sup si(T).
1<ikn
Observe that o(T') = ||T'|| is the Hilbert-Schmidt norm of 7' and that ooo (T') = ||T|[ep ez -
Let S7 be the Schatten trace class of matrices on the n-dimensional complex Euclidean
space equipped with the norm o, ; we denote

BRr(Sp) ={T € My(R); 0,(T) < 1} and Be(S,) = {T € My(C); 0p(T) < 1}.

More generally, let us consider a unitarily invariant norm on M, (IR) or M, (C), that is
a norm N on M, (IR) or M,,(C) which satisfies N (USV) = N(S) for any S € M,(IR)
(resp. M, (C)) and any real (resp. complex) isometries U,V on R™ (resp. C™) with the
FEuclidean norm. It is well known that one can associate to such a norm A on M,, a
1-symmetric norm 7 on IR™, such that

N(T) = 7(s1(T),...,8,(T)) = 7(s(T)) for every T € M,,

and 7(z1,...,%,) = N(X), where X is the diagonal matrix with entries (z1,...z,) on the
diagonal (a norm 7 on R™ is called 1-symmetric if for any € = (e1,...,e,) € { 1 ,1}™ and
any permutation 7 of {1,...,n}, T(€1Zrq1),. .., EnTrm)) = T(T1,.. ,xn) ). We denote by
Br(N) the unit ball of (M, (IR), ), by Bg(N) the unit ball of (M, (C),N) and by B
the unit ball of (IR", 7).

We say that a function F : IR™ — IR is symmetric if for any permutation = on {1,...,n},

one has
F(:El, ‘e ,:En) = F(:E,r(l), .. 'axw(n)) .
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Lemma 1. For any symmetric continuous function F' : R®™ — IR and any unitarily
invariant norm N on M,,(IR), one has

/ F(sl(T),...,sn(T))decn/ F(@)fa(z) do
TEBR(N)

rxEB.,

where ¢, = n!47"([ oo, v)? and fro(z) = folz1,...,20) = [licjci<n |22 — w?|

If moreover F is positively homogeneous of degree k, then for every p > 0, one has

Cn

S1 <y 8p =—"5—— xe—r(m)p (x)dz .
Ly 1D sa(m) ar r(1+nT+k)/nF() Fal@)d

Proof: Since every T € M, (IR) can be writen T'= UDV, where D is a diagonal matrix
with non-negative entries and U,V € O(n), the change of variables discussed and explained
in [S-R] works, and we get the first formula, with ¢, = n!4™"([]z_, vx)® . The second
one comes from Fubini’s theorem and the following

400

/ F(@)e T fo(o)do = / F(@) () / e~tdt)du

(z)P

too B n? +k
_ /0 et /{ ooy Pl = (14 T /B F)fo()da

-

since fn(z) is homogeneous of degree n(n —1). O

In the complex case, one also uses the change of variables in [S-R] to get the following

Lemma 2. For any symmetric continuous function F' : R®™ — IR and any unitarily
invariant norm N' on M, (C), one has

rxEB.,

[ R s =dy [ Fa)ga(a) da,

TEBg(N)

where d, = 2 (Tp_; var)? and g, (2) = gn (@1, ..., 20) = [[1; |23l [Licjcicn |z7 — 3.
If moreover F is positively homogeneous of degree k, then for every p > 0, one has

dn

81 ey 8n = — xe—r(m)p () de .
L D sm(m) ar F(H%TM)/HF() ga(z)d

The volume of the unit balls of unitarily invariant normed classes of matrices

Let now u = Z?:l e;, Where e1, es, .. ., e, is the canonical basis of IR"™; modulo a scaling, we
shall suppose from now on that 7(e;) =1, 1 <4 < n . As a particular case of Lozanovskii’s
theorem ([L]), one has

1 n

1
——B? ——B7? h ——B iy B
) B C B, C ) and thus =) r(S%) C BR(WN) C
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and these inclusions are also true in the complex case. It follows that

Bl¥ = o i BR(SR)F < BRI < s Br(ST)I
and ) ) ) . )
5\ Be(SZ) |7 < |Bo(W)| 7 < s Bo(ST)|7
Since by [S-R],
B BR(S?)[# = |Br(SL)|™ = —— and n|Be(SP)|m = |Bo(SL)|#e ~ ——
N n
we get
(1) Br()|* = [BeW)| 77 = s,
and
2) |BR(S)| 7 = [Be(Sy)|m7 ~n™277 for 1<p< +o0.

