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Threshold and Hausdorff spectrum of
discontinuous measures

Abstract

Let x be a finite Borel measure on [0, l]d. Consider the LY-spectrum
of x: T (q) = liminf,—,cc —n~"log, 200, (@0 X(@)?, where Gy, is
the set of b-adic cubes of generation n. Let ¢ = inf{q : 7 (¢) = 0}
and H, = 7/ (g7 ). When x is a mono-dimensional continuous measure
of information dimension D, (¢-, H-) = (1, D). When x is purely dis-
continuous, its information dimension is D = 0, but the non-trivial pair
(¢r, Hr) may contain relevant information on the distribution of x. The
connection between (¢, H-) and the large deviations spectrum of x is
studied in a companion paper. This paper shows that when a discontinu-
ous measure x possesses self-similarity properties, the pair (¢-, H-) may
store the main multifractal properties of x, in particular the Hausdorff
spectrum. This is observed thanks to a threshold performed on x.

1 Introduction and statements of results

In a companion paper [5], we introduced new information parameters associ-
ated with any positive Borel measure x on [0, 1]%. Let us recall their definitions.
Let b > 2 be an integer and let G,, be the partition of [0,1]? into b-adic boxes

H?Zl[b_"k‘i, b="(k;+1)) with (ki, ..., kq) € {0,1,...,b" —1}¢. The L%-spectrum
of x is the mapping defined for any ¢ € R by

L 1
7(g) =lminf —~log,sn(q) where su(g)= Y x(@Q% (1)
QEGns X(Q)£0
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It is easy to see that the restriction to Ry of 7, does not depend on b. Two
parameters are naturally associated with the measure x:

¢-(x) =inf{g € R:7(¢) =0} and H,(x) =7y (q-(x)7). (2)

The motivation of the introduction of these parameters was the following:
For purely discontinuous measures, the classical measure dimensions vanish
[25, 11, 16, 18, 7]. Nevertheless, these measures may have very interesting
multifractal spectra [15, 1, 9, 14, 6, 24, 2, 4], and there is a need for other rele-
vant parameters. The study of the pair (¢, (x), H-(x)) and their relationships
with the so-called large deviations spectrum are achieved in [5] and recalled
below in Section 2. As we wished, these parameters are very pertinent for
purely discontinuous measures Y, i.e. measures constituted only by positive
Dirac masses of the form

X = Z Mg Oz (3)

k>1

with m = (mk)k21 S (RJF)N*, Zk my < oo and T = (xk)k21 € ([0, l]d)N* such
that the x’s are pairwise distinct.

This paper aims at showing that for certain classes of purely discontinuous
measures denoted v in the following, these parameters not only store infor-
mation about the large deviations spectrum of v, but also they store essential
information about the multifractal Hausdorff spectrum of v. To achieve this,
we apply a threshold procedure to such measures v by keeping only the Dirac
masses naturally associated with the information parameters introduced in [5].
We prove that the obtained measure, denoted v°, has the same multifractal
behavior as v itself. Since the threshold procedure puts to zero the largest
part of the Dirac masses of v, it is thus very interesting to understand why
the multifractal properties of v are essentially the same as those of 1°.

From now on we shall work in the one-dimensional context. Extensions
to higher dimensions are immediate, though more technical. Let us recall the
definition of the Hausdorff spectrum of any measure y. First, for z € Supp(x)
(the support of x), the pointwise Hélder exponent of x at z is defined by

s logx(B(x, 1))
hy(z) = I}Eé?f ~losr

(4)

Then, for every h > 0 one defines the level sets of the pointwise Holder expo-
nent of x and the multifractal Hausdorff spectrum of x as

EY ={x € Supp(x) : hy(z) =h} and dy :h>0+— dim EY (5)

where dim stands for the Hausdorff dimension. This spectrum is used to
describe the geometric properties of measures at small scales. Recall that if
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g is a function from R to R U {—oo}, its Legendre transform is the mapping
g* : h — infcr(hg — g(q)) € RU{—o0}. For every h > 0, one always has
dy(h) < 75(h) [8], and the multifractal formalism holds at h if d\(h) = 75 (h).

