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SUMMARY.We consider hidden Markov models as a versatile class of models for weakly dependent random
phenomena. The topic of the present paper is likelihood-ratio testing for hidden Markov models, and we
show that, under appropriate conditions, the standard asymptotic theory of likelihood-ratio tests is valid.
Such tests are crucial in the specification of multivariate Gaussian hidden Markov models, which we use to
illustrate the applicability of our general results. Finally, the methodology is illustrated by means of a real
data set.
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Temporal graphical model.

1. Introduction
Hidden Markov models (HMMs) are a versatile class of models
for weakly dependent random phenomena. An HMM consists
of two parts, a nonobservable finite-state Markov chain {Xk)
and an observable stochastic process {Yk). Given {Xk), the
Y's are conditionally independent with the conditional distribution of Yk depending on X k only. Hence, X k governs
the distribution of Yk, and for this reason, {Xk) is sometimes called the regime. The word 'hidden' is motivated by the
nonobservability of {Xk); inferences, predictions, etc., must
be carried out solely in terms of {Yk).
HMMs have, during the last decade, become wide spread
for
sequences
dependent
variables, with applications in areas like speech processing (Rabiner, 1989), neuro~hysiology('redkin and Rice, 1992), "01and finance (R~d'n, Tera'gy (Leroux and Puterman,
svirta, and
lgg8). (See
the
Donald and Zucchini (1997).) Commonly, the conditional distributions of Yk given X k all belong to a single parametric
family, such as the normal or Poisson families, so that X k selects the parameter used to generate Yk. The distribution of
Yk, i.e., the marginal distribution of {Yk), will then be a finite
mixture from the parametric family, Mixtures are frequently
used in i,i,d,settings to increase the dispersion governed by a
specific parametric family, and this effect is obviously found
addition,
in the marginal distribution of an HMM as well.
{yk) is dependent, H M M ~can thus be viewed as an extension
of Markov chains but also as an extension of mixture models.
The topic of the present paper is likelihood-ratio (LR) testing for HMMs. Drawing on results of Bickel, Ritov, and Rydkn
(1998), we show that, under certain conditions, the standard
asymptotic theory for such tests is valid, i.e., we arrive at a
X2 distributional limit. This problem is particularly crucial in