The isotropy constants

We say that a centrally symmetric body C in IR® is isotropic if for some ¢ > 0 one has
/ <z,y>2dr=clly||2 forally € R?.
C

The isotropy constant Lo > 0 of C' is then the positive number defined by

dil? 2 1
12, = Jellelade ||1E||2 = C—z(—/ <,y >? dz) for all y € RY such that [|y||, =1
It is easy to see that the unit balls Br(N') and Bg(N') of a unitarily invariant normed
space of matrices (with norm N) are isotropic. Suppose that 7 is the 1-symmetric norm
on IR™ associated to N. Let Lr(N) and Lg(N) be the isotropy constant of Bgr(A') and
of Bg(N) . It follows from lemma 1 and (1) that

2 nt?(u) 2 fB ( i= i1 T3 )f (z)dz
)" = g O oy AT = To. Fnla
Thus
2 2 fBT £E%fn( )dil?
(3) Lr(N)* = 7(u) [ In@)



where

fn(x):fn(xla---,xn): H |$3—$? .

1<5<in
Similarly, using lemma 2 and (1), we have
) fBT 12gn(x)dx

@ Lo(N)? = ) S

where

n
gn(w):gn(xla---awn):H|$i| H |$?_$?2 .
i=1

The isotropy constant of Br(S;) and Bg(Sy)

Let us denote by Lgr(n,p) = LzB]R(Sg) and Lg(n,p) = L2B¢(Sg) . Using lemma 1 and
estimates (2) and (3), we get

—142 fBgn(IRJr)" (Z?=1 x7) fo(z)dz
fBgn(IE{+)n fn(@)dz

where M, is the measure with density

2
~ 12 F(1+n7) MP(Z?:lwzz),

'+ %) M,(1)

LIR(nap) =n

_N\N" p
fn,p(wla SRR wn) = 1{m120,...mn20} fn(w) € Zi:l s
with respect to the Lebesgue measure on IR"”.

Thus, since
2
L1+%) a4
—2+2 ~n »
I(1+4 2F)
we have
_2 My(z?)
5 L ~pTr 2L
) m(np) =03 L
Similarly, by lemma 2, (2) and (4), we get
_2 Ny(z?)
6 L ~pTr 2271
(©) o(np) =n~F T
where N, is the measure with density
g'n,,p(xla SRR wn) = 1{m120,...mn20} gn(w) e Zi:l i

with respect to the Lebesgue measure on IR"”.

Proof of the theorem.

We shall use a method similar to the one developped by K. Aomoto ([A]) to study Jacobi
polynomials associated to Selberg integrals (see [M], p. 343-347). This method yields the
following lemma, which, when applied in the real case with b = 0 and ¢ = 1 and in the
complex case with b =1 and ¢ = 2, proves the theorem by using (5) and (6).
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Lemma 3. Forb,c>0,p>1,andn > 1, let M, ;. be the measure with density
n mp
b 2 2 — .k
Jrpbe(T1, .., Tn) = L{g,>0,....0,>0} H:E,L H @7 — a5|° e 2
i=1 1<j<i<n

with respect to the Lebesgue measure on R™. Then there exists a constant C(b,c), such
that for allm > 1 and allp > 1

anbc(wf) 2
=22 22— < C(b,c) nr .
Mn7p7b7c(1) o ( )

Proof: For simplification, we shall denote M = My pp. and f = f, ppc For fixed
2 > 0,...,0n > 0let = (x1,...,2Zn), and for a > 0, define ¢ = ¢p p 4 : [0, +00[— IR, by

¢(z1) = 21 f ().