The measures v we consider are introduced in [2]. Their construction’s
scheme is as follows: Let u be a Borel probability measure on [0, 1] and let

. 1 iy i
V= Z Z Vj,k(skbfj , with v = 7/1([](51) 7 (k-i—l)b J)) (6)
721 0<k<bi—1:k#0 mod b J

The jump points are located at the b-adic points, and an heterogeneity in the
Dirac masses distribution is created by the measure . It turns out that this
class of measures has a fruitful structure [4, 2].

Theorem 1.1 Let i be a Gibbs measure as defined in Section 3.2. The mea-
sure v (6) obeys the multifractal formalism at every h > 0 such that 7,5 (h) > 0,
as well as at 0. More precisely, one has H,(v) = H; () and

‘ <<
Ty(q) — T;Uf(q) Zf TV(q) < 07 and du(h) — h Zf 0 — h‘ — HT(V)7
0 otherwise, d,(h) otherwise.

Let us explicit the thresholding procedure applied on v. Let € = (g;);>0
be a non-increasing positive sequence converging to 0. Consider v (6) and let

- Z Z tik Vik Okp—i (7)

§>1 0<k<bi—1:k#0 mod b

. . log v; i
with — Vj =1, Vk k= 1[Hf<u>fs_7-,HT<u>+e_jl( ToghJ ) ®

Heuristically, the measure ¢ contains only the Dirac masses Vi k0kp-i such
that v ~ b=7H-(*) A more complete explanation of such a formula comes
from the companion paper [5], and is detailed in Section 2.

We obtain the following remarkable result which illustrates the amount of
information potentially stored in the pair (¢, (v), H-(v)).

Theorem 1.2 Let ju be a Gibbs measure as in Section 3.2. Consider v° (7).

There exists a non-increasing positive sequence € converging to 0 such that
d,z(h) = d,(h) for every h > 0 such that 7}(h) > 0. Moreover v° obeys the
multifractal formalism at every h > 0 such that 7;(h) > 0, and at 0, and the
Li-spectra of v and V¥ coincide (1, = T,z ).

Actually, a slightly more general result will be proved (Theorem 2.2).
Theorem 1.2 shows the role played by the information parameters ¢, (r) and
H,(v) for discontinuous measures having a nice structure close to statistical
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self-similarity. There is no doubt on the fact that Theorem 1.2 can be extended
to other nice families of measures, such as the inverse of Gibbs measures on
cookie-cutters [21] and the self-similar sums of Dirac masses introduced in
[24]. These measures will be studied in a forthcoming paper. However it
seems difficult to get similar results for measures without any structure.

It will be justified in next section that at each scale j, approximately
b H-(") Dirac masses among b’ are kept after threshold. Since one generally
has H,(v) < 1if p is non trivial, the threshold we realize is very severe. The
situation H.(v) = 1 corresponds for instance to the choice p = £ (the Lebesgue
measure). It is the typical example of an homogeneous sum of Dirac masses
vy, for which there exists a positive sequence € going to 0 at oo such that
v; = vy.

2 Detailed exposition of the result

2.1 More on the information parameters

The connection between (¢, (x), H;(x)) and the more usual Hausdorff, packing
or entropy dimensions of x is the following: When ¢.(x) = 1 and H,(x) =
7, (1) exists, H,(x) defines without ambiguity the dimension of the measure
x [25, 16, 18, 11, 7).

The pair (¢-(x), H-(x)) is also connected to the large deviations spectrum
fx of x. This spectrum describes the statistical distribution of x at small

scales in the following sense. This spectrum f, of x is defined as

1
h>0~— fy(h) = lir(r)l lim sup — log, #SX(h, €),
e— n

n—oo

where for e > 0, h > 0 and n € N,
Sx(he) = {Q € Go 1 b7 < \(Q) < b9} ©)

Very classical considerations [12, 8, 22, 17, 5] show that Vh > 0, one always
has dy (h) < f(h) < 75(h). Hence when the multifractal formalism holds at
h, one also has dy (h) = fy (h).

