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Abstract. We extend to the general, not necessary centrally symmetric setting a number
of basic results of Local Theory which were known before for centrally sym-
metric bodies and were using very essentially the symmetry in their proofs.
The main additional tool is a study of volume behavior around the centroid
of the body.

Entropie et géométrie asymptotique des convexes non symétriques

Résumé. On généralise au cadre non symétrique des résultats de la théorie local des es-
paces normés tels que le théoréme du sous-espace du quotient et les propriétés
des projections aléatoires. L’apport nouveau réside dans I’étude du comporte-
ment du volume quand on symétrise par rapport au centre de gravité.

Version francaise abrégée .

De nombreux résultats de la théorie locale des espaces normés expriment des pro-
priétés géométriques asymptotiques des corps convexes symétriques. On peut formuler
certaing problémes dans un cadre non symétrique. Certains résultats passent ainsi facile-
ment au cadre non symétrique, mais ce n’est pas toujours le cas. De nombreux résultats
de la théorie locale s’appuient en effet sur une estimation de Pisier sur la norme de la pro-
jection de Rademacher et une telle estimation dans le cas non symétrique est un probléeme
ouvert (pour de récent progrés voir [11]). Par ailleurs, certains résultats ne passent pas au
cadre non symétrique. On sait par exemple d’aprés un résultat de [1] que si P est un poly-
tope symétrique de IR™ avec f(P) faces et v(P) sommets, alors log f(P).logv(P) > cn
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ol ¢ > 0 est une constante numérique; mais cette inégalité n’est plus vraie dans le cas
non symétrique, par exemple pour un simplexe.

On étudie le role du centre de gravité, d’un point de vue volumique, comme centre
de symétrisation. On montre que si 0 est le centre de gravité d’un corps convexe K alors
K et KN (—K) ont & peu prés le méme volume. On s’intéresse aussi au calcul d’entropie
dans le cas non symétrique. Pour comprendre la différence avec le cas symétrique, il suffit
d’étudier le recouvrement de 2K par K (voir [10]). On donne une version générale du
théoreme de dualité de ’entropie de Konig et Milman ([3]).

On montre que les “projections aléatoires” d’un convexe sont a “volume ratio borné”
(théoréme 5) et on en déduit une version non symétrique du théoréeme du sous-espace
du quotient de ([7]). Cela nous améne au sujet principal de cet article qui est ’étude
des projections aléatoires d’un convexe placé dans certaines positions et & la construction
d’un M-ellipsoide pour un corps convexe arbitraire. On désigne par |K| le volume de K
et par N(K, ) le “nombre de recouvrement” de K par £. On montre que pour tout corps
convexe K, dont 0 est le centre de gravité, il existe une transformation T" € GL,, telle que
|T(K)| = |B%| ot B est la boule euclidienne unité et telle que si on pose C = T(K),

N(C, BI).N(BE,C°).N(C°, BY).N(B},C°) < e

ou C° désigne le polaire de C et ¢ une constante numérique indépendante de n et de C.
Cette transformation définit, comme dans le cas symétrique, un M-ellipsoide de K. On
note co(X) ’enveloppe convexe de X. On montre le théoréme suivant:

Théoréme. Soient K et K’ des convexes compacts de IR" d’intérieurs non vides, dont 0
est le centre de gravité, et tels que BY soit un M-ellipsoide pour K et K'. Alors il existe
des constantes universelles ¢, r1 et ro telles que 'on ait

jco(K U T(K'))|)1/" .
|(1/r1) B3| h

et (1/r1) By C LNV(L) C ro B}
pour des isométries “aléatoires” T,V € O, ou L = co(K UT(K")).

(1/r1) B} C co(K UT(K")) et (

1. Notation. Through the paper we consider the space IR" being equipped with its
canonical Euclidean scalar product (., .) and the corresponding norm |.|. Its unit ball
is denoted by BJ. The volume of a measurable subset A of IR" is denoted by |A|. We
denote by v, the volume of BY. The standard Gaussian measure on IR" with density
e=1e°/2 /(27)7/2 ig denoted by 7,

We denote by co(A) the convex hull of a subset A in IR". For any two subsets A
and B of IR", and any scalars A\,u € R, MA + uB = {dz + py; x € A,y € B} denotes
the Minkowski sum. Let K be convex body in IR" with 0 in its interior, its polar K° is
defined as usual by K° = {z € R" : (z,y) <1 for every y € K}.