the detection of multivariate Gaussian HMMs, which will be
considered in order to illustrate the wide applicability of our
general results. In these multivariate models, a natural problem is, when comparing different models, testing for zeros in
the precision matrices of the mixture densities.
We shall study a trivariate data set on London mortality,
taken from Harrison, West, and Pole (1994). The observed
variables are daily deaths (adjusted to remove the effect of a
flu epidemic), average temperature, and sulfur dioxide level
(on the log scale, as a measure of pollution) for 102 days
in London during the winter of 1958. The main substantive
problem is to understand how these three variables are interrelated. In particular, a very important problem of interest
is to assess whether or not daily deaths are independent of
the pollution once the effect of the average temperature is
taken into account, The main issue underlying our approach
is that the degree of dependence between there two variables
may change over time; e.g., other unmeasured variables may
sometimes be effective, and, therefore, conditional independence may hold sometimes but not for the whole batch of
data. In order to properly take into account the above temporal
we need a
that
switching between
states representing presence and absence of conditional indePropose an
pendence as above. To achieve this aim, we
HMM with a multivariate response variable and two latent
states corresponding to the two alternative conditional independence patterns.
More generally, we would like to select a multivariate HMM
whose latent states correspond to all association structures
that receive support from the data-not always, but at least
for considerable periods of time. The methodology is suited
to performing model comparisons between alternative condi-
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tional independence representations. In the present paper, we
provide the LR test theory suited for this purpose.
We remark that the applicability of multivariate HMMs is
quite wide: It applies to any multivariate time series whose
dependency structure is thought to change considerably over
time. The LR tests are useful when the objective of the research is to perform model comparison between alternative
temporal association models. Further important examples include, among others, environmental data, typically multivariate and never measured exhaustively, and financial times series, where the state of a national economy, e.g., is a powerful
qualitative mechanism that determines changes in the correlation structure among the considered variables.
The paper is organized as follows. In the next section, we
discuss multivariate Gaussian HMMs in some detail, and in
Section 3, we set the notation and present some background
material. In Section 4, we give our results on the analysis of
LR tests for HMMs. Section 5 is dedicated to the illustration
of our methodology to a real data set. Finally, the Appendix
contains formal assumptions, theorems, and proofs.
2. Multivariate Gaussian Hidden Markov Models
Consider an HMM with {Yk) being multidimensional and
with the conditional distribution of Yk given XI, = i being
N(0, x i ) , i.e., multivariate Gaussian with zero mean and covariance matrix x i . The unconditional distribution of Yk is
thus a mixture of multivariate Gaussian distributions. Such
a multivariate time series model may be of interest in several
areas, as mentioned in Section 1.
In the present paper, our primary interest lies in the precision matrices K~ = (xi)-' rather than in the covariance
matrices themselves. More precisely, we are interested in testing for two or more zero elements in one or several of the K's.
This is because such zeros correspond to conditional independence structures within the components of the Y's. Indeed,
for a multivariate Gaussian random variable Y with precision
matrix K = (kij), kij = 0 is equivalent to the ith and j t h coordinates being conditionally independent given the remaining ones. For example, these coordinates may be mortality
and pollution in the example of Section 1. In our HMM, the
precision matrix K is governed by X k , and hence XI, governs
the dependence structure within Yk. As { X k ) is a random
process, this structure may change over time. Moreover, obviously, the state X k also carries information about the numerical values of variances and covariances of Yk. It may well be
the case that different values of X k correspond to the same
dependence structure within Yk, although with different variances and/or covariances. We note that the model formulated
here may be described in terms of Gaussian graphical models
(cf., Lauritzen, 1996), and we refer to an extended technical
report available from the second author for further reading on
this.
As noted in the Appendix, identifiability of the model is
crucial for the validity of the LR tests. Identifiability of finite mixtures of multivariate Gaussian distributions has been
established by Yakowitz and Spragins (1968), whence the results of Section 4 may be applied to multivariate Gaussian
HMMs. However, as discussed in Section 4, we may not compare two models with a different number of states. In our
computations in Section 5, we assume that we have a fixed
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number of states (two states), and we can then test for zeros in the corresponding precision matrices. An assumption
we need to make, however, is that no two states coincide in
the sense of having identical covariance matrices since then
we would effectively have one state less than specified by the
model.
3. Notation
Before proceeding, we need to introduce some notation. We
let {Xk)EjO=l be a stationary Markov chain on (1,. . . ,m ) with
transition probabilities cu(i,j ) = P(Xk+1 = j I Xk = i). We
also let {Yk) be a Y-valued sequence such that, given {Xk),
{Yk) is a sequence of conditionally independent random variables, Yk having (conditional) density g(y I X k ) with respect
to some a-finite measure v on Y. Usually" Y
- is a subset of Rq
for some q , but it may also be a higher dimensional space.
Moreover, both {a(i,j ) ) and { g ( I i)) depend on a parameter 29, i.e., a ( i , j ) = cug(i,j ) and g ( I i) = g8(. 1 i), where 19 is
to be estimated from a realization of {Yk). The set to which
29 belongs is denoted by 0, and we assume that 0 & IRd is d
dimensional. Note that the stationary distribution of {Xk),
denoted by { ~ ( i ) ), ~also
, depends on 19.
The most common set-up is one where 29 contains the transition probabilities themselves, together with some parameters characterizing the g's. In particular, it is often the case
that gg(y I i) = f (y; 4(i)) for some parametric family f (y; 4).
We refer to this case as the usual parameterization.
The joint density of (Yl, . . . , Yn) may be compactly written as