As a consequence of the fact that f, («a) = 7 () for all « of the form 7/(¢™)
(see [23]), one always has H.(x) = max{h > 0: f,(h) = ¢-(x)h} if ¢-(x) > 0.
For a discontinuous measure y = Y., o, My 65, on [0,1]%, the relationships
between the large deviations spectrum f,, restricted to [0, H-(x)] and the pair
(¢-(x), Hr(x)) were investigated in [5]. Under a weak assumption on the
distribution of the masses, it is shown that there exists a real number H,(x) €
(0, H-(x)] depending on (m,z) such that f,(h) = ¢-(x)h over [0, Hy(x)]. In
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addition, Hgy(x) is equal to H,(x) if ¢-(x) € (0,1), but it may differ from
H:(x) if ¢-(x) = 1. We do not go into much details on Hy(x) (this was the
purpose of [5]). This linear increasing part in the large deviations spectrum
is conform to the observations made on special classes of homogeneous and
heterogeneous sums of Dirac masses studied in the last fifteen years [1, 15, 9,
23, 2, 4]. Moreover, the elements of these classes of measures, to which belong
the measures (6) and (11), verify that Hy(x) = H-(x) even when ¢-(x) = 1.
This is always assumed hereafter.

The starting point of the threshold operation performed in this article is pro-
vided by two important remarks made in [5] (Proposition 3.3, [5]):

e For every n > 1, most of the cubes in SX(H(x),e) contain a point
x such that b="(H-00+e) <y < p=n(H-00=2) (recall that SX(H,(x),¢) is
the set of b-adic cubes @ of generation n such that p—n(H-00+e) < x(Q) <
b’”(HT(X)’E)). Hence, the x-mass of these cubes is approximately due to the
presence of a single Dirac mass.

e The b-adic cubes which contain such a point xj are responsible for the
linear shape of f, on [0, H(x)].

Consequently, a certain amount of information is contained in the set of
pairs (zx, my) defined for any € > 0 by

In>1, 3Q€Gn, Q€ SX(H.(x),2), a1 € Q}

and b~ (H-(x)+e) <my < p—n(H-(x)—¢)

P(H-(x),¢e) = {(mmxk) : {
A natural way to study this set of pairs (xy,my) is to consider the measure

X5 = ZlP(Hr(x)ys)((mka))mk O, - (10)
k>1

This measure shall be viewed as a thresholded version of the initial measure y
(3). Tt can be deduced from [5] that the measure has the same large deviations
spectrum as x over [0, H-(x)].

This raises the following question: Do the measures x© still contain enough

Dirac masses to have the same Hausdorff spectrum as x? This is the question
investigated hereafter.

2.2 The measures v, , and a more general result

Let p be a Borel probability measure on [0, 1], v > 0 and ¢ > 1, and
. b= . P
Vo = Y. ik O, With v = j—Q,u([kb I (k4 1)b77)). (11)

J21 0<k<b’—1
k#0 mod b
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The condition k£ # 0 mod b in the definition of v, , (6) is not required in [2].
This is unessential, since the two measures (with or without the condition) are
equivalent, and thus have the same multifractal nature.

Theorem 2.1 [2] Let pu be a Gibbs measure as in Section 8.2, v > 0 and o >
1. The measure vy, given by formula (11) obeys the multifractal formalism
at every h > 0 such that T:W.a(h) > 0, as well as at 0. Moreover, one has

. (q):{7q+Tu(UQ) if7,.,(@) <0,

0 otherwise.

These measures v, , are generalized versions of the measures v considered by
Theorem 1.2 (indeed, v 1 is the measure v of the introduction). Main Theorem
2.2 deals with v, ,, and is thus more general and implies Theorem 1.2.

For j > 1 and k € [0,...,0" — 1], one sets [;, = [kb=7,(k + 1)b™7).
The measure v, is of the form (3) if one takes for the points zj the b-
adic numbers [b™7 with [ # 0 mod b and for the corresponding my, the mass
m;,; = vj;. It is then easily seen that there exists a universal constant K such
that m;; < vy ;) < Kmj;. Consequently, in this case, requiring that I;; €
8,77 (H-,¢) is equivalent to requiring that biUHete) <y < pIH =),

We apply the threshold procedure (7-8) to the class of measures v, , defined
by (11). This procedure is finer than (10). Recall that, if € = (¢;);>0 be a
positive sequence converging to 0, then we set

l/,‘&;’cr = Z Z Lik Vik Okp—i (12)
j>1 0<k<bi—1:k#0 mod b

with ¢ = 1[H,(,,7YU)75].,HT(VW,GHSJ‘](ﬁ%) defined as in (8) (v, is used

instead of simply v).
Theorem 2.2 Let ;1 be a Gibbs measure as in Section 3.2, v > 0 and o > 1.

