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Abstract

We consider the mixture model g(z) = (1 —p) fo(z) + pf(z — ), where the density
function fy is known and where the unknown parameters are: the mixing proportion
p € (0,1), the non null location parameter ;1 and the even density function f. These
kinds of models were introduced in biology in order to study the differences of expres-
sion between genes. The various estimation methods proposed till now assume that f
belongs to a parametric family of density functions. We propose in this paper to show
how this assumption can be relaxed. First we note that generally the above model
is not identifiable, but we show that under moment and symmetry conditions some
“almost everywhere” identifiability results can be obtained. When such identifiability
conditions are fulfilled we propose an estimation method for the parameter (p, u, f)
which is shown to be strongly consistent under mild conditions. We discuss applica-
tions of our method to microarray data analysis and to the training data problem.
We compare our method to the parametric approach on simulated data and finally,

we apply our method to actual data coming from microarray experiments.

Keywords: Identifiability, microarray data, training data, multiple test hypothesis,

mixture, semiparametric.
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1 Introduction

In this work we consider the two-component mixture model defined by

g9(x) = (1 =p)fo(z) + pf(z —p), VreR, (1)

where the probability density function (pdf) fo is known and the unknown parameters are
the mixing proportion p € (0, 1), the non null location parameter ; € R and an even pdf
f. Such mixture models, semiparametric or nonparametric, have been recently studied
by Hall and Zhou (2003), Bordes et al. (2004), Cruz-Medina and Hettmansperger (2004),
Hunter et al. (2004) and can be situated between fully parametric mixture models and
nonparametric mixture models (for an overview about classical mixture models we refer
to McLachlan and Peel, 2000).

The introduction of model (1) is motivated by the problem of detection of differentially
expressed genes under two conditions or more in microarray data (examples of such con-
dition can be "healthy tissue versus diseased tissue”, ”*brain versus kidney”, etc.). For this
purpose a test statistic is built for each gene. Under the null hypothesis, corresponding
to a lack of difference of expression, it has a known distribution (in general Student or
Fisher). We then observe the response of thousands of genes, which corresponds in practice
to thousands of observations of statistical tests. The sample obtained in this way comes
from a mixture of two distributions: the known distribution fy (for the genes under the
null hypothesis) and another distribution corresponding to f(-— ), which is the unknown
distribution of the test statistics under the alternative hypothesis. Once the parameters
p, v and f are estimated, we can estimate the probability that a gene belongs to the null
component of the mixture distribution conditionally on the observations. Therefore, using
a classification criterion we allocate each gene to a component and then we distinguish the
genes differentially expressed from the genes non differentially expressed.

Model (1) appears as an alternative to parametric mixture models (Delmas, 2005),
when the law under the alternative hypothesis is unknown. For a survey on these methods
and the stakes dealing with this kind of applications we refer to Dudoit et al. (2002) and
McLachlan et al. (2004).

Another important issue is the training data problem. We consider the problem of

estimation of all the parameters in (1), i.e. p, u, f and fo (which this time is unknown)
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when in addition to a sample of g-distributed random variables a sample of fy-distributed
random variables is available (training data from the first component). In the classical
training data problem, data are available from each component (see e.g. Titterington et
al., 1985), thus, the originality here is that training data are available for only one of the
two components of model (1).

The paper is organized as follows. The next section is devoted to the identifiability
problem. First we show that model (1) is not identifiable in general even if it is locally
identifiable. Then we give some sufficient conditions to obtain the identifiability. In
Section 3 we propose an inference procedure based on the symmetry of the unknown
component of the model whereas in Section 4 we show that solving the moment equations
we can also estimate the unknown Euclidean part of the model. In Section 5 we show
that if model (1) is identifiable, estimators of unknown parameters are strongly consistent.
Section 6 is devoted to a precise description of the two applications we introduced above,
whereas in Section 7 are given simulation results and an application to an actual data set.
Future issues concerning such kind of semiparametric mixture models are also discussed

in Section 8.

2 Identifiability

2.1 Some non-identifiable cases

From a general point of view model (1) is not identifiable as it is shown in the two following
examples.

3 1 2 1
Zu_lvl(a:) -+ Zu_g’g(.%' - 4) = gu_u(x) + gu_4y4(az — 3), Vx € R, (2)

where ug is the uniform pdf on Ja, b[ with @ and b two real parameters such that a < b,

and

(1 -pp@) +pf—1) = (1-2) o)+ So(z—2), vaeR, (3)

where ¢ is any even pdf, p € (0,1) and f(z) = (p(z — 1) + p(z + 1)) /2.
Clearly, the two above examples show that without any additional assumptions on the
model we cannot obtain an identifiability result. In the next section we shall see that

however there are some limitations to the non-identifiability.
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2.2 Local identifiability via moment equations

Above examples show that identifiability of model (1) can not be expected for (p, u, f) €
10, 1[xR* x F where F is the set of even pdf defined on R. However, if we assume that
fo has a third order moment and that f belongs to F3 = {f € F; [ |2>f(2)dz < +o0},
then the moment equations lead to local identifiability of the model. Let us consider the

equation

(1 =p)fo(z) +pf(x—p) = (1 —p1)folx) +pifi(z —p), VreR, (4)

for fixed values of (p, i, f) €]0,1[xR\{(¥} x F35. We denote by (¥ the mean of the
pdf fo.