where Ad = {ag(i,j ) ) , G8(y) = diag{g8(y I i)), and 1 is
an m x 1 vector of ones. The computational complexity of
(1) is linear in n. The maximum likelihood estimator (MLE),
denoted by On, maximizes p8(Yl,. . . , Yn) over the parameter
set 0 . In many cases, we may renumber the state space of
{Xk) and the g's, leaving the likelihood unchanged, and the
MLE is then not unique. In particular, we may do so if the
usual parameterization is employed. This ambiguity is obviously not a big concern, though. Finally, the log likelihood
will be denoted by Ln (29) = log pB(Yl ,. . . ,Yn).
4. Likelihood-Ratio Testing
As usual, an LR test may be employed to test whether the
parameter 29 equals some specific value, i.e., the null hypothesis Ho is a single point, Ho: 29 = 290, and the alternative H1
is HI: 29 # 290. The LR test statistic for this null hypothesis is An = 2{Ln(29n) - Ln(flO)), where 29, as above is the
MLE over O.Under some regularity assumptions, stated in
the Appendix, under the null hypothesis and for large n, An
has approximately a X2 distribution with d d.f. (recall that d
is the dimension of 0 ) . Hence, we obtain a test with size apwhere
proximately equal to cu if we reject Ho if An >

Xi,1-,is the (1-a)-quantile

Xi,l-,,

of the X2 distribution with d d.f.
This result is stated formally as Theorem 1 in the Appendix.
We now proceed to composite null hypotheses. Assume that
we want to test whether the parameter 19 belongs to a certain
(d - r)-dimensional subset 00,determined by a set of r 5 d
restrictions given by the equations Ri(29) = 0, 1 5 i 5 r, of
the parameter space 0 .
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The LR test statistic for testing the null hypothesis Ho: 29 E
Oo versus the alternative HI: 29 @ OOis denoted by An and
given by An = 2{supBG0 Ln(29) - suplgEeoLn(29)). Under
some regularity assumptions, stated in the Appendix, under
the null hypothesis and for large n, A n has approximately a
X 2 distribution with r d.f. Hence, we obtain a test with size
approximately equal to a: if we reject Ho if An > Xz,l-,. This
result is stated formally as Theorem 2 in the Appendix.
It is important to notice this result does not hold for the
case when testing for the number of states of an HMM. For example, assume that our model is Yk I Xk = i N(pi, I ) , that
our null hypothesis Oo is that there is only one state (m = I ) ,
and that the full model O is that there are two states (m = 2).
In this situation, the asymptotic theory described above is
not valid. The very same problem occurs when testing for the
number of components in mixture models (cf., Titterington,
Smith, and Makov, 1985, p. 153).

Model C3:

N

5. An Application
The application we consider to illustrate the methodology
concerns the London mortality data described in Section 1.
The sample variances of the mortality, temperature, and pollution are 650.38, 9.15, and 0.27, respectively. Our main objectives are to model this trivariate time series as a multivariate Gaussian HMM, to estimate the transition probabilities a ( i ,j) and the conditional covariance matrices CZ,and to
carry out LR tests discriminating between different models.
This task can clearly become quite formidable, both in terms
of computational complexity and in sample-size requirements.
Therefore, in order to illustrate the methodology, we considered, without loss of theoretical generality, situations where
the dimension m of the state space is small.
More precisely, we took m = 2, so that {Xk) is a Markov
chain on {1,2). The observable process {Yk) is trivariate, and
conditional on X k = i, Yk has distribution N(0, x i ) . Write
K' = (xi)-'. As we were mainly interested in the covariance
structure, we subtracted the sample mean from each component of the series. In other words, some parameters of the
model (the population means) were not estimated by maximum likelihood but by a moment method. We nevertheless
applied our results to the adjusted data, expecting the effect
caused by adjusting the means to be negligible. Finally, we
assume that the component variances in the two states agree,
i.e., a; = a: for i = 1,2,3. Hence, the particular outcome of
Xk only affect the dependencies between the components of
the data.
Our first objective was to understand whether and how often excess mortality and pollution are dependent, conditionally on the temperature. In order to do this, we considered two
models, C3 and D (this notation is explained below). Under
model C3, in state 1, mortality and pollution are conditionally independent given the temperature. We can write this as
k i 3 = 0, which is the restriction defining Oo in Section 4. In
state 2, there are no restrictions, i.e., C2 may be chosen freely.
In model D, no restrictions were put on any of the covariance
matrices.
The MLEs of the transition probability matrix A and the
covariance matrices C1 and C2 were as follows:

Model D:

We note that the diagonal elements of the C's are close to
the sample variances reported above. The C2 matrices are
very similar, and the largest difference in the C1 matrices is
in the element
which indeed is not a free parameter in
model C3. The elements ak3 are also a bit different but not
to the same extent.
In order to perform an LR test, we also evaluated the maximal log likelihood under each model. They were -782.68
(model C3) and -779.05 (model D). Therefore, the LR statistic is 7.26. This should be compared to the x2(1) distribution,
yielding a pvalue of 0.007. The test hence clearly indicates
that model C3 is to be rejected. Thus, conditionally on the
temperature, mortality and pollution are found to be always
dependent.
Our second objective was to extend the above procedure
to a complete stepwise LR testing scheme, selecting a final
candidate among eight different models that we now describe.
Here M, T, and P stand for mortality, temperature, and pollution, respectively, and, e.g., M I P I T means that mortality
and pollution are conditionally independent given temperature. The eight models differ by their dependence structure
in state 1; none of the models have any restrictions in state 2.
The eight models are as follows:
Model
Model
Model
Model
Model
Model
Model
Model

A:
B1:
B2:
B3:
C1:
C2:
C3:
D:

In
In
In
In
In
In
In
In

state
state
state
state
state
state
state
state

1, M , T, and P are independent.
1, M 1P I T, T I P I M .
1, M I T I P, T I. P I M .
1, M I. T I P, M 1P I T.
1, M 1T I P .
1, T 1P I M.
1, M I. P I T.
1, no restrictions.

We briefly illustrate the results obtained with a forward
approach that starts from the simplest model, model A, and
in which we step-by-step test for additional dependencies in
state 1. We also carried out a backward selection procedure,
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(A3) Write 29 = (291,.. . , Od). There exists a 6 > 0
such that (i) for all 1 5 i 5 d and all a ,
I(ala29i)
EO{~UP~~-B
~ / < S loggt~(Y1 I all2) <
(ii) for all 1 5 i , j 5
d and all a ,
I all) < w;
E O { ~ U P ~ + -l(a2/aflia29j)logg8(yl
~,~<~
(iii) for j = 1,2, all.1 5 it 5 d, l = 1 , . . . ,j, and all
a , S s u ~ / 8 - 8 , / < 6/(a3/a0il ' ' . a f l i , ) g 8 ( ~/ a)l v(dy) <
00.

(A4) There exists a 6

>

0 such that, with po(y)

I

~ ~ ~ 1 8 - 8 , 1 < 6 m a x l ~ t , j ~ m { g si () ~
lgs(~

I

=

j)),

Po{po(Yl) = cc I X1 = i ) < 1 for all i.
(A5) 1 9 ~is an interior point of Q.
(A6) The maximum likelihood estimator is strongly consistent.
In A6, we assume that 8, + OoPo a s . as n + cc (up to a
possible permutation of states). Consistency of the MLE is
discussed by Leroux (1992). A necessary condition for consistency is identifiability, i.e., for 29 # 00, the laws of {Yk) are
not the same (P8 and Po are singular). In particular, if the
usual parameterization is employed, identifiability is ensured
if finite mixtures of the parametric family { f (y; .)) are identifiable. We note that A6 cannot hold (in a simple sense) if
the model is overparameterized in the way of specifying more
states than there actually are (m is too large). This is because
60 is then not unique, and there is no unique point around
which to expand the log likelihood when analyzing the LR
tests.