Consider V,ig defined by (12).
There exists a non-increasing positive sequence € converging to 0 such that

1. (g (V5 o), Hr (V5 ) = (47 (vy.0), He (v4,0))-

2. For every 0 < h < H.(vy5), d'/ia(h) =d,
multifractal formalism at h. ‘

(h) and 1/570 obeys the

v,

3. Ify=0 and o =1, then Theorem 1.2 applies.
When ¢,(v) < 1, the Hausdorff spectrum of vZ _ may differ from d

v,0 Vy,o
on (H;(vy,s),00). To see this heuristically, notice that the total mass con-

served at each scale in Vg’[, is negligible with respect to the total mass of v, 4,
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since approximatively there are at most 274 #~() terms weighted by 271+ *),
Hence the amount of lost ”information” is large. Nevertheless, it is remark-
able that the Dirac masses we keep are enough to recover the spectrum on

[0, Hy (v,0)]-

Sections 3 gives some background necessary to establish Theorem 2.2, while
Sections 4 is devoted to the proof of Theorem 2.2.

3 Scaling properties of Gibbs measures

If ¢ € (0,1), I;(x) is the unique b-adic interval of scale j > 1, semi-open to
the right, containing x, and for every € € {—1,0,1}, Ij(-é) () =Ij(x)+eb . In
the following, |B| always denotes the diameter of the set B. Eventually, for
the rest of the paper, the convention log(0) = —oc is adopted.

3.1 Some dimension and large deviations bounds

Definition 3.1 Let u be a positive Borel measure on [0,1]. For x € (0,1),
recall the definition (4) of the Hélder exponent of u at x and of the level sets
EY defined for every a >0 by EX = {z : hy(z) = a}.

For é = (&);j>1 a positive non-increasing sequence converging to zero, one sets

g _ ). there is a scale Jy .such that fovz gsvery j> Jz, 1)
ad Ve € {—1,0,1}, b—7(oH&) < w9 (z)) < p—ila—¢;)

For any &, It is obvious that EZ £ C E*. The level sets Eg : contain points
around which the local yi-behavior can be very precisely controlled.
As a simple consequence of [8, 17], one gets

Proposition 3.2 Let u be a positive Borel measure on [0, 1], and let (Amin, Pmax)
be the mazimal open interval on which 7, > 0.
1. For every a > 0 such that T;(a) > 0 and for any non-increasing sequence

& converging to zero, dim EZE <du(a) < fula) <7 (a).

2. If p obeys the multifractal formalism at every a € (hmin,7,,(0%)], then
Jor every o < (hmin, 7,,(01)], dim (U, <o EL) = dim EX.

3. If p obeys the multifractal formalism at every o € [TL(0+),hmax), then
Jor every a € [7/,(0%), haax), dim (U E",) = dim E*.

a'>a

A last quantity will be needed.



8 J. BARRAL AND S. SEURET

Definition 3.3 Let A\ be a positive Borel measure on R. Let us define, Vo > 0,
J>0and K €{0,...,67 =1}, n>0,j>J+1,

. Lix C Ik,
Ny g, ) =# {’“ # 0 mod b {b(jJ)(a+n) < Q) < G-I }
< i <

Heuristically, Ny (A, j,n, @) is the number of intervals I, C I;x such
that, when forgetting what happens before j, the rescaled y-measure of I 1,

Az, k)
)\(I‘]yK) ?

. . «
is approximately equal to b=~/ = (“IJ—’“I) .

15kl

3.2 Gibbs measures and their multifractal properties

Here are defined the Gibbs measures used in Theorems 2.1 and 2.2. We sum-
marize some of their scaling and multifractal properties. We consider deter-
ministic Gibbs measures, the same properties hold for random Gibbs measures.