2. The role of the barycenter. The first result explain the role of the centroid as center of
symmetrization.



Theorem 1. Let K and L be two convex compact subsets of IR".
1) If K and L have the same centroid with respect to the measure 7y, then

K+ L
V2

In particular if 0 is the Gaussian barycenter of K, then

Yn(K) X 1 (L) < ’Yn( ) X Yn (\/§(K N (—L)).

'Yn(K)2 < Y (\/ﬁK) X Yn (\/§(K N (_K))
2) If K and L have the same centroid, then
|K| x |L| < |K+ L| x |[Kn(=L)|. (1)
In particular if 0 is the centroid of K, then
KN (-K)[>27"|K|, (2)
and K_K
| - | S 877..
K N (-K)|
The proof uses the following simple lemma:

Lemma 2. Let u be a probability on IR™ and 9 € L'(u) be a non-negative log-concave
function with [+ dy > 0. Then

Jwinso (/ xﬁﬁu d“(m’) |

Remarks. 1. Inequality (1) is well known for symmetric convex bodies (see [9]).
2. Let E® F = IR" be an orthogonal decomposition of IR" and denote by Pr(K) the
orthogonal projection of K onto F. Applying lemma 2 we obtain that

|K| < |Pr(K)| x |K N (20 + E)

where zg = PF(|17| J 7dz). In particular if 0 is the centroid of K, we get a result of
Spingarn [12].

3. It is easy to see that maxzex |(22 — K) N K|/|K| > 27" (see [2] where this ratio
is called Kovner-Besicovitch measure of symmetry). Concerning the inequality (2), the
best previously known estimate for |[K N (—K)|/|K| which is referred in [2] when 0 is the
centroid of K, was of the order of 1/n™.

3. Duality of entropy. Let A and B be two subsets of IR", the covering number N(A, B) is
defined as usual as N(A4, B) =min {*A: A C R"*, A C A+ B}. It is a long standing and
fascinating problem to understand as presicely as possible the duality of covering numbers
(or, shortly, entropy). Theorem 1 allows us to symmetrize the bodies without significant

changes on the volumes and to extend to a non-symmetric setting the result by Konig
and Milman [3].



Theorem 3. There exist a constant ¢; > 0 such that for any integer n > 1 and any
convex compact subsets A and B of IR"™ with 0 as centroid, we have

1

— N(B°,A°)Y/™ < N(A,B)Y/™ < ¢; N(B°, A°)Y/™.

1
4. Random projections. We extend in this section to the general convex setting, the
QS-Theorem of [7], stating that for any normed space, in a correctly choosen Euclidean
structure, random quotient of subspaces of the space of proportional dimension are close
to Fuclidean spaces. Surprisingly the Theory of Normed Spaces is not needed and results
are true for arbitrary convex bodies.

We denote by IProb the rotation invariant probability measure on the orthogonal
group O,,. We will use the same notation to denote the rotation invariant probability
measure on the Grassmann manifold Gy, i, thought as the set of orthogonal projection of
rank k.

Lemma 4. Let 1 <k <nand & €[0,1]. Let z € R" and P be an orthogonal projection
on IR"™ of rank k. Then we have,

n—k

]Prob[Te(’)n:|PTa:|>§|a:|]<(6(1—52)- n )T

n—=k

Fix ¢ €]0, 1[. We say that a property in IR" is satisfied for “random orthogonal pro-
jection” of rank k, if the set of rank k projections satisfying the property has a probability
larger than 1 —¢” in G, ;. We show that random projection of a convex set has “bounded
volume ratio”.

Theorem 5. Let 1 < k < n and A = k/n. Let C be a convex compact subset of R"
with non-empty interior. There exists an affine transformation T such that in the position
where K = T(C), K has 0 as centroid and random rank k orthogonal projections satisfy

1/k
P(BY)  P(KN—K) C P(K) and (%) < r() = eis

where ¢ iIs numerical constant.

We conclude this section with the non-symmetric statement for the QS-theorem [7].
It can be obtained from the previous theorem and volume ratio approach of Szarek and
Szarek-Tomczak-Jaegermann (see [13]).

Theorem 6. Let 1 < k < n and A = k/n. Let K be a convex compact subset of R"
with non-empty interior and 0 as centroid. There exists a projection P from IR™ onto a
subspace F of R" and a subspace E of F and an ellipsoid £ in E such that dim(E) = k
and for some ¢()\) depending only on ),

ECPK)NE Cc(NE.