THEOREM
1. Assume that A1-A6 hold and that 30is
0
as
nonsingular. Then 2 { ~ n ( 8 n )- Ln(29o)) -+ X 2 ( d ) ~weakly
n + cc.
Proof. Notice that, by A2, A5, and A6, fpr large n, we
can make a Taylor expansion of Ln(29) about 29,, yielding
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Formal Assumptions, Theorems, and Proofs
In this Appendix, the true parameter is denoted by 29o. We
deliberately replace the subindex 190 by 0 in notation like P8,
(becoming Po), etc. Differentiation with respect to 29 is denoted by dots, with one dot forming the gradient and two
dots forming the Hessian. Also, the Fisher information matrix for {Yk), denoted by &, will be used. Intuitively, &
can be thought of either as the limiting covariance matrix
of n-1/2~n(190)or as the limit (in some suitable sense) of
- n - ' ~ , ( 1 9 ~ ) ; both of these definitions are valid.
The following assumptions will be referred to in the sequel:
(Al) The transition probability matrix {ao(i,j ) ) is ergodic, i.e., irreducible and aperiodic.
(A2) For all i and j, the map 19 H cug(i,j ) has two continuous derivatives in some neighborhood G = (19 :
119 - O0 1 < 6) of 190. Similarly for 29 H ~6 (i). For all i
and y E Y , the map 19 H g6 (y 1 i) has two continuous
derivatives in the same neighborhood.

where 8, is a point on the line segment between 8 n and 1 9 ~ .
Since 8, + 6o Po a.s., so does S n , and using Lemma 2 and
Theorem 1 in Bickel et al. (1998), the proof is complete.
Before we proceed to the more general result, we assume
that the specification Ri(29) = 0, 1 5 i 5 r, of Q0 may equivalently be given as a transformation 191 = hl (vl , . . . , vdPT),. . . ,
= hd(vl,. . . , ~ d - ~ where
),
v = ( v l , . . . , ~ d - ~belongs
)
to a subset of IW*-~.We denote by vo the point such that
290 = h(vo) and assume that 290 is an interior point of Oo.
Each Ri and hi is assumed to be continuously differentiable
in a neighborhood of 290 and vo, respectively, and the matrices

C =

( )

and

D8 =

rxd

are assumed to have ranks r and d
same neighborhoods.

-

($)

dx(d-T)

r , respectively, in the

THEOREM
2. Assume that A1-A6 and the above additional assumptions hold and that Jo is nonsingular. Then
A, + X2(r) Po weakly as n + cc.
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Proof. The proof essentially follows Serfling (1980, Section 4.4.4). Let bB = (R1(29),. . . , Rr(z9)), let 8 n be the estimate that maximizes Ln over 0, and let 19: be the estimate that maximizes Ln over Oo, i.e., under the constraints
i
r. Equivalently, 29: can be written as
Ri(29) = 0, 1
19: = h(Gn) = (hl(Gn), . . . , hd(i/n)),where i/n is the MLE of
v in the reparameterization specified by the null hypothesis.
~ , is
The Fisher information matrix for Gn is D ~ J ' ~ Dwhich
nonsingular since Do is assumed to be of full rank.
Define the Wald-type statistic

< <

The key idea of the proof is an asymptotic comparison between the Wn and An. Expanding bB about 19o, noting that
bo = 0 and using Lemma 1 in Bickel et al. (1998), it follows that nli2bbg
N ( O , C ~ J ~ ' C ~Po
) weakly, and hence
-+

Wn -+ X2(r)POweakly. Furthermore, we can expand bB about
29:, yielding

gn

where
is a point on the line segment between 8 n and 29:.
Since 29n and 29: converge to O0 Po as.? so does 8n. Using
continuity of C8 and the fact that both 29, - O0 and 29: - 290

are

op0(n-112), we obtain

and hence

We now turn to the LR statistic. For n large, we can make
a Taylor expansion of Ln(29) about 8 n , yielding

where 8 n is a point on the line segment between
Thus, by Lemma 2 in Bickel et al. (1998),

8n

and 29:.

Now using the arguments of linear algebra in Serfling (1980,
pp. 159-160), it can be proven that the asymptotic representations (2) and (3) are equivalent, and this completes the
proof.
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