Proposition 1 The equation (4) has at most two solutions (py, p1, f1) €]0, 1[xR\ {9} x

Fs3 if fo is a symmetric pdf and at most three solutions otherwise.

Proof. Note that since fy is known we can, up to a translation, assume that fy has a null
first moment. Therefore we assume from now on that p and pp belong to R*. The first

three moment equations are:

br=pip
(1= p)0o +p(1? +0) = (1 — p1)fo + pu(pf + 61) (5)
p(3pd + p°) = p1(3pa by + 117),

where 0y, 0 and 6 are respectively the second order moments of fy, f and f;. Then,

because it is easy to check (see Appendix A for details) that p is the zero of a two-order

polynomial, we obtain that either (pi, pu1,61) = (p, ,0) or

_ 21
po="r 36 + 12 ~ 360
30— 1% — 36
p = u+# (6)
(6 + 17— 00)(30 + 4 — 30)
6, = 0+ .
42

Note that if fy is not symmetric with third order moment equal to g, the two first

equations in (5) are unchanged whereas the third equation becomes

(1= p)yo +pBub + 1) = (1 = p1)yo + pr (3161 + p}).
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Then, with this new system of equations we obtain that either p = uq or
—2pup3 + (30 — 300 + p*)p1 + 0 = 0.

It follows that there are at most 3 solutions for (p1, u1,61). Because by (1) we have

fla) = gz +p) - (1p—p)fo(x+u)’ S ER. 7)

the pdf f is uniquely determinated by g, fo, p and u. The proposition is proved. O

The above proposition proves that in the above examples (2) and (3), there is no other
way to write the mixture, because in the two examples, fy is an even pdf. Note also that
this proposition leads to a local identifiability result. Indeed, since (p1, p1, f1) = (p, p, f) is
a solution of (4) there exists a neighborhood of (p, ) where (p, p, f) is the unique solution of
(4). Note also that if (p, u,0) = (1/3,3,16/3) then by (6) we obtain (p1, u1,61) = (1/4,4,3)

which corresponds to the non-identifiability example given in (2).

2.3 Identifiability and characteristic functions

In this section we investigate identifiability for model (1) when fy is a symmetric pdf
having a third order moment, or equivalently, when fy € F3 is an even function (if p9)
is the known symmetry point of fo, then consider g(- + u(9))). Let us have a look at (4)
for (p, p, f) and (p1, p1, f1) in ]0, 1[xR* x F3. Denoting by f the Fourier transform (or
characteristic function) of a pdf f, we get the following equations by identifying the real

and imaginary parts of the Fourier transform of (4):

0=der [ T PromGut) ) o g (8)
fi(t)  psin(ut)
and

; £(t)  picos(ut)
(p1 —p)fo(t) =det [ . VteR. (9)
fi(t)  pceos(ut)
The next proposition gives an identifiability result when fo > 0, which is true e.g. for

Gaussian or Student centered distributions.

Proposition 2 The mizture model (1), with fo € F5 and fo > 0, is identifiable if

k+2
(p, 11, f) €]0,1[xR* x F5  and 6 # 6y + W,uz, Vk € N*,

where 0 and 0y are the second order moments of f and fy respectively.
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Proof. Multiplying (9) by sin(¢x) and using (8) we get the following equation

(p1 — p)sin(ut) fo(t) = p1fr(¢)sin(t(p — 1)), YVt €R.

Because fo > 0, the above equation implies that sin(ut) = 0 whenever sin(t(u — p1)) = 0.

By considering the particular argument value t* = u—ﬂm we obtain that:
sin(t*p) = sin <{ ] 7r> 0= " e
= 1 H=

But according to Proposition 1 there exists at most one other solution p; # p to problem

VAP 1. 1 . . . 1. Pl P} - . . o L 1 R P

kox1
1 = = .

keN*



o



and

m — I

"H —m



where

ters



and we get



set

where

defined by



we have:

where



ZesoN T



expression.






(i .

where



/a4 N












Paris.



York.

~ N~ a~AA~ A~
— ~. ~ ~
— . 1 . rwven



TrTe.n

TxTe.

have



1/

AN

pnev



where

give :






that

we get

1 - 1 LEPEVENN



dn (k).



[0.5,1.5]).