3.3 Definition

Let ¢ an integer > 2 and let ¢ stand for the Lebesgue measure on [0, 1].
Let ¢ be a 1-periodic Hélder continuous function on R and w = (wp)n>0
be a sequence of independent random phases uniformly distributed in [0, 1].
Let T be the shift transformation on [0,1): T(¢) = ¢t mod 1.
For n > 1 and ¢ € [0,1) let us consider the Birkhoff sums

Sn(0)(t) = i gf)(T}“t) and S, (p,w)(t) = i ¢(Tkt + wg).
k=0 k=0
Let also
0. exp (S;(6)(1)) and Qut,w) = — (Si(¢,0)(1))

o &0 (85(0) (w) du S exp (S5(6,w)(w)) du”

It follows from the thermodynamic formalism [19, 13] that p, = Q,(-) - ¢
(resp. p¥ = Qn(-,w) - £) converges (resp. almost surely), as n — oo, to a
deterministic Gibbs (resp. random Gibbs) measure denoted p (resp. u®).

The multifractal analysis of p and p is performed for instance in [8, 20,
10, 13]. With ¢ and w are associated the analytic functions

P g+ log(c) + lim j~! log/ exp(qSn(p(t)) du

and P : q +— log(c) + lim j_llElog/ exp(¢Sn(op(t,w)) du,
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which respectively are the topological pressures of ¢ relative to 7" and T :
(t,w) — (T(t),@(w), where 0(w) = (wn+1)n20). One has 7,(¢q) = M,

. 1 log(c)
P(1)—P
and a.s. 7,0 (q) = %@)(Q)

Gibbs measures considered here obey the multifractal formalism. In par-
ticular, for every h >0, d,(h) = 7;(h) as soon as 7, (h) > 0.

Actually, Theorems 1.1, 1.2, 2.1 and 2.2 hold for the elements of a larger
class of measures described in [3], which also contains the multinomial mea-

sures their random counterpart.

3.4 Properties of Gibbs measures

In this section, we fix a Gibbs measure u as defined above. In the random
case, u is a realization of p“, that is to say the following results hold almost
surely. We fix another integer b > 2 in order to consider the b-adic grid defined
in Section 1.

Fine properties on the measure p are required to prove Theorem 2.2. Let
(Rmin; hPmax) as in Proposition 3.2.

e Property P1 (lower and upper bound for the scaling properties):
One has hymin > 0 and Apmax < 4+00. The measure p obeys the multifractal
formalism at any b € (Amin, Pmax). For j large enough, for every 0 < k < 7 —1,
b= < (I ) < b2,

e Property P2 (Gibbs states as analyzing measures):

Let £ be a compact subset of (Amin, imax). There is a sequence E = (&),
such that for every a € £, one can find a Borel measure m, on [0, 1] such
that ma(EZ 5) > 0 and my(E) = 0 for every Borel set £ C [0, 1] such that
dim £ < 7;(a) (this yields dim Eaf = dim Ef = 7;(a)). Let g, be the unique
q € R such that o = 7,,(¢). A possible choice for m,, is the Gibbs measure 1,

constructed as p with the potential go¢. One has 7;(a) = 7, (1).

e Property P3 (Heterogeneous ubiquity): It follows from [2].
For p > 1, a > 0 and for a positive sequence £ = (§;);>1 define the limsup set

Su(p 0, €) = N U U (kb= kb= +b77°].  (14)
J>0 j>J ke€{0,...,b" =1}: k20 mod b
b7 OHED (1 ) <o)

Let £ be a compact subset of (Amin, Amax). There exists a positive sequence

¢ converging to 0 such that for every p > 1 and o € £ one can find a positive
Borel measure m,, , such that:
- Ma,p(E) = 0 for every Borel set E such that dim E < 7;;(a)/p ,

- Map(Sulps a,§)) > 0.
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In particular, dim S, (p, a,§) > 7, () /p.

e Property P4 (Uniform renewal speed of large deviations spec-
trum): This property is proved in [3].

Let £ be a compact subinterval of (Amin, Amax). Let n > 0, and let us

. log(j)!+7 , :
consider the sequence v; = —r for j > 1. There exists a constant
J
M > 0 and a scale Jy > 1 such that for every J > Jy and K € {0,....,b7 — 1},

for every j > J + exp(+y/(1 +n)log(J)) and o € L
DD =M%0) < N (s s vy @) < BG=DEEEMG)  (15)

Remark 3.4 Properties P1 and P2 are well known for Gibbs measures asso-
ciated with a smooth enough potential [8, 10, 20]. Properties P3 and P4 rely
on finer properties without the restriction k Z 0 mod b, but simple verifica-
tions show that the results also hold with this restriction.