Suppose that 2 < 3 < ... < zp, and that 1 €]z, Ty for some 2 < m < n ; then

m n
$(w1) = g(®2, ., n) 27T [[(@F —2])° [ (2] —2D)°

=1 j=m+1

where

-3 &P ‘ b 2 2
g(x2, ..., Tpn) =€ Lui=2"i H:E,L H |z — z5|°

i=2  2<j<i<n

and ¢ has a derivative on the intervals |0, x|, |22, %3], .., |Zn—1,Zn[, |Tn, +00[, which is

given, for 1 €]z, Tmy1[, by

;Z( )-f(w)((a—i—b)x — pabtoT 1+2cxa+1(z 1 Z 21 %)>

2 2
n
1
= f(z) ((a + bzt —prf et 4 2cwa+1<z g $2>) :
=2 ?

For a > 0, g—fl is continuous on all the open intervals |z;_1, z;[ or [0, z2[ and |z, +oo[, and
has integrable singularities at their endpoints; it follows that for almost all (zs,...,%,)
with respect to the Lebesgue measure on IR" 1,

+o0 0
/0 8—ai($1) dz1 = lim ¢(z1) —¢(0)=0

1 —>+o0

and thus, integrating with respect to (zs,...,z,) € ([0, +oo[)?~!, we get

;) =o.

(a4 DM (e) — pM(a2+7" 1>+cM(2w1“Z

6



By symmetry and linearity, we have for : = 2,...,n,

a+1 a+1 a+1 a+1
T T T T
M 21 5| =M 21 5| =M 22 5| =—M 22 2]
L1 — &3 Iy — Iy Ty —I7 T1— Ty

atl 2297+ ot —
2 — 1M = -1V M{| ——=2—
enr (25 Zzl—z> ot =1 ( ) = en 1) b (T

It follows that

so that

a+l _ _a+l
(@ + M) —pM( ) + ol - )21 (=0 ) <o
T1 — Iy
Now, for 1 < a < 3, one has for all 21,25 > 0,
a+1 a—1 a—1 :EllH—1 - $g+1 a—1 a—1
< =02 <
4 (277 +3377) < p Sz " tT T,
so that ( ) il bl
a+1 _ T -z _
5 M) < MO =) < oMY
and
— 2 -1
(c(n 1)(a—; 1)+ 2a + 2b>M(z‘f_1) < MY < a+b+2c(n )M(
D b

For a =1, we get

7 = s
g (1) »
and fora=p+1,0<p< 2,

cn—DP+2)+2p+1)+2b _ M) _p+1+b+2c(n—1)

(8)

2p ~ M(zh) T D

If 1 < p < 2, by Hélder inequality applied with J = 2~1 4 222 we have

p 2p

and thus




By (7) and (8), one gets

2 _ _ i \
M(wl)él—i—b—i—c(n 1)<p+1+b+2c(n 1)) <Cbe)nd
M(1) p p

with C(b,c) = (3 + b+ 2¢)?.
For p > 2, one gets the same result using

i () - (o

Remarks

1) Actually, the boundedness of Lr(n,p) and of Lg(n,p) for p > 2 are well known,
because the polar body B(Sy:) of B(Sp) has bounded ”volume ratio” (see [P]). Also, it
follows directly from Holder’s inequality and some computation of volumes ; for instance,

we have f 2 (2)d
» Tifrn(z)dx
Lr(n,p)? ~ oy

fBg fn(x)dil?
< n% fBg $11)fn(£lf')d:l; : _ n% fB(Sg)Ug(T)dT z _ ( n >% »
l Iy Jne)ie n|Sp| n+p)

2) We conjecture that Lr(N) and Lg(N) are bounded independently of the unitarily
invariant norm N on M,, . In fact, one can expect that for p > 1, the numbers

] o2(T)  \?
- T
<|BIR(N)| Br(N) M )

are all equivalent, with constants independent of n and N, and perhaps depending on p,
when p — 400 (we normalize here the trace).
Comparing these numbers for p = 1 and p = 2, this would imply that

B 1 1 @ %
LIE{(N)_\/E|BR(N)|H%<|BIR(N)| BrWN) T dT)

~ /alBrW)|=r \IBRWV)| Japwy) ™
oi(T)  N(T)

Since 1~ < Ty and |BR(N)|»7 =~ T(u;\/r_z’ we would get

~

1 1
In) =~ 7(u)y/n| BR(N)|=2 <|BJR(N )| Bmw)N(T)dT) =t
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and similarly for Bg(N).
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