5. M-ellipsoids; existence. We consider in this section ellipsoids exclusively centered at 0.
Let o > 0 and let K be a convex compact subset of IR™ with 0 in its interior. We say that
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an ellipsoid £ of IR™ is an M-ellipsoid of K with constant o, or shortly an M-ellipsoid of
K, if setting A = (|[K|/|E])Y/™ in order that |K| = |[A&|, we have N (K, &) < e™.

It is proved in [4] (see also [5] and [8] for simplified proofs) that there exists a uni-
versal constant such that for every n, every n-dimensional symmetric convex body has
an M-ellipsoid with respect to this constant. An important interest of such ellipsoids,
is that they give reverse Brunn-Minkowski inequalities. Many interesting properties of
centrally symmetric convex bodies and corresponding normed spaces were revealed using
M-ellipsoids. We refer to a survey [6]. In this section we build M-ellipsoid for arbitrary
non-symmetric convex body and we show in this and the next sections that many results
known in the symmetric case can be translated to the general non-symmetric case.

We will not take care below of numerical constants, we write for two positive numbers
that a ~ b if the ratio is bounded by two universal constants. Similarly we write a <b ,

meaning that a < ¢b where ¢ > 0 is a universal constant.
Lemma 7. Let K and L be two convex compact subsets of IR" with non-empty interior

and with 0 as centroid. Let ¢ > 0, the following properties are equivalent:
1) N(K,D)'" <¢; 2) |K - LM <c|L|M™; 3) |KNLV™ >ct | K|V

4) N(L°,K°)'/n <¢; 5) |L° — K°[V/™ <c|K°|M™; 6) |L° NK°[Y/m > ¢t Lo/,

Remark. The previous lemma gives equivalent characterization of M-ellipsoid. Let K
with 0 as centroid and let £ be an ellipsoid such that |K| = |£|. Then

N(K,&)1/" ~ N (&, K)/" ~ (K = E|/IEN™ ~ (K NE|/|K)T
~ N(E°,K°)Y" ~ (|€° = K°|/|K° )™ ~ (I€° N K°|/|E° Y™,

We see that if £ is an M-ellipsoid for K then £° is an M-ellipsoid for K°.
The Lemma, is used to show the following

Theorem 8. There exists a constant o such that for any convex compact subset K of
IR" with non-empty interior and 0 as centroid, then there exists an ellipsoid £ of IR" such
that

|K|=|&| and N(K,E) <e™™.

Proof: Following a result from [4], there exists an M-ellipsoid £ for the centrally sym-
metric body K — K associated to some universal constant o. Let || = |K — K| so that
from Lemma 7 we have N(E, K — K)¥/" <. Let A = (|[K|/|E])}/™ then X < 1, therefore
N(EK)Y™ < NE,K)Y" < NE,K — K)Y/"N(K — K,K)'/" < ¢°. Using Lemma 7,

we conclude that N(K,\&)Y/™ < €.

6. M-ellipsoids; application to global regularity. In this section, we use technique which
provides existence of M-ellipsoids, to study global properties of convex sets. The main
Theorem 9 was known in the symmetric setting. But the fact that it can be translated
for general convex bodies is adding a new flavor to the theory.
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Theorem 9. Let K and K' be convex compact subsets of IR™ with non-empty interior
and 0 as centroid and such that BY is an M-ellipsoid for K and K'. Then there are
positive universal constants ¢, r1 and ry such that the relations
lco(K UT<K')>|)”"
<c
[(1/r1) BZ|
and (1/r1) By C LNV(L) C ro B}

are satisfied for random rotations T,V € O,,, where L = co(K UT(K")).

(1/r1) B} C co(K UT(K")) and (

The method used to prove Theorem 9 may be applyied in a more general context.
For example, we derive the following

Theorem 10. Let K be a convex compact subsets of IR™ with non-empty interior, 0 as
centroid and such that BY is an M-ellipsoid for K. Let 0 < € < 1 and set k = [en], then
there exist k unit vectors ui,...,ux such that denoting by H; = {z; (z,u;) < 1/4/n},
i=1...,k, we have

KnN (mifk Hz’_) C C(E)Bg‘

for some function C(g) > 0 depending only on e.
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