It is important for the sequel to precise that in Property P2 and P3, one
can take & equal to the sequence (v;);>1 of P4.

4 Proof of Theorem 2.2

4.1 Proof of Theorem 2.2(3)

We begin by the last assertion. In this section, v = 0 and o = 1, thus 1y ; is
simply denoed v. A b-adic number kb7 is said to be irreducible if the fraction
k/b/ is irreducible.

Let 7 = (7;);>1 be the sequence defined in Section 3.4. For j > 1 define

hmax
=2y 6 . 16
€ Vs + Tog j (16)

Due to the last remark of Section 3.4, Property P2 and P3 hold with §~ =£/2.
For simplicity of notations, we consider the measure vt := ¥ = 1/5 1 (D
associated with this sequence & = (¢;);. We also denote t; xv; 1, by v} ;.
By Theorem 2.1, one has H. := H,(v) = 7/,(1) and thus by construction
7.(H;) = H;. We are going to show that d,:(h) = d,(h)(= 7 (h)) for all
h € [0, hmax). Since 7, < 7,¢, this yields 7,; = 7, on R} and thus 7, = 7,

(remember that 7,, and 7.+ are non-decreasing).

4.1.1 First results on the local regularity of v*
It is easy to verify that for every x € [0, 1],
hy(z) < hye(xz) and  hy(z) < hy(x). (17)
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The first inequality is due to the fact that by construction, for any Borel set
B c [0,1], v*(B) < v(B). The second one follows from the fact that for any
b-adic interval I x, v(I;j ) > j = 2u(l; k).

Proposition 4.1 For everye > 0, there is an integer J. such that for any g €
[Pmin/2, 2hmax), V3§ > Jo, for every integer K such that Kb~ is irreducible,

(L) = b7 = 67O < (I ) <770,

Proof: Let ¢ > 0. Let J; be large enough so that j > J; implies 0 <
max(v;,&;) < €/2 and b~ Hhmax < (1) < bIMmin/2 for all 0 < k < b — 1.
Let Kb~7 be an irreducible b-adic number such that J > Ji, and let 8 be
defined by u(l;x) =b"75.

e Let us first notice that (recall the definition of the measure v (6))

1 1 » »
v(lix) = mullix)+ Y 5 > p([k677, (k+1)077))
iz f0, b —1:
k#0 mod b, kb€l i

1 1
< ﬁM(ILK) + Z (L)
j>J+1

If J is greater than some fixed integer J; > 1 large enough, then v(I; k) <
u(Ly)b75/? < b=7(B=2/2) Now it is obvious that by construction, for any
subset B of [0,1], v*(B) < v(B), hence we get the first inequality u(l; ) =
b8 = v (I k) < b 7879 for any J > max(Jy, J).

e The converse inequality is more difficult to obtain. Let us show that
V(15 k) > b=7(P+4) . One has by definition

v(Lk) = Vi + Z Z V;,k(skb—J (18)
j2J+1 k=0,...,b7 —1:
k#Z0 mod b, kb’jGIJVK
1. If 8 = H,: By construction, for J large enough one has VfLK =
JﬁZILL(IJ’K)7 and l/t(IJ7K) > VS,K) > p—J(B+e)

2. If 3 > H,: Let us recall (18). To find a lower bound for v*(I; k), one
has to look for non-zero Dirac masses (after threshold) in the sum (18).

Let us use Property P4 applied with « = H,. Let n > 0. There exists
a constant M > 0 and a scale Jy > 1 such that with probability one, for ev-
ery J > Jpand K € {0, ...,b7 —1}, for every j > J+exp(1/(1 + n)log(J)), (15)
holds with &« = H,. In particular, one has for every j > J+exp(1/(1 + n)log(J))

Ny wc (. Yy, Hy) > b0 =D H=M-0), (19)
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Let I, be any of the intervals such that I, C 15k, k¥ #0 mod b, and
H(]LK)bf(ij)(Hrﬂjf.f) < u(ljy) < M(I‘LK)b*(j*J)(HT*’ijJ)_

One has b9%.0 < p(I;x) < b5 with
1 J 2 J
Q5= Hy +7j—g — ;(H‘r B+ ’Yj—J)a Qj 5= Hy — -y — j(HT - B+ ’Yj—J)-

In order to have v}, # 0, one must have [aF ;, ] ;| C [Hy—e;+logy(57%) /5, Hr+
e; +log,(57%)/4]. This is achieved as follows.

Let 8 > 0. There exists a scale J3 such that for every J > J3 , for every
j > J+ J'? one has
J 6hmax _ J log, (52)

<j_J and Z*.(thax‘i‘HT +’YJ7J)+ -

logj — logj = j J

Let Jy = max(Jy, Ja, J3) (J4 is independent of 3). Then remembering (16),
for every J > Jy, as soon as j > J + J'*? one has

H. —¢e; —log,(5°)/j < of ; < of ; < Hr +e; —log,(5°)/].

Hence those intervals I; ;, C I (with j > J + J'*9) such that k # 0 mod b
and b9 < (L) < b~9%.5 give rise to non-zero masses in the sum (18).

Using (18) and (19), one obtains that for every J > Jy, for every K such
that Kb~ is irreducible, for every jo = J + J'+9,

1 g
. : . —joas
vi(lnk) > E Viok = FNJ’K(MJJO>WJO*J’HT)I) 10%0.7
k=0,...,670 —1: 0
k20 mod b, kb™70€l; i

> izb(jo—J)(HT—Mw(,7‘7)b*jO(HT+’Yj0—J*%(Hr*ﬁero—J))
)
(Go— ) (M+1)v;, — . 147
Hence v! (I k) > b*'mboj—gw. Since v; = 1/%, one gets

9

log(JlJrG)lJrn
J(1+6)/4

= (M +1)(1+ @) Fm/2 JTa+0)/8 g0 (1) (1+m/2,

Go = )M + V)yjo—g = JHM + D)y jiee = (M + 1)

Choosing 0 € (0,1/7), there is a scale J5 (independent of 3) such that for
every J > Js, one has (jo — J)(M + 1)vj,—s < eJ. It is also obvious that

j% > b=¢’ for J large enough. Finally, for J large enough, one obtains
0

VH(Ix) > p—J(B+2e)
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3. If 5 < H,: The same arguments as above yield the same result. L]

We emphasize that the order of magnitude of the sequence «y; plays a
crucial role in the previous computation.

Proposition 4.2 For every € > 0, there is an integer J. such that for any
B € [hmin/2, 2hmax], for every j > J., for every integer K such that Kb~ is
reducible,

ﬂ(IJ,K) = b7J6 = bi‘](’@Jrs) < I/t(I(]’K) < V(IJ,K)-

Proof: The right inequality is immediate, and the left one is a consequence
of Proposition 4.1. n

Using Propositions 4.1 and 4.2, one can specify (17) and assert that,
for every z € (0,1), hy(z) < hye(x) < hy(x). (20)

Proposition 4.3 Let p > 1. Consider the limsup set S,(p, H-,£/2) defined
in (14). For every x € S,,(p,H-,€/2), hyt(z) < H-/p.

Proof: By definition of S,(p, H-,£/2), for every z € S, (p, H;,£/2), there is
an infinite number of scales j, such that for some k, € {0,...,b/» — 1} with
knb~In irreducible, |z —k, b7 | < b=InPin and simultaneously b—»(Hr+ein/2) <
w(lj, k) < b~In(Hr=€in/2)  This implies that

‘ : 1 o (H G (T
B, b)) 2 (T ) 2 b = o O,
Jn
log v (B(z,b~ " in H.+ej, . . .
Hence Ogylégéfjnﬁjn ) < pjjJ . Since €; — 0 and p; — p, by letting j,
g0 to 400, one obtains that h,«(xz) < H./p. m

4.1.2 Upper bound for the multifractal spectrum of d,.

Proposition 4.4 For every h € [0,7,,(0)], d,¢(h) < d,(h) = 7;;(h).

Proof: Let us use (20): For every x € [0,1], hyt(x) > hy,(x). This implies
that for every h € [0, 7,,(0)], E,’;t CUp<nEr

By Proposition 3.2 and Theorem 2.1, for every h € [0,7/,(0)], one has
dimJ, «, By, < dim B} = d,,(h), hence the result. L]

Proposition 4.5 For every h € (7,(0), hmax|, dyt(h) < d,(h) = 7 (h).

Proof: Let h € (/,(0), hmax]- By (20), B’ C Uy, ). By Proposition 3.2,
dye(h) = dim B < dim s, B < 75(h). .
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4.1.3 Lower bound for the multifractal spectrum of d,:
Proposition 4.6 For every h € [0, H;], dyt(h) > d,(h) = h.

Proof: We first apply property P3. Let h € (0, H,], and let us consider
p = H./h. Consider the measure m, of P3. Let S = S, (p, H,,£/2)).

By Proposition 4.3, every z € S verifies h,«(z) < H,;/p = h. Hence S C
Un <n E,’:,t By Proposition 3.2, for all i > 1, dim Uy, <,y /; EZ,t <71 (h—1/1).
Moreover, 7+ > 7, so 7. (h — 1/i) < m5(h —1/i) < 1(h) = H;/p. Hence
My Uiz Unr<cnoyi Bh) = 0.

One has S\U;>1 Up'<p—1: E;, C EY'. Since g; > &, by construction

my(S) > 0, and m,(S\U;>1 Upr<p1/: EY) > 0. Hence dim EY" > h. L]
Proposition 4.7 For every h € (H;, hmax), dyt(h) > d,(h).
Proof: We need a lemma extracted from the proof of Proposition 8 in [2].

Lemma 4.8 Let h € [H;, hmax). Let my, be a measure as in P2. Then there
exists a subset S of Egg such that mp(S) >0 and S C E}.

Let h € (H;,hmax). Consider a set S and a measure m;, as in Lemma 4.8.
Letx € S C E}’:gﬂ EY. Remark that at every scale j, at least one of IJ(_l)(as),

I](-J (x), I j(.H)(x), is irreducible. Hence, for this irreducible b-adic interval I, by
Proposition 4.1 one has v*(I) > pu(I)b=7¢ > b=7(#+&+2) | This holds for every
j large enough, and then for every e small enough. Hence h,:(x) < h.

But h,¢(x) is always larger than h,(z), which equals h since S C E}.
Hence hy«(x) = h, and S C EY'.

As a consequence, mh(E}’;t) > mp(S) > 0, and dim E,”Lt > d,(h). L]

4.2 Proof of Theorem 2.2(2)

We come back to the general measures v, , and to the general form of its
thresholded version szo. Let £ be a sequence such that P3 holds with o =
7,(0¢-(v)), and let € = (¢;);>1 be defined by ¢; = an + 2log,(4)/7.

Let psq, be the Gibbs measure constructed as p, but with the potential
0qr(v)¢. One deduces from Theorem 2.1 that ¢, (V4.0 ) Hr(vy.0) = 7(0¢7 (V4,5))-
Then, the same arguments as those used in the proof of Proposition 4.3 show

that for p > 1, if x € S, (p, 7,,(0¢7(V4.0)),§), then hl,ga(a:) < H;(Vy,5)/p-
Since by construction 7,z = > 7, ,, for every h € [0,H-(vy,,)] one has

dim Uy, <, E,DJ"’ <17, ,(h) =qr(Vy,s)h. This is enough to conclude as in the
proof of Proposition 4.6.
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4.3 Proof of Theorem 2.2(1)
It follows from (2) that duga(HT(V%U)) = ¢;(Vy,0)H-(Vy,5). Moreover, due

to the threshold operation ona has Ty, 2 Ty ON R4, so that has qT(z/g,g) <

¢r(Vy,0). On the other hand, dz (He(Vy,0)) 70 (He(Vy,0)) < @ (V5 o) Hr(Vy,0).
3 o e ;

This yields ¢, (v"~)€) = ¢,(v) and then H, (% ,) < H,(v,,,) again because

TVE 2 Tuy, and these functions are concave. Coming back to dyg (Hr(vy,0)) =

qr (YI/%U)HT(V%O-) and the fact that for any positive Borel I}leasuré on [0, 1] one
has d, (h) < 75(h) < g-(x)h if h > H(x), one gets H.(v5 ,) = H7(vy,5